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ERRATA. 



PAGB. LINK. 



9 13 from bottom, for "« == <2'" read u^ = ^. 

" " "sec^l^ = 2rfz" read sec'J.vrfAr = 2ffe. 

« "''^"read^". 



30 8 

32 first 



33 last 

49 last 

100 15 

144 15 



« "(X_)"read(-^-). 
\4ar/ \2ar/ 



[sin 



■ 1 tan/y 
" "tan - -J^^t 



M ^ / . _i tan^v 
- ) tan ( sm ' » 



read . 



_ tan/'/ ^ 
sin^ 



,w 



m' 



m' 



read -,- + - • 



" " 4i_jio'' read -4?_j»o. 
7560 2560 



"^ put — 4. 



165 9 from bottom, for "/ being the parameter" read p being half 

the parameter. 

174 2 " "r + r^" read a A- r^, 

176 6 & 7 alter (7 — 4j'3 )""^» and 17 — 4v 3 ) 

176 9 « (7 _ 4^/<j^j» put - 2. 

180 3 from bottom, for "_^ -j" read ^ ^^. 

"// = 799," &c. read « = .799, &c. 

"^:2^"read^^'^-^'. 
2 4 

' "(C'L)» read (OL)^ 

' "^" in cut read g, 

"r^" read r^. 

"^ 5 = ^" read p 5-= c, 

"r»" read r\ 

"/ 2j ~ ^" read / = 2jv - z. 

"A" in the cut read b\ and for "3"' read /;. 
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THE ANALYST. 

Vol. 1. JANUARY, 1874. No. 1. 



INTRODUCTORY REMARKS 



The present is eminently a period of activity, both physical and mental. 
Science is daily developing new truths, and thereby increasing the sum of 
human knowledge. Guided by analysis, the mtchanic is daily improving 
and perfecting labor-saving machinery, thereby augmenting the amount of 
human hapiness; and the astronomer is re-examining his conclitsions, and^ 
with the help of new' and improve<l instruments, corre(*ting his data, thereby 
perfecting our knowledge of the extent and harmony of the material univei'se. 
As a knowledge of the laws of natural phenomena (and as a consequence 
tW happiness and* welfare of mankind) is promoted by community of mind, 
it is believed that by such an intercourse of thought as this journal is in- 
tended to induce, the sum of human happiness will be increased. 

The editor is fully aware that no effort on his part alone can make sut h 
a publication as this is intended to be generally interesting to its readers; 
he only hopes for success in that resjiect by enlisting as contributors a ma- 
jority of its readers. He therefore invites all who may feel an interest in 
its success to contribute to its pages their best thoughts and most valuable 
conclusions, embodied in brief and concise notes or essays. 

As the scientific characte of the Analyst has not been fully explained 
by circular, we embrace this opportunity to state that, as its title imports, 
it is intended to afford a medium for the presentation and analysis of any and 
all questions of interest or importance in pure or applied Mathematics, em- 
bracing especially all new and interesting discoveries in theoretical and 
practical astronomy, mechanical philosophy and engineering. 

We are fully aware of the difficulty of publishing such a periodical as we 
have above indicated, and of the apparent presumption of attempting it at 
this place, where we have no prominent institution of learning, nor the 
facilities for printing that might be obtained farther east. Nevertheless, as 
there seems to be an obvious want of a suitable medium of communication 
between a large class of investigators and students in science, comprising 
the various grades from the students in our high schools and colleges to the 
college professor; and moreover, as we have been encouraged by kind 
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words, and promises of assistance from various eminent teachers and pro- 
fessors, which, from the contributions received for this our first number, we 
have reason to believe will be fully realized, we have determined to venture 
the publication. 

We invite, and expect to obtain, the following two classes of persons as 
rea(Jers of our Journal, viz: Ist, Those who are able and willing to com- 
municate valuable information through the Journal; and, 2nd, Those who 
desire to increase their stock of knowledge and shall find tliat desire partly 
supplied by the Journrl. 

All who feel an interest in the success of the Journal are respectfully so- 
licited to co-operate with, and assist us in extending ite circulation. 

We earnestly solicit contributions for publication from all who desire to 
promote the interest and usefulness of the Journal. In selecting matter for 
publication each month, we will present such as we may think most intej- 
esting or of greatest utility. 

We will publish from three to five mathematical questions in each num- 
ber, and w^ill endeaver to select such as are believed to be new, or as seem 
to possess special interest, and will try to grade them so as to suit the dif- 
ferent degrees of advancement of our readers. The solutions to mathemat>- 
ical questions will, in general, be published in the second No. succeding 
the one in which the questions are published. 



ON THE RELATIVE POSITION OF THE ASTEROIDAL 

ORBITS. 



BY PROF. DANIEL KIRKWOOD. 

The Annuaire du Bureau des Longitudes pour Van 1873 contains the 
elements of the orbits of 115 minor planets. The mean number of perihelia 
for every 15° of longitude is therefore 4.79. It is proposed to inquire wheth- 
er any marked irregularity obtains in their distribution around the ecliptic. 

Of the 115 asteroids in the table only 27 have their perihelia between 
150° and 300° of longitude. This is a mean of 2.7 for evry 15° of arc; 
while the average number for everj' 15° of the remaining 210° is 6.29. 

Again: a similar irregularity is found in the postion of the ascending 
nodes; the region of sparee distribution being less extensive than the former, 
but included within it. Thus; between 225° and 285° we find but 5 ascend- 
ing nodes, or 1.25 for 15°; while the mean for the remaining 300° is 5.5 for 
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each arc of 15°. Is this striking disparity merely accidental? or has it result- 
ed Irom the opemtion of a physical cause? 

The fact may perhaps be sufficiently explained by the remark of Prof 
Newcomb that "there is always a tendency in the perihelia of the asteroids 
to coincide in longitude with the perihelion of Jupiter and in their nodes 
to coincide in longitude with the nodes of Jupiter." 



THE RECURRENCE OF ECIP8E8. 



BY PROP.. DAVID TROWBRIDGE, WATERBURGH, N. Y. 

That eclipses recur in the same order in a cycle of about eighteen years 
was known to the ancient Chaldeans, who probably discovered the period 
from observations, by comparing together the records of maney eclipses. 
This period, which they called the aaroSy must have been of great advan- 
tage to the ancient astronomer in predicting eclipses; since a record of all 
the solar eclipses (on an average about 41), and of all the lunar ei^lips(»8 
(on an average about 29) in the order in which they cx'curred, during any 
one of the complete cycles, would enable him to predict approximately the 
eclepscs of the next succeeding period or cycle. The coincidences required, 
however, are not sufficiently exact to give more than approximate results; 
and if there are several intervening cycles, the recurrence Ls not ver}' relia- 
ble even as an approximation. I have never seen in any astronomical work 
any other periods referred to,(though it is quite possible that some work may 
contain such reference), though other and much more exact periods exists 
and one of them only about three times the length^ of the saroa^ as I shall 
now show. 

According to Bessel the length of the sidereal year is 365.2563582 mean 
solar days. 

The mean sidereal revolution of the moon's nodes is equal to 6793.39108 
mean solar days. 

The revolution of the moon's nodes being accomplished in a direction op- 
posite to the apparent revolution of the sun, if they set out together at any 
time, they will again come togeiher in Icijs than a year; or really in 
346.619849 mean solar days. This is called the mean (as all these periods 
are mean periods) synodiad revolution of the moon's nodes. The mean 
syno(^lical revolution of the moon, or the period from one new moon to the 
next suc(ietHling new moon, is 29.5305887 mean solar days. The several 
approximate ratias of these last two numbers will make known to us the 
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time reciuirotl for the sun, moon and nodes, all setting out from the same 
point in the heavens, to return, approximately, to the same relative mean 
IMJsition. If we reduce the ratio of these periods to a continued fraction, 
we sliall have 

346.6198480 

29.5305887 — H + l 

1 + 1_ 

2+1 

1+1 

4+1 

3+L 

5+l_ 

. 47+. 
Tlie several approximate ratios, or the sums of the partial fractions, are 

V, ¥, ¥, ¥, W, W, h"^, ¥^^, *c. 

The fifth ratio in this series is that known as the saros. The sixth and 
seventh, so far as I know, have not been given before, and the eighth one 
is too long to be useful. The errors of the periods are aa follows; 

29^5305887X223=6585^32128=18'' (of 365 days) and 15^.231. 
346''-619848 Xl9 =6585^-77711. 

Difference, o^45583=10\94. 

29''.5305887X716=21143^901509=57^ (of 365 days) and 338^901. 
346''.619848 X61 =21143''.810728. 

Difference, 0^090781 = 2M787. 

29''.5305887x3803=112304^.828826=307''(0f365 days) and 249.828 
346''.619848 X324 =112304^.830752. 

Difference, O^'.OOl 926=0*2^773. 

Althougli these numbers are the mean values^, yet the true values will 
only cliange the character of the eclipse, and not prevent it from taking 
place. This is especially true in the periods of 57 and 307 years. Ten 
successive recurrences of the 307-year cycle will not be half an hour from 
exact coincidence. It seems, therefore, that this period will serve as a 
checik in computing the time when ancient eclipses happened. 

A total eclipse of the sun is referred to by Herodotus,which has been the 
subject of much disciLssion. Baily placed it by his calculations on the 30th 
of September, 610 B. C. Eight times the 307-year cycle brings us to the 
28th of July, 1851, the great total eclipse of that year. 

Prof. Airy's calculations fixed the time of the eclipse on the 28th of may. 
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585 B. C. Eight times the 307-year cycle bringri us Uy April 24, 1876. It 
does not api>eiir that any eclipse will happn at that time. 

Another e?lipsc that seems to be referred to by Xenophon liappened ac- 
cording to Prof. Airy, May 19, 556 B. C. Eight 307-year jx^riods, minus 
one 57-year j)eriod, brings us to April 27, 1847. No eclipse hapi)ened at 
that time. 

The eclipse of March 20th, 1140 A. D., total at London, returned Decem- 
ber ^1, 1870, after two 307-year periods, plus two 57-year periods. The 
eclipse of August 21, 1560, returned February 22, 1868, afl^r one 307 year 
period; and the eclipse of April 9, 1567, returns October 9, 1874, after one 
307-year period. 

Of instances of the 57-year period we may mention that the eclipse of 
July 14, 1748, returned in 1806, June 16th; and this Ijtst returned May 
6, 1864. The great eclipse of June 24, 1778, returned in 1836, May 15th, 
as an amiular eclipse, after one period. 

So far as I have been able to compare these periods with cclipst's whose 
dates are certain, they give the order of the eclipses. 



OPERATIONS ON IMAGINARY QUANTITIES CONSID- 
ERED GEOMETRICALLY. 



BY PROF. W. D. HENKL.E, SALKM, OHIO. 

In the view here taken of so-called imaginary quantities the \/ — 1 is not 
considered as a quantity at all, but merely as a sign of an operation. First^ 
let us consider the multiplication of binomial expressions. The following 
table of signs shows that there are sixteen cases: — 



+ 


+ 


+ 


+ 


+ + 


+ + 


+ 


+ 


+ 


— 


— + 


— — 


+ 


— 


+ 


— 


+ — 


+ — 


+ 


+ 


+ 


— 


— + 


— — 


— 


+. 


• — 


+ 


— + 


- + 


+ 


+ 


+ 




- + 





+ + + — — 



Digitized by 



Google 



— 6 — 



[2] 
1+2/— 1 
3— /—I 




[3] 
l+2v/— 1 
—3+ y/— 1 
_5— 5^^— 1 

[7] 
l_2v^_l 
—3+ /—I 
— 1 + 7»/— 1 

(11) 
— 1 + 24/— 1 
—3+ y— 1 
-f 1—7 V'— 1 

(15) 
—1— 2|/— 1 
—3+ 4^— 1 
5-)- 6 4/ 




— 1 



—3 



7v^-l 

[8] . 
1_2 y—l 

V/-1 



—5 + 61/— 1 

(12) 
— 1+2|/— 1 
—3— |/— 1 

-I- 5—5 ^_i 

(16) 

— 1— 2/— 1 
—3— v_i 



1 +1+7,/— 1 

I n the first example, take O A 
= 1 and A B=2 at right angles 
> O A, in c-onsequence ox the 
trii of operation v^ — 1 with 
liir'h 2 is affocted; then O B rep- 
Iresents 12 f V — 1 in magnitude 
:iil |)(Xsition. 

I lako C=3 b B; then O C 
ijii'L-sunis 3 times l^ 2y^ — 1. 
>i(i w CD=OBat right angles to 
>C'; then CD represents v' — 1 
',iiJK.s l-\-2y^ — 1 as added to 3 
times ^ + 2 \' — 1. Hence ()D represents the full product of l+2i/ — 1 mul- 
tiplied by 3+ (/ — 1. It is easily proved that AB produced passes through 
D and that AD=7. Hence OD is also the construction of l + 7i/ — 1. 

In the second example the |/ — 1 of the multiplier being n^ative, Cd= 
OB is drawn in the opposite direction from CD. this gives Od as the final 
product. Draw dE perpendicular to OE. It is easily proved that OE and 
dE are each equal to 6. Hence Od is the construction of 5+6p/ — 1 

In the third example, the multiplier may be placed under the form 
— (+3 — 1/ — 1); hence the result is the same as the result in the second 
example taken n^atively. Od" equals Od taken n^atively. It is easily 
proved that OE'=and E'd" are each equal to 5. Hence Od" is the con- 
struction of — 5 — 6|/ 1 . 
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It is plain that in the fourth eaxmple the multiplier differs from that in 
the first only in being negative. Hence the result is O D" or O D taken 
negatively. It is also evident that OD" is the construction of — 1 — 7]/ — 1. 

In the fifth example, take OA=l and AB"'=2, then OB'" is the con- 
struction of 1— 2i/— 1. Take OC'"=3 OB'" anc draw C"'D'" at right 
angles to OC'". The final product is OD'". This is also the construction 
of 5 — by/ — 1, since OE and ED'" can be proved to be each equal to 5. 

In the sixth example C"'d'"=OB'" is drawn on the other side of OC'" 
since \/ — 1 is negative. The final product is Od'", whiah is also the oon- 
stiiiction of 1 — 7\/ — 1. 

In the seventh example place — 3+l/ — 1= — (+3 — ^ — 1). The result 
must then be the same as that in the sixth taken negatively, that is Od' 
which is — Od'". Od' is also the cohstruction of — l + 7y^ — 1. 

In the eighth example place — 3 — i/ — 1 = — (+3+i/ — !)• Hence the 
result must be the negative of that in the fiftJi, that is — OD"',or OD'. 
OD' is also the construction of — 5-l-5|/— ^1. 

In the ninth example, take OA'= — 1 and A'B'=2; then is OB' the con- 
struction of —l+2v"—l. Take 0C'=30B' and draw.C'D'=OB'. The 
final product OD' is also the (jonstruction of — 5+5^/ — 1. 

In the tenth example, draw C'd'=OB'. The final result Od' is also the 
construction of — l + 7i/ — 1. 

In the eleventh example, place — 3+v/ — l- — (-|-3 — y^ — 1). Hence the 
final product must be the negative of that in the tenth, or Od'", which is 
also the construction of 1 — 7y^l. 

In the twelfth example, place — 3 — }/ — 1= — (+3+i/ — 1). Hence the 
final product is the negative of that in the ninth, or OD"', which is also 
the construction of 5—5y^ — 1. 

In the thirteenth example take OA'=— 1 and A'B"=2, then is OB" 
the construction of —1—2 ^—1. Draw 0C"=30B" and C"D"=OB"- 
Hence the final product is OD", which is also the construction of 
_1_7^_1. 

In the fourteenth example, draw C"D"=OB". Hence the final product 
is Od", which is also the construction of — 5 — 5|/ — 1. 

In the fifteenth example place — 3+1/ — 1= — (+3 — i/ — 1). Hence the 
final product is the negative of that in the fourteenth, or Od, which is also 
the construction of 6+5]/ — 1. 

In the sixteenth, place — 3 — \/ — 1= — (+3+|/ — 1). Hence the product 
is the n^ative of that in the thirteenth, or OD, which is also the construc- 
tion of 1 +7]/— 1. 
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The conventions adopted in these illustrations are the simplest that have 
occurred to me. 

I may in a future articl illustrate division from the same diagram, and 
addition and subtraction from other diagrams. 

In the mean time let those who can, give a geometrical illustration of an 
imaginary exponent. 



EQUATIONS OF DFFEREINC8. 



BY WALTER SIVERLY, OIL CITY, PA. 

I am not aware that this subject has been discussed in any American 
A\'ork, and, so far as I know, in but few foreign ones. The only works that 
1 have seen that treat upon tliis subject are "Hymer's Finite Differences" 
and "De Morgan's Differential and Integral Calculus." 

The limits of this article will not allow me to introduce the discussions 
involved in the integration of the equations; but I will give, Ist; the for- 
mula resulting from the integration of an equation of the first decree, in the 
first order of differences, with an example of its application; and, 2nd, the 
formula resulting from the integration of an equation of the n'* degree, with 
an example also of its applicatio. These formulae can be used without fur- 
ther knowledge of the subject. 

1. Let UQy Wj, ^2? • • • ^x-ij ^xj ^x+u <&c., be any series of whic w^, a 
function of rr, is the general term; any relation between the termus in func- 
tions of a? expressed by means of an equation, is called an equation of differ- 
ences. 

Let the relation be u^^^ — AUj, :=Bf A and B being constants. The inte- 

gration of this equation gives Uj, = CA'+ flTT' ^^^ 

C being an arbitrary constant determined as in ordinary int^ration. 

Example. — One of two casks contains a gallons of wine and the other 6 
gallons of water; c gallons are taken from the first and poured into the sec- 
ond cask, and then c gallons are taken from the second and poured into the 
first. Required the quantity of wine in the second cask after h such operations. 

Let u„ = the wine in the second cask after the n* operation, the first cask 
will then contain a — w» gallons of wine; at the next operation there will be 
taken out of the first cask 
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gallons of wine, which being poured in to the second cask it will then con 
tain 

«. + ^(a— M,)=--e 4 1 1 — ^ I «^, 

gallons of wine; but the seeond cask now contains b -i- c gallons in all. 
Hence, taking out c gallons of the mixt<u% in the second cask, there will 
remain in the second cask 

b / a — c\ be . 

• •'^*'~'a\b+ir'==T+e 

•••^=4(l5)-di.=^. .-.by (i),.=e(|-)-(S) + ^, 

Mhen n=0, w,=0, . •. 0=— -^_ . 

a-f-o 

ab 



«-=h^.{HI)"(jS)"}- 



2. In the equation Uj,^ + -4u^«_i + -Bti^^.^^ + • • • +Pw,=0,put- 
tingw, = 2* and subetituting, the equation becomes 2*^+ ^ i"+*^* + 
52*-H.-2 _!-... ^.Pz' = 0. Dividing by a* we have aT + ^ ^"^ + 
-B2*~^ + ... + P=0, an equation of n dimensions. Let the roots of this 
equation be rj^rayrg, . . .r«, then the complete int^ral of the original 
equation will be 

u,=Ci {r^r + (^2{r^r H- Q (^3)- + • • - +<i(r.)' (2) 

C2, Cj, Cg, &c., being n arbitrary constants. 

^^ExAMPLE. — A heifer calf at the age of twp years has a heifer calf, and 
one every year afterward. All the progeny increase in the same manner. 
How many will there be at the end of the sf" yeai? 

Let u^ = the number at the end of the af^ year. The increase for any 
year is from all those of two years preceding and fix>m no others, hence 
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But the first three terms of the series, Mj, Mj, u^, &c,. are u^ = x, et^ 
: 1, and Wj = 2. Hence, putting ar = 0,. we have ^ m^ s= 1 and Pu^ = 1, 
. ^ = — landP=— 1. 

.•.z«-. = l;.-.r,=l+i^andr,=l=:^. 
When a? = u^ = Cj + Cg = 1. And when 

. u = (5 + 1/5) (1 +|/5)- +(5-i/5) (1- 4/5)- 

rO(2)' 



PROBLEM.— TO FIND THE RELATION BETWEEN THE 
MEAN ANOMALY AND' THE TRUE ANOMALY. 



BY PROF. JOSEPH FICKLIN, COLUMBIA, MO. 

Let E D F be the orbit of the planet, having the sun in the focus at S. 

I Put a =C E, 6=C G, and from S as a center 
and a radius S A equal to i/(a6), describe the 
I circumference of a circle; then the circle and 
the ellipse will contain equal areas. 

At the same time that the planet departs 

I from E, the perihelion, let a body begin to 

move with a uniform motion from A through 

the circumference A B H, and perform a 

whole revolution in the same time that the 

[)lanet describes the ellipse. Suppose the body 

I describing the circle to be at B when the 

I planet is at D, the angle A S B is the 

iiean anomaly, and E S D the true anomaly. 

Put X = the angle E S D, and ^ = A S B; then the area of A S B is 
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AS» ^_ab ^ 



2 2 

Put r = radius-vector of the ellipse, then the area of E S D will be 

i-Jr^dx; . • . -"-*i = -2 /'"' '^^' "^''^^ =/''" <'*•••• (1) 
The polar equation of the ellipse, the focus being at the pole, is 

^ = TTlW^-'-/'-''^^=-P' /(l+fcosx)' (2) 

Assume ^ ^ ^, ^^ sin » fd^ 

*/(l + e COS a;)^ 1+6 cos a? J 1+ecosa; 

Taking the differential coefficients, we have 

1 -A cos a; (1 -\- e cos x)+Ae sin^ x B{1 4- g cos x) ^ 

(1 +6 COS a;)2 — "(i -PFco8"i)2 •■ (l+6C0sa;p ' 

.' . 1=A COS a? (1+6 COS a?)+-A6 sin^ a;4- 5 (1+6 cos x) 

=A cos a?+-A6 cos2a;+-46 sin^x-\ B+Be cos a;=(A+jB6) cos a;+-46+£. 

Equating like powers of (cos a?), we have -4+^6=0, and Ae+B=l 
whence 

B =:-z: =•, and A 



dx 6 sin a; 1 ^ dx 

(l+ecosa-)^ 1^2'i^gcosa? 1 — e^Jl+eoon x 

Put y = cos a;, then 



dx 



_ di/ r dx /• 



dy 



a+e8^)v/(l-^^)' 
Again, put 1— y2= (1— y)2 2;2; 

z^ — 1 4zdz r dy 

-y- z2 +-p dy - (^3 +T)T ; • • •- J "(1 ^ei;)i7(i=yy 






'-Vi 



dz 



^^-^m'^-um-]' 
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vr" 



•eHl — e) J 



l/(l+e)(J.-ej J i + Ml+e.z)' 



= - _A_ ., aIi^S;^ = _ _2_. tan- (JTR. A 

. • . area E S E 

2p».tao-' (Ji±i.«) 

If, p" e sin X ^^1 — ^ ^ l (; 

= rJ *" • "" ~ 2(1— e»)(l +e cos x) 2(l^e») V 1— e« 

p« esinx ^ . ton-. ( (1+1. 2)+ c 
2(l-e')(H-eoo8x) (l-e')l V\l-«^^/ 

p' c sin X _£i-- . tan-i J l + e 1 + y ^ ^ 

— ~~2(1— ««)(l+eoo9 a;) (1— e')t \1 — e'l— y 

^_jp^e8inK pj_ ton-i / ^ + e 1+ooaz ^ q 

=="2(1— e'')(l+eoo9x) (1— e")! * \ 1 — c * 1— coe a: 

p' e sinx p^ ^n" ^ iLlLl 2 oos" |g , q 

= — 2(1— «!»)(i+eoo3a;) (1— e»)| * \l — c*28in2|x "^ 

When a; = 0, area E8 D = 0; . ' . from this equation 

and therefore the general expression for the area E 8 D is 
1 /» , p^ esinx p^ x -i 

XT'" '''' ° ~ ii(i-«'>(i+« o^" ) ~ g%j • '^ 

Subetitutii^ this value of /r' ctr in (1) we obtain 

^ . - p* ff y' c sin a; 2p» ^ 

»*<' = (T=i2y|-(l_;a)(l+eco8xj (l-,«)f • ^° 

(^J±£.«,tix); 
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but p^ = ^, and l-e» = ^, or, (l-e^)f = ^; • " • ^| =p-^„-8 



=^ a by and the above equation becomes 



l+e COS X \\ 1 — e / 



or, (? = ;r 



1+6 COS a? 

be sin a? __ 
a(l+eco8 x) 



tan' 



■i(^|±i.ootia:) (3); 



and this is the relation existing between the mean anomaly and the true 
anomaly. 



SOLUTION OF A QUESTION INVOLVING A MINIMUM. 



The following problem is found in the Mathematical Monthly, (Runkle's): 
"Find a point 0, within a triangle, such that OA''+OB'+OC'' = 

a minimum." 

[The solution there given is a good one; but a friend of mine, in the United States Coast 
Survey, dreamed out the solufion below, and conveyed it to paper in the morning. I give it 
for publication; but he disallows the use of his name.] 

^Notation seen from the figure.'] 

af» -f. 2^ -|- 2" = a minimum. 

Let X at first be constant, y an* 

2 vary. 

.•.y*-idy+2"-^dz=0 (1 

Now dy = xdd sin t', from infinites^i- 
mal triangle, 
and similarly cfe = — xdO sin ^. 

Substituting in (1) 

xdd{f-^ ^ sin 7- — z**"" ' sin j9) = 

' siu j9 sin y * 




If X also vary we have 



af'^ y^ ' g*"^ 
sin a sin )9 sin y' 
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X V z 



If n = 1, a = /? = r, each= 120°. If n = 2,-V^ = ~A . = -^— , 

sin a sm /9 sin y 

that is, the point is the center of gravity of the triangle. 

Theo. L. De Land, Treas. Dep't, Washington, D. C. 



REPETENDS. 



BY PROF. M. C. STEVENS, SALEM, OHIO. 

In the February number of the Michigan Teacher for 1869, there ap- 
peared an article, contributed by Mr. William Wiley of Detroit, entitled, 
" New Theory of Repetends," in which it is shown that the figures of a 
repetend are easily deduced from the common fracton successively from 
right to left, instead of from left to right as is done by the ordinary method. 

Thinking it deserving of more notice than it received from its publica- 
tion in that journal, I propose in this article to reproduce, in substance, Mr. 
Wiley's method, and also demonstrate some of the curious properties of 
.repetends. 

Fird Principle. — In every common fraction which reduces to a pure rep- 
etend the unit's figure of the denominator must be either 1, 3, 7, or 9. 

Second Principle. — If the numerator of the fraction be unity, the last fig- 
ure of the repetend is either 9, 3, 7, or 1, respectively, according as the 
I units of the denominator is 1, 3, 7, or 9. 

Third Principle. — If ^ be the fraction that reduces to a repetend, q^ the 
last figure before it commences to repaat, r^ the last and r, the next to the 
last remainder, then evidently 

r^ = 1, and g, = ^^^~^ ; whence r^= ^3x±^ . . . . (1) 

Fourth Principle. — If Jnj ?••• i 92 ^^^ 9i ^ *^^ digits of the 

xepetend, then is 

d 10" ^ ^ 

d l(r . . . . v^; 

in which we have the same sequence of digits, the last taking the first place 
and the remaining figures being each removed one place to the right 
For ail example, take | = .142857|; then f = .714286^. This is evident, 
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since |=. 142854^, and the value of the fraction at the end is five times the, 
part found, J^ =.714284; whence { =.1428571428f =.14285714285f. We 
thus see the necessity of the sequence above stated. 

When we multiply (2) by r^, if we i-epresent the tens of r^qu r^q^, &c., 
by wij, mj, <fec., we evidenely have 

r,9i -lOmi+ga ....... (1^ 

^a9>+^i = lOwa + 98 • . . • . • (2') 

r,q^+m^=lOm^+q^ (3') 

&c., &c. 
We here have the key to Mr. Wiley's method; for by the second pfineipk 
9, is known at a glance, and by the third principle r, is found by equation 
(1); whence q^ becomes known from (1'), and jgj 94 j &c., are successively 
found from equations (2'), (3'), &c. 

( To be corUinued.) 



PROBLEMS. 



1. Find the value of a? and y in the following equations: 
a^x^ + 6«y* = a>6«(cc+y)2; 
a*x^ + 6"y« = «»/>*. 
— Communicated by U. Jesse Knisely, Pres't and Prof, of Mathematics 
in Luther College^ JVewcomeratown, Ohio. 

2 Let a regular polygon of 14 sides be described, each of whose equal 
sides shall be one. Then will the radius of its circumscribing circle, whi^h 
put=r, be more than two and less than three. Put r = 2 + a? ; then is aJ a 
positive quantity less than one. Let another regular polygon of half the 
number of sides (7) be inscribed in a circle whose radius is ow€, and deter- 
mine one of its equal sides in functions of x expressed in its simplest form* 

3. If a line make an angle of 40^ with a fixed plane, and a plane em- 
bracing this line be perpendecular to the fixed plane, how many degrees 
from its first position must the plane embracing the line revolve in order 
that it may make an angle of 45° with the fixed plane? — Communicated by 
Prop. A. ScHirxxER, Berea, Ohio. 

4. A cask contrining a gallons of wine stands on another containing a 
gallons of water; they are connected by a pipe, through which, when open, 
the wine can escape in to the lower cask at the rate of c gallons per minute, 
and through a pipe in the lower cask the mixture can escape at'' the same 
rate; also, water can be let in through a pipe on the top of the upper cask 
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at a like rate. If all the pipes be opened at the same instant^ how much 
wine will be in the lower cask at the end of t minutes^ supposing die fluids 
to mingle perfectly? — Communicated by Artemas MAimN, MathematiGal 
Editor of 5cAooWay Magctsinej Erie, Pa. 



Note. — To those who use "Nystrom's Mechanics," Nystrom prints 
«;r» = 9.869660000+," 
butjr« = 9.86960440108+,— U. JrasE Knisely. 

Query. — What is the explanation of the phenomena described below? 

If a ball of cork or other light substance be placed in a vertical jet of 
water of sufficient force to elevate the ball, it will rise to a point where the 
force of the ascending jet, or so much of it as is efficient in elevating the 
ball, is just equal to the weight of the ball, and will there revolve; and its 
equilibrium will continually be restored, notwitlistanding the ball may be 
disturbed by slight horizontal forces. 

Erratum. On page 6, 19th line from bottom, for "12 + V— 1 ^' read 
1 +2^/— 1. 

BOOK NOTICES. 



(hmds and Meteors, By Daniel Kirkwood, L. L. D., Profeasor of Mathematics in 
Indiana University, and author of " Meteoric AstronomyJ^ J. B. Lippincott & Co., Phila- 
delphia. 

To those who have not yet seen this very interesting book by Prof. Kirkwood, the follow 
ing quotation from the Preface will serve to indicate its character: 

" The origin of meteoric astronomy, as a sciene, dates from the memorable star shower of 
1833. Soon after that briliant display it was found that similar phenomena had been wit- 
nessed, at nearly equal intervals, in former times. This discovery led at once to anotlier no 
leas importmt, viz: that the nebulous masses from which such showers are derived revolve 
around the sun in paths intersecting^ the earth^s orbit The theory that these meteor-clouds 
are but the scaterea fragments of disint^rated comets was announced by several astronomera 
in 1867 — a theory confirmed in a remarkable manner by the shower of meteors from the 
ddms of Biela's comet on the 27th of November 1872. To gratif^j the interest awakened in 
the public mind by the discoveries here named, is the object of this work. Among the sub- 
jects considered are, cometary astronomy ; aerolites, with the phenomena atteudinff their fall; 
the most briUant star-showers of all ages, and the origin of comets aerolites and &Tling stars.' 

Swrveying and NamgaJtUm^ mth a Preliminary Treatise on Trigonometry and Mensuration.^ 
By A. ScHUYiiBB, A. M., Professor of Applied Mathematics and Logic in Baldwin 
Universitv; author of ** Higher ArUhmciiCy" "Principles of Logic," trnd "Complete Algebra. ^ 
Wilson, Hinkle & Co., Cincinnati and New York . 

We would be pleased to give an extended notice of this book did our space permit W^e 
must be content to sa^, however, that, as a text book for the student, and as a mutual for the 
surveyor, we think it admirable, both in plan and execution. The subjects discussed are 
thoroughly and yet concisely dealt with ; and the paper, wood cuts and typography are 
perfect. 

Yates Ocmnty Chrowide. Persons who are fond of solving mathematical problems and who 
want something new on that subject every week and a gooof newspaner besides, will do well 
to obtain the Yates Oounhf (fhroniele; published at Penn Yan, New York. Db. S. H. 
Wright, Mathematical Editor. 
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COMETS AND METEORS. 



BY PBOF. ASAPH HALL, WASHINGTON, D. C. 

In briDging forward the nebalar hypothesis to explain the cause of the 
primitive moyemeots of our solar system Laplace states the following five 
phenomena which mast be considered. 1. The motions of all the planets 
in the same direction and very Dearly in the same plane: 2. The motions 
of the satellites in the same direction as that of the planets: 3. The mo- 
tions of rotation of these different bodi^ and of the san in the same 
direction as their projected motions, and in nearly the same planes: 
4. The small excentricities of the orbits of the planets and their satel- 
lites: 5, and finally the great excentricities of the orbits of comets, 
while the inclinations of these orbits seem to occur wholly at random. 

The only previous hypothesis to which Laplace refers is that of Buffon, 
the natundist. Buffon assumed that a comet falling upon the sun had 
thrown out a torrent of matter, which, uniting at different distances into 
various globes, had become opaque and solid by cooling, and thus formed 
the planets and their satellites. This hypothesis would explain the first 
of the five preceding phenomena stated by Laplace, for all the bodies 
thus formed would move very nearly in the plane passing through the 
center of the sun and the direction of the torrent; but the four other phe- 
nomena caunot be explained by it. In fact, the smallness of the excen- 
tricities of the planetary orbits is directly opposed to this hypothesis; for 
if a body moving in an ellipse touches the sun it will do so at each of its 
revolutions, and, although this condition of things might be somewhat 
modified in Buffon's hypothesis, the chance that the excentricities of the 
orbits would be small is very slight. Finally, this hypothesis does not 
account for the comets at all. Among those who preceded Laplace in 
speculations on the constitution of the universe, after the discovery of the 
law of gravitation, may be mentioned Eimt, the metaphysician, Lambert 
and Sir William Herschel. In a work published in 1755 under the tide 
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of "A General Natural History and Theory of the Heavens,'' Eant under- 
takes the discussion of no less a problem than this: "To discover the 
arrangement which unites the great members of the creation in all its 
parts, even to infinity, and to deduce, by the aid of mechanical laws, the 
ibrmatlon of the celestial bodies and the origin of their movements from 
the primitive state of nature.'' Kant's views are stated with clearness 
a d ingenuity, but Laplace, by means of his superior knowledge of 
astronomy, has made a much more definite statement of the phenomena 
to be explained, and his name is properly more closely connected with 
the nebular hypothesis than that of any one else. In the hands of 
Laplace this hypothesis gives a plausible explanation of the formation of 
the planets of our system and of their satellites; of the zodiacal light and 
of the singular equality observed between the angular motions of rotation 
and revolution of the satellites. He explains also the remarkable phe- 
nomenon presented by the first three satellites of Jupiter, and which con- 
sists in this, that the mean longitude of the first, minus three times that 
of the second, plus twice that of the third is always equal to two right 
angles. The chance is very small that such a condition should happen at 
random. 

Under this hypothesis the comets are not considered as members of 
any planetary system, but are regarded as small nebulosities wandering 
with very small motions from one solar system to another, and formed by 
the condensation of nebulous matter lying near the limits of a system. 
Their motions being possible in all directions, when they pass under the 
control of the attracting force of our sun the inclinations of their orbits 
with respect to any plane should be distributed at random, and this accords 
very well with the observed fact. The great excentricities of the cometaiy 
orbits also result from this hypothesis; since, if their orbits are elliptical, 
the major axes must be at least equal to the radius of the sphere of activ- 
ity of the attracting force of our sun. But from this hypothesis cometary 
orbits may be hyperbolic, and hence we may observe comets with a sen- 
sible hyperbolic movement. However, among the two hundred and thirty- 
eight comets whose orbits have been determined up to the present time, 
there is not a single one having a well determined hyperbolic orbit. Sev- 
eral such orbits have been computed, but in every case there is a good 
degree of probability that the observations can be satisfied within the limits 
of their probable errors by parabolic orbits. From this it appears that if 
comets enter our solar system they must do so in such a way that the 
chances are very slight for giving an orbit that is sensibly hyperbolic. 
Laplace submitted this question to the calculus of probabilities, and found 
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that there is six thonsand to bet against one that a neboloBitj that enters 
the sphere of activity of the san, in sach a way that it can be observed, 
will describe either a very elongated ellipse, or an hyperbola,which by the 
greatness of its axis may be taken for a parabola in the part where the 
comet is seen. In this solation it was assumed that the perihelion dis- 
tance of the comet does not exceed twice the radius of the earth's orbit. 

Aboat the beginning of this century two German students began the 
systematic observation of shooting stars. For many years such observa- 
tions promised but little, but within ten years past the astronomical theory 
of shooting stars and meteors has been greatly advanced, and many 
interesting relations have been discovered between the orbits of shooting 
stars and of comets. The comet is now generally regarded as the prim- 
itive body from whose gradual dissolution is formed a stream of small 
particles of matter moving around the sun in orbits similar to that of the 
comet When the comet's orbit is situated very near the orbit of the 
earth some of these particles enter the atmosphere of the earth and being 
ignited by their passage through it produce the phenomenon of shooting 
stars. One of the most striking coincidences of the orbits of comets 
and of meteoric streams is that of the first comet of 1866 with the No^ 
vember stream of meteors. It was this coincidence that drew the atten- . 
tion of astronomers to the theory of these streams, although thirty years 
before Prof. Erman had pointed out the probable cosmical origin of me- 
teoric streams and of their motions around the sun. Several other coin-^ 
cidences have been noticed, among the most interesting of which is the 
connection of a stream of meteors with the orbit of Biela's comet Some 
observers make a distinction between shooting stars and meteors, the last, 
it is asserted, occurring more frequently during the early hours of the 
night when more of the meteoric stones have been seen to fall But this 
distinction does not appear to be well establishad, since in the early part 
of the night there are many more observers, and again, the meteors com- 
ing into our atmosphere at that time of the night would have a smaller 
relative velocity and would be less likely to be consumed, and therefore 
would have a greater chance of reaching the earth's surface as solid 
bodies. 

A few meteors have been observed which are remarkable on account of 
their very great velocities and their decided hyperbolic orbits. The fol- 
lowing is a list of these so tar as I have been able to collect cases well 
authenticated: 

Computer, 

1. Meteor of Oct 29, 1857.... Petit.... { ^^i^jS^^^®^' ^^^^ 
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ComptUer. 

i. Meteor of No,. 15, 1860....Newto.. { ""jr^rtfUSir" 

3. Meteor of March 4, 1868 .... Heis Exceiitricity=8.74 

4. Meteor of Jan. 80, 1868 Galle Excentricity=2.28 

6. Meteor of Sept. 27, 1870 Mattheissen Excentricity=1.182 

6. Me.oorofJ.B.17,m8....Nie.d..|E^a'"doS;"'' *"*'■ 

To these results there is this objection; that they depend on observations 
that are very difficult to make, and which may be affected by such constant 
errors as will entirely vitiate the results; but most of the computers think 
there is but little doubt of the existence of hyperbolic orbits. Assuming 
this to be well established, it is further assumed that bodies moving about 
the sun with such velocities and in such orbits must come to us from the 
stellar regions. It is difficult to account for such velocities without making 
this assumption, and yet there are obvious objections to it In the first 
place the chemical analysis of meteoric stones has given very nearly the 
same elements, and this points to a common origin. But assuming that 
these stones come to us from the stellar regions, it is certain that they 
came from the most diverse parts, and we are thus led to a vast assump- 
tion concerning the constitution of the matter of those regions. Again, 
if we assume that the meteors move in hyperbolic orbits and have nothing 
but an accidental connection with the earth's path in space, since they are 
visible only when they enter our atmosphere, there must be an immense 
number continually entering the sun's sphere of activity; for if we sup- 
pose that a comet becomes visible when it is at a distance from the sun 
equal to twice the earth's distance, and take the radius of the earth's 
sphere equal to 4,200 miles tind compare the volume of the ring generated 
in space by the earth in one revolution to the volume of the sphere whose 
radius is twice the earth's distance from the sun the chance of visibility is 
nearly 800,000,000 times greater for a comet than for a meteor. This 
view, therefore, leads to the conclusion that there is continually going on 
an enormous interchange of matter between stellar systems, and as these 
bodies move in hyperbolic orbits it leads also to the result that such orbits 
must be the most probable, which is contradictory to the result obtained 
by Laplace. 

The very great velocities which have been observed in the red flames 
fonning the protuberances on the sun may lead to queries whether ejective 
and repelling forces may not act from the sun on certain kinds of matter 
connected with comets and meteors. This idea of a repulsive force acting 
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on certain particles of a comet and ihns fonning the tail was proposed by 
Olbers and first applied by Bessel in 1886 to his observations on Uie tail of 
Halley's comet. Bessel gave a complete discossion of the problem of 
determining the form of Uie tail under this assamption, together with a 
nnmerical application to his own observations. The same method has 
been applied by Prof. Peirce and Dr. Pape to the observations on the tail 
of Donati's comet in 1858, and by Prof. Schiaparelli to the observations 
of the comet of 1680. This method consists in applying to the partidee 
that form the tail of the comet the common equations of motion and de- 
termining the constant that represents the force of the snn from the obser- 
vadonSi assuming the law of force to be the iu verse square of the distance. 
The following are the values of this constant found by the different com- 
puters, the plus sign denoting an attractive and the minus sign a repulsive 
force, the unit being the sun's attractive tbrce at the distance unity: 

Bessel Bailey's comet, 1835. . .force = — 1.812 

Peirce Donati's comet, 1858. . .force = — 1.500 

Pape Donati's comet, 1858. . .force = + 0.618 

Pape Donati's comet, 1858. . .force = — 6.317«eoondaryuii 

Schiaparelli.. Donati's comet, 1680. . .force = 0.000 

The difference of more than two units in the results obtained by Fh>f. 
Peirce and Dr« Pape for the tail of the same comet may possibly be 
accounted for by the fact that in this case the force is determined from 
the observations with great uncertainty. However the results are not very 
satisfactory. If the numbers indicate anything they show that the sun 
acts on the particles of different comets with different forces, and also 
with different forces on the different tails of the same comet, or that the 
law of force has not been correctly assumed. While the phenomena of 
comet's tails indicate a repulsive force, the manner in which it acts seems 
to be unknown. 

Prof. W. A. Norton in his investigations on the tail of Donati's cttmet 
has assumed that the repulsive force varies from one particle to another, 
and he finds the limits of this force to be —2.78 and +0.4S. His conclu- 
sion is that the repulsion exerted by the sun, and also by the nucleus, is 
not a property belonging to all the particles of the mass, and he thinks 
that it is probably a magnetic or an electric force, emanating from the 
surface of the body or from a portion of its mass. 

Leaving the preceding hypothesis of a repulsive force from the sun as 
having too little evidence to render it plausible under any known form, we 
shall find that a lunar or planetary origin of hyperbolic meteors has also 
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bnt a slight probability, and it appears necessary to return to the assamp- 
tioD that they originate in the stellar spaces. This is the position taken 
by Prof. Schiaparelli in his book on the '^Astronomical Theory of Shoot- 
ing Stars." But first he finds it necessary to remoye the objection to the 
frequency of hyi)erbolic orbits, which results from the solution given by 
Laplace from the calculus of probabilities. Accordingly Prof. Schiapa- 
relli gives a new solution of this problem and obtains a result directly 
opposite that of Laplace, finding that hyperbolic orbits are by far the 
most probable. It appears to me, however, that Prof. Schiaparelli is not 
successful in this attempt, and that in his solution he has omitted two con- 
siderations that must be attended to in a correct solution. If ^S" be the 
sun, and P a point on the surface of the sphere of activity of the sun's 
attractive force, the bodies that pass through P xoSij have all possible 
directions, but a direction making a small angle with PS is less probable 
than one making a greater angle. I cannot see that Prof. Schiaparelli has 
introduced this condition into his solution. Again, denoting the perihelion 
distance by Dy the velocity by v^ and the radius of the sphere ot the sun's 
activity by r, if we suppose aU values of D equally probable between 
zero and i>, Laplace finds {Conn, des Terns 1816, p. 216,) that the prob- 
ability that the perihelion distance of the body will be comprised between 
zero and D is 



,_>bl.^..(r7^p7i,„ 



(a) 



He then multiplies this expression by c^i;, integrates between given limits, 
and dividing the integral by the greatest value of v finds the probability 
that V will be comprised within these limits. This division by the greatest 
value of V is omitted by Prof. Schiaparelli. There is another point in the 
solution given by Laplace that may be noticed. In order to perform the 
integration he changes the variable from t; to ^ by means of the equation 

and in finding the value of 3 for the limits of integration by solving this 
quadratic in z he chooses the negative sign before the irrational part of the 
root, and this choice oi the root throws the quantity that is afterwards 
made infinite into the denominator. It appears to me, therefore, that 
the solution given by Laplace is correct as considered from his own 



Digitized by 



Google 



standpoint Preliminary to his solntion of this problem, when speaking 
of the necessary near approach of comets to the sun in order that they 
may be visible, Laplace says: ^^One conceives that in order to approach 
so near the snn tteir velocity at the moment of their entrance into his 
sphere of activity must have a magnitude and direction comprised within 
narrow limits. It is required, therefore, to determine within these limits 
the ratio of the chances that give a sensible hyperbola to the chances that 
give an orbit which may be confounded with tf parabola." But I cannot 
see that we gain much by the application of the calculus of probabilities 
to this question unless it be a somewhat clearer definition of the problem, 
since the conditions by which we restrict our solution are known before- 
hand, and as these conditions are varied our results will be changed. The 
condition of the question is this: We now have more than two hundred 
well known cometary orbits without a single example of a decided hyper- 
bolic motion. No matter, therefore what may be the result of the appli- 
cation of the calculus of probabilities, it is quite certain that if comets 
enter our solar system they must do so under conditions that render very 
small the chance of hyperbolic orbits. On the other hand, we have a few, 
six or eight, orbits of meteors that show a hyperbolic motion. But in this 
case we have orbits that are determined from observations made with dif- 
ficulty and which may be affected by large errors in the time of the fiight 
of the meteor and in its position. The true course appears to be that our 
methods of observing meteors should be very much improved, so that we 
may obtain accurate observrtions of the duration of their flight and the 
position of their apparent paths. Then, having secure data, we can derive 
certain conclusions. 



Note. — It may be interesting to see how Laplace gets the expression 
(a), given above. In addition to the notation already introduced, let a and 
e be the semi-axis major and the excentricity of the orbit; and let w be 
the direction which the comet's motion makes with PS. Then we shall 
have the well known equations 

r a 
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Eliminating a and e from these eqaations, we have, 



mil- w — ^^ 

Imagine a Bmall sphere whose center is at the point P. The motion of 
the comet may be directed toward any point on the surface of the half of 
this sphere comprised within the sphere of the sun's activity. The prob- 
ability of a direction forming the angle w with PSj the radius-vector, will 
be 27r. sin to. Hence, dividing the integral 2;r.y8in w . dwhy the surface 
of the semi-sphere we shall have the probability that the direction of the 
motion will be comprised within the limits zero and co. This probability 
is 1 — cos a>; and from the above value of sin' a; we easily find the 
expression {a). 

REPETENDS. 



BY PBOF. M. 0. STBVXNS, SALBM, OHIO. 

{CorUinued from page 15.) 

Let US illustrate by an example: 

Suppose ^ is to be reduced; we know from the second principle that 
the last figure must be 7, and from (1) we get r^ = 12. It is convenient 
to write f'a S',, ^a ?a + w,, &c., in a column, thus: 





'••i?l 


= 


84 . 


• «'i 


= 


8 and (j. 


= 4 


r^ Sa 


+ «Jj 


= 


66 . 


• . VI, 


= 


5 and ^g 


= 6 


»•»?« 


+ "t2 


= 


97 . 


• . OTg 


= 


7 and q^ 


= 7 


»'» ?4 


+ ^8 


= 


91 . 


• . m^ 


= 


9 and tj^ 


= 1 


^-a^s 


+ W-4 


^ 


21 . 


• We 


= 


2 and q^ 


= 1 


»-i'/6 


+ "J-s 


= 


14 .' 


• '"6 


= 


1 and q^ 


= 4 


^2'Jl 


+ »"Tr 


= 


49 . 


• '"i 


= 


4 and qg 


= 9 


•'•2?8 


+ m^ 


= 


112 . 


• . mg 


= 


11 and qg 


= 2 


'•2?9 


+ »«8 


=: 


35 . 


• '"^9 


= 


3 and q^^ 


= 5 


»•. ?lff 


+ »n» 


= 


63 . 


• ^»10 


=: 


6 and y^ 


= 3 


**. ?11 


+ '»10 


= 


42 . • 


• "»11 


= 


4andy,, 


-=2 


^iili 


+ "^ii 


= 


28 .^ 


• '"12 


= 


2 and ^,3 


= 8 


»*. ?18 


+ wiia 


= 


98 .'■ 


• "'is 


= 


9 and q^ 


= 8 


r,(/n 


+ 'n]8 


= 


105 . 


• "hi 


= 


10 and ^15 


= 5 


^'il6 


+ "*14 


= 


70 . 


'• ^16 


= 


Tandqig 


= 
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Here we stop, because the next figure will bQ 7, an4. it will commence 
to repeat. 

We have, therefore, ^^ = .05882362941176473^. 
If the fraction bad been -^^ we should have had 

?i = 3, ^, = *> ^a ?, = 12, r, q^ + my^= 9, r^ q^ + m^ = 36. 
^2 ?4 + ^8 = 37, r» ^5 + m^ = 30 . • . T^jf = .0769233Jjj. 

The operation may be very much abbreviated by taking advantage of 
the well known property of repetends, that after one half of the figures 
are obtained the second half may be found by subtracting each figure of 
the fiirst half successively from 9. 

We know when one-half of the digits are found because the remainder 
is then d — 1; and we know this in the albove method from the fact that 
any number in the oohmm divided by q^ gives the corresponding 
remainder. 

This property I demonstrate as follows: 

Let i be a fraction which reduces to a repetend, [verse order, 

Let q^y q2j ^39 • • • Sn represent the successive digits of repetend in re- 



Let rj, r„ t-g, . . . r, " " 
Let <i, <a, <8, . . . <. " " 
Letwij/mj, »»j ... " " 


" remainders in reveree order, 
" terms of colamn, 
" tens " " 


The column evidently stands thns: 




«.=!?. 




<» =»-2 ?.= 10 »»,+ j?a .-.«», = 


10 



, = r, 2^3 + «*! = 10 «»a + g. 



.flij ■ — ^^ 



(10 ga +giya— lOy, — ga 

'5 = »*a ^4 + «% = 10 »»4 + ?6 • • . «»4 
" + g.>2 - It 

&c., &c. 

/Google 



. m - ^^Q* ga +^Q y^ + g^^' - 10» g^ - 10 gg - g, 

'5 = »*a ^4 + «% = 10 »»4 + ?6 • • . «»4 

_ (10» g4 + 10» gg + 10 ga + g.>2 — 10* gs - 10* g4 — 10 g« - g. 
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■ Sabatitating in t^ for m^ its valae from <„ in t^ for m^ its valoe from 
t^, &c., we get 

h = r, y, 

<, Iq 

/ _ (10' g, + 10 gj + gi)ra - (10 q, + ga) 

_ (10»g«+10»g,+10g.+gi)r, -(10* g«+ 10 g, + g,) 
« jO» — 

The law is now apparent and we can write for the nth term 

, _(10-'-»g,_i+10-»g^a+...10ga+gi)ra-(10'-'g»-i+...10g,+ga) 
'" 10"-a 

Substitntinga for 10^*j'»_i+10*~*j',^_2+ . . . lOj'j+j'j, we get 
whence we readily get 



. _ (10a + gi>-a— « Bntr — ^ll-±i- 

" io'^^'s » 10 ' 



f^- [(10«+gjL¥ + l]gl (^) 



10- 

Let ne next find the valaea oi the remainders: 
ri=l, 
r -lii±l 

^* io^» 

, — <^g« + r, _ (10 g, + g)<g + 1 

r - <^g» + *•» - (^Q* g» + 10 ga + gi)<^ + 1 
♦~ 10 ~ 10» ' 



, _ (10^'g.-i+10ft"-V.^a + ....10ga+gi) <g+l_ (10«+gi)rf+l /«v 



Dividing (A) by (B), member by member, we get 
A =! «. or r, = A. Q. E D. 



g' 
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I also demonttrate the piopeiiy above referred to, viz: That after oae* 
half of the digits are foQnd tiie second half may be obtained by subtract- 
ing each figore already obtained snccessively fiom 9, as follows: 

Let -^ be a fraction which when rednced to a decimal gives a repetend 
in which the remainder d — 1 occurs We evidently have 

in which JS contains the digits before reaching the remainder d—^1^ and 
f the digits after reaching that remainder. But 

hence the sum of the second members of the equation must also equal h 
S* must contain the same number of places as B^ slnoe it contains the 
same sequence of figures differently arranged. Now since the fractional 
parts when added give 1, jS + ^' == 99 . • . • • 9 repeated as many times 
as there are digits in ^ + ^'» whence ^ = 99 . . . 9 — £'. Q. K D. 

The 9$eand principle may be proved as follows: As has been shown, 
the remainder next to the last is 



r,=^ 



10 



In order that this may be an integer the uniti of d qi must be 9; and it 
is evident that if the units of ^ be 1, then q^ must be 9; if it be 8 then 
qi must be 8; if it be 7 then q^ must be 7; but if it be 9 then q^ 
must be 1. 

In conclusion I will remark that it is improper to call repetends, as they 
aie usually represented, dseimals. For an example, .8 is not a decimal, 
but should be read three^intAs; so .16 should be read sixteen ninetjf- 
ninths; .14 should be read 1^ ienthe^ &c. 

SOLUTION OF A PROBLEM. 



BT G. W. HILL, XSQ., NTAOK TUBNPIKB, V. T. 

The following problem appeared in the MaiOiemaAiooi Monthly.^ (Vol. 
1, p. 39X and no solution was published in that periodical: 

^ Show that the product of six entire consecutive numbers cannot be the 
square of a commensurable number." 
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> Since the square root of every integer, not an exact sqoare, is a surd, it 
will be snfScient to show that the product cannot be the square of an in- 
teger. Let the six numbers be denoted, n being an odd integer, by 

n — 5 n — 3 n — 1 n+1 n+3 n+5 
2 ' 2 ' 2 ' "2^' ""2"' ~^^' 

Then it is required to prove the impossibility of 



Let us put 



n«_a6 n» — 9 n^ — 1 

. _- . J = D, 



= Q?, 



4 

where x is integral since it is the product of two integers. Then it will 
suffice to prove the impossibility of 

cd{x + 2)(» — 4) = D. 

Let us suppose x = i?y^ where ^ is the largest square factor contained 
in (0, and thus y will bo divisible by no square other than unity. Then 
we have to prove the impossibility of 

y(*^y + 2X*V-4)= D. 

But since y contains no square factor, both members of this equation 

must be divisible by y*; this demands that 2 X 4 = 8 be divisible by y. 

Hence, having regard to the restriction on the form of y, if the equation 

is possible, it can be so only for the values y =^1 or y = 2. The 

first gives 

(i? — iy— a = 9, 

which is satisfied only by A" — 1 = 5, or * = i/6, a surd, thefore y can- 
not be unity. For y = 2, we have 

2(P + 1)(*« — 2)= D. 

But every square is of the form Sti or 3n -f 1 ; if these are substituted 
in succession tor If in the left-hand member of the last equation, it will 
be seen that the resulting quantities are of the form Sn -\- 2, and thus 
cannot bo squares. Therefore y cannot be 2, and the impossibility is 
completely demonstrated. 

Evidently the proposition might be enunciated in the much more gen- 
eral manner: — 

ThefTodMCt of any mimber of consecutive integere cwnnot be an exact 
power ofwny degree. 
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Prof. J. E. Oliver, Cornell University, Ithaca, N. Y. 
writes: 

Tour correspondent's "query" is answered by some 
standard writer on Physics (probably Dagain or Ganot, 
or both,)— and the picture there is better than I can 
draw. 

The stream, adhering to the ball, is deflected toward 
it If the ball is to the right of the stream's axis more 
water passes to the ball's left and is deflected to the 
right than the reverse; . * . the stream is, on the whole, 
deflected to the right, . * • the ball is drawn to the left, since action and 
reaction are opposite. 




Note on the Ellipse. — From the well known property of the ellipse, 
that the rectangle of the abscissas is to the square of the ordinate as the 
square of the major axis is to the square of ^he minor axis, we get the 
equation 



y = ^VF. 



■A 



in which a and b are the semi-axes and x and y the co-ordinates; the origin 
being ht the center. If we put 

1) 



X = 



2 an ^ oM 
or -^^ — 



n» + 1 
y will always be rational and equal to 



n" + 1 



2 n 



Assame n* + 1 = a, then will 2n and n* — 1 repiesent the abscissas 
corresponding to the ordinates 



n*—l 
n* + 1 



and b 



2n 



n' 



Tl' 



where n may be any number whatever ^^ater than one. 

Hence, if we divide the semi-major axis of any ellipse into n* + 1 equal 
parts we may find two points in the axis whose distance from the center 
or froi^ the extremity of the axis may be expressed in integral parts of n, 
and each of which has a rational ordinate. 

Example. — Put « = 2, then is the semi-major axis = n* + 1 = 5, and 
the two points in the axis are respectively 2 n and n* — 1, or 4 and 3 dis- 
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-do- 

tant fiom the center, or 1 and 2 distant fiom tke ertremity of the axis, 
and their correspendiog ordinates are |i and fb. 

If n = 8, we have n* + 1 = 10, and the distances of the two points 
from the extremity of the axis are 4 and 2, and their corresponding otdi- 
nates are fi and |i. If n = 4, n^ + 1 = 17, and the distances of the 
two points from the extremity of the axis are 9 and 2, and their corres- 
ponding ordinates are {^ and ■^. By assigning other valnes to n other 
rational ordinates may be fonnd to any extent that may be desired. 

It is remarkable that whatever value may be assigned to n^ one of the 
points in the axis that has a rational ordinate will always be. at a distance 
from the extremity of the axis equal to two of the units in it. 



Pboblbm.— To integrate = — ; — « 

^ 1 + ^ cos a; 

Wehave ,— A? = _ _^^ __. 

1 + ^cosfl? 1 + s cos^ ^ — e sm^ \k 

Put tan. \x=^z\ then ^^sec^ 1^ dx=^dz^ and sec^ ^ a; a 2 ^ 0. 
Therefore the required integral 

dx 



cos^ ^a? /• sec^ \xdx 

cos' i-« ' 



2ds 2 /* dz 

1 + z^ + e — ez^ 1 +ej ^ ,1 — e 



_ 2 iT+j cyi±il 

1+ «\l_<5 J 1_« 



1+ ^""g* 



— Jaicbs E. Olabk, Professor of Mathematics, William JeufeU CMltge, 
Liberty, Mo. 
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Pboblsm. — By S. W. Salmon, Mount Olive, N. J.— To find the great- 
est strain on the braces and oonnter-braces of a trass, produced by the 
passage over it of a load of uniform weight {g) per unit ot length, and of 
length {I) equal to the length of the truss. 

Let the load pass] 
from ^ to i? along the I 
lower chord. Let S=l 
the strain on any brace] 
produced by the pas-l 
sage of the load; Hjt 
the horizontal component of the force producing the strain; and ^ the 
angle which the brace makes with the horizontal. Then 




S= 



COSjJ* 



Take any panel 2^67 i>^. \jAAG=ayAD = l,GF=y',DE = 
y", W = horizontal force at F^ and W = horizontal force at E. Then 
R=iW— H". When a part of the load of length x has passed on the 
chord, the reaction of the abutment at J? is 

^- 

Three different expressions may be obtained for H. Ist, when x<ia\ 2d, 
when fl?>a and <ft, and 3d. when (0>&. The 1st and 3d expressions have 
liommooimum value. Li the 2d case, by taking the moments around D 
we find 

taking the moments around Cy we find 

HoDoe H= H' — H" 

y'\ 2^ aj- 2ly" ^^> 

Put « = -,\a « - "a ^ - jj-j - -^jfh = » maxiinmn. 
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Differentiating, -^ = -£ _ ^^ _ (^JZ*)^= 0. 



^_ <^iy[' 



ay''^{l^b)y'' 

d^u a I — b 

d^~ ly' Ty"' 

which, being negative, indicates a maximam. 

Substituting the above valae of x in (1) vre find the max. valoe of U 

2 \ay'y^' + {l-b)y^^) ^^^ 

. * . the max. value of S 



^ ga^ ( {i-<i)y" — {i-V)y '\ 

2 cos ip\ a y' y'/ + (^ — %'2 / 



If the top chord be straight, y' = y" = A, and 

b 



S = g^' ( b^a \ 



Let y' and y" be ordinates of a parabola vrhoso axis is vertical. The 
equation of a parabola referred to rectangular co-ordinates, A being the 
origin, and h the ordinate of its highest point, is 

y^^{lx-^).'. y'=^{la-a?) Mdy'' = ^{lb^6^. 
Substituting these values of y' and y^' in (2) 

^ SA[l + b-a) 

which is constant if {b — a) be constant, that is, if the panels be of equal 
length. 

. s- g^ ( ^-^ \ 

' 8hcos^\l + b-ar 

If the truss sustains also a load uniformly distributed along the lower 
chord, then, when the upper chord is straight, 

where ^ = the weight per unit of length of the uniform load. 
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TO FIND THE AREA COMMON TO TWO 1NTER8ECTINQ 

CIRCLES. 




BY ABTEXAB MABTIK, HATHBMATIOAL BDITOB 80H00LDAY MAG^ZIVS. 

Let O and P be the centera of 
two intersecting drcles. Fat O P 
=za^ O <7= r, and snppose the 
ndins C^Pvariable and=ra?. The 
circles will intersect if a; is not 
greater than r + a nor less than 
r — a. With center P and ra- 
dius x'+dx describe the arc 
eef indefinitely near CEF. 
Then 

2a ' V 2 ax I 

and the difibrential of the area CEFQi% 

8ajcos-i f^ + ^-^rfx, 
\ 2ax I 

Putting A for the area sought, we have 

•^ \ 2aaj / \ 2aa? / 

4- C ^{^ — ^* + ^)d X 
J y/^a^r^-^ir' + a^ — ^f 

Pat H + a* — aj» = y, then 

/ Mf — a^-^^x _ /^ — ^2 H — y)rf y 
v/4 a» r» — (r» + a« — ajy J 1/4 a^ r» — y» 
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When x = Iij 

which agrees with the reBult obtained by the ordinary method. 

The above formula may be readily adapted to any special case. 

When the center P is on the circumference of the other circle, a a r, 
and 

A=5>cos-»(^)+2r» sin-«(A)_Ji?^4^.„jj,^ 

If the circles are equal, It=:r and 

A = 2 r» cos-»(-|Lj— i«|/4r» — a». 

When they are equal and the center of one on the cironmlerenoe of 
the other, jS = r, a = r and 

FJSOBLJSMS. 

6. In a plane triangle there are jg^iven the three lines bisecting the 
angles, a, b and Oj to find the sides.— Oommunicated by Db. Datid S. 
Habt, Stonington. Oonn. 

6. Find a convenient formula for calculating the capacity of a cistern 
constructed as follows, viz: Baving a lower concavity which is a spherical 
segment whose versed sine is a and chord 3 r, a central cylindrical part 
whose radius is r and perpendicular height A, and an upper concavity 
which is a spherical segment whose versed sine is b and chord 2 r.— Oom- 
municated by Fbank Fbltok, 0. E., Des Moines, Iowa. 

7. Multiply ^1 + tKi + rr+^^y ^^^T+1 

and express the product in a finite number of terms.-r-Oonunanicated by 
Pbop. Danibl Kibkwood, Bloomington, Ind. 
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8. A ball roUs down the convex surface of a fixed sphere, the fric- 
tion* being jast sufScient to prevent sliding; find the point where it leaves 
the sphere. — Oommnnicated by Abtbmas Mabtik, Mathematical Editor 
of Sehoolday Maga&mey Erie, Fa. 

9. P and Q denoting two entire functions of x^ such that we have 
Vl — jP'= QV\ — a?2, we have necessarily 

dP ^ dx , 



Vl — P' l/l— »a 

« denoting an entire number. — Communicated by Fbof. H^ll, Wash- 
ington, D. C. 

10. The chief justice of a court makes a large number of legal deds- 
ions. Afterward it is found that 50 per cent, of these decisions are erro- 
neous. Bequired to determine the legal knowledge of the judge.— Oom- 
mnnicated by Pbof. Hall. 



EDITORIAL NOTES. 



In presenting this, the second number, to our readers we hope it will be found to be 
something of an improvement on the first. We do not intend to use up our space in 
apologizing for past delinquencies, or in promises of future improvement, but we hope 
to learn from experience, and profit by the advice and criticisms of our correspondents. 

A very considerable number of typographical errors occur in our first number. Some 
of these we noticed, but too late to remove them, and others have been pointed out by 
our correspondents. As all the errors that have been noticed are unimportant and can- 
not mislead any of our readers, we will allow each reader to correct them for himself; 
and we will here remark that, in the future, though we will use as much care as we 
can command to avoid typographical errors, and will, when material^ if noticed or 
pointed out to us, subsequently insert the correction; but all immaterial errors, that is, 
all such as cannot mislead the reader, we will pass in silence; though we will be thank- 
ful to have our attention called to them, so that we can guard against similar errors in 



*If in Uiis qaestion the proper snbBtltQtlons be made ttom the equations of motion as given in any 
standard work on MechanicB, Dartlett's for instance, It Is found that the hall will quit the sphere at the 
moment when it has descended through BeTen-serenteenths of the radius of the sphere, supposing It t« 
have started from the summit. But on the supposition that it 8lide$ down the sphere without fMction, 
then it would quit the sphere when it has descended through one-third the radius. 

Prof. Peck says, however, that "If a body be placed on aa inclined plane and abandoned to the action 
of its own weight it will either slide or roll down the plane, provided there be no friction between it and 
the plane. If the body is spherical it will roll, and in this case the Motion may be disri»garded .... and 
equations (67) and (08) will be immediately applicable.'' [See Peck's Mechanics, p. 168.} 

Will correspondents explain this apparent dlscr^ancy.^ED. 
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future issues. The delinquency, in all such cases, must be charged by correspondents- 
to the printers and proof reader. 

Some criticisms have been presented relative to the subject matter of the first num- 
ber. Seme of the articles are regarded by the critics as not possessing sufficient inter*' 
est to entitle them to a place in such a journal. In answer, and without particulariz*^ 
ing, we remark, that we do not entertain the same opinion, and we do not feel ii a duty 
to apologize for any of the articles published. On the contrary, we believe that if the 
mind is allowed to dwell for a sufficient time upon almost any subject it will be found 
to be interesting. It is true that when any subject is thoroughly understood and per- 
fectly familiar to us it ceases to possess much interest, as the mind is, and ought to be, 
intent upon new conquests. Hence, it would be vain to hope that all the readers would 
be interested with every article that should appear in any periodical, and especially in a 
periodical devoted to mathematics, which, to offer any chance of success, must occasion* 
ally present subjects that will tax the capacity of its ablest readers, and also subjects 
that are comprehensible to the less advanced reader. 

Acting upon these convictions it is our desire and will be our aim to present some- 
thing that will be adapted to the tastes and desires of each and every one of our readers,, 
but we have no expectation of interesting aU with everytliing that may be presented. 
We add, as a further explanation of the course we expect to pursue, that, when pefsona 
of known and acknowledged ability as mathematicians, present articles for pnblicatioiir 
we will, as we find room, give them a place in our pages, even though we should nol, 
from the limited examination that we may be able to give them, discover any special 
merit in the article. We will assume that it merits insertion from its presentation hf 
a responsible author. But, on the other hand, to guard our pages from improper mat« 
ter, when the author is not known to us as a mathematician of acknowledged capacity, 
the criterion must be our appreciation of the meriU of his article. 

We do not feel called upon to apolo^e for the somewhat extended article with 
which we introduce the present number. Though we have added four pages to this 
number in consequence of the space occupied by the first article, we have done so, not 
because we thought the number would possess less than the average interest without 
such addition, but because we are aware that a very considerable number of our readers 
feel little interest in astronomical questions of the kind there discussed, and might 
feel somewhat disappointed by a want of sufficient varied in the number. 

We embrace this opportunity to say, that to im the consideration of comets and 
meteors is one of the most interesting subjects in physical astronomy; and that It 
appears to be a necessary conclusion from Prof. Hall's discussion of the subject — 
assuming the nebular hypothesis to be true in its main points — ^that the comets, which 
appear at intervals in our skies are not wanderers from other stars, but that most of 
them, if not all, belong to our system, and, probably, originated near the verge of the 
system. For, when the nebulous matter from which the system has been condensed 
extended to the neutral point of attraction between this and a contiguous nebula or 
star, the attracting influence at the out-skirts of the nebula must have been but feeble,, 
so that as condensation progressed out-lying clouds of gas would haye been likely to 
remain behind near the point of neutral attraction, and these out-lying cloids would, in 
time, yield to the attracting force of the nearest nebula or star, and approach it as a 
comet or meteor in a parabolic or elliptic orbit. And although a few meteors have been 
observed that seemed to have too great a velocity to allow their motion to be referred 
to parabolas, yet if we admit they came from the stellar regions the difficulty of account- 
ing for the initial velocity with which they must have entered our system is as great, 
it would seem, as to account for that velocity within our system; and when we take . 
into consideration the uncertainty attending the observations, as indicated by Prof. 
HaU, the doubt as to their introduction ftom without is increased. 
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PROPERTIES OF POLYGONS. 



BT BLIAB BOHNBIDBB, ▲. M., SUNBUBT, PA. 

In the following article I propose to point out some interesting relations 
that exist between certain lines and areas of polygons, that, so far as I 
know, have* never heretofore been 
annonnced ; and to present a method 
ibr the construct ion of certain poly- 
gons that have never been constructed 
geometrically^ which, though not 
strictly geometrical, yet from the 
analogy ot the constniction to strictly 
geometrical constructions I am in- 
duced to believe that geometrical 
constructions for these polygons may 
yet be found. 

1. Draw the line ^ J?= the unit, 
of our scale, and bisect it in jS*, and 
at -A' erect the indefinite perpendicular 
E F. With -4. i? as radius describe 
the arc J. 6r, and draw th« straight 
line A (7 cutting thearc J. 6r in />, 
so that i>(7 shall equal A B. Then 
\% A B one side of a pentagon in- 
scribed in a circle which passes through the three points Ay ^and C. 

2. Draw the straight line B /cutting the arc J. G in H bo that ffl 
= A B. Then ib A B one side of a heptagon inscribed in a circle which 
passes through the three points Ay B and /. 

3. Through Jfj the point where the arc A G cuts*the perpendicular E 
Ey draw the line L Jif parallel to A By and draw the straight line A JV 
cutting L Min Pbo that PilT shall equal twice A B. Then is ^ J?one 
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Bide of a ncnagon insoribed in a circle which passes through the three 
points J., B and If. 

The demonstration of these constructions is easy and is therefore 
omitted for the sake of brevity. 

It in the heptagon whose sides each equals one^ we put the chord of the 
arc which contains three of the equal sides = 2 -f a?, then will 2 + a? be 
the radius of a circle in which if a polygon of double the number of sides 
(14) be described each of these fourteen equal sides will = one\ and the 
length of one side of a heptagon described in a circle whose radius is one 
will be |/l — X. 

Alsoy if in the nonagon each of whose sides equals one we put the chord 
of the arc which contains three of the equal sides = 2 -f- sb, then will one 

side of the oonagon described in a circle whose radius is one be \/\ x. 

And in general, if in a polygon of n equal sides {n being any number 
greater than six) each of which equals ons^ we put 2 -f a? = the chord of 

the arc which contains three of the equal sides, |/i x will be the length 

of one side of a polygon of n sides described in a circle whose radius 
is one. 

Let ^ represent the angle subtended by one of the equal sides of a 
polygon of n sides. Then is 

x= 2 cos p — 1. . • . i/r^» = i/2 — 2 cos ^ 



= i/Ti/1 — cos p=V 2 i/l — i/i — Bin»^=l/l+sin j9 — i/l— sinj9. 

That is, one side of any regular polygon inscribed in a circle whose 
radius is one^ is represented in functions of the sine of the arc subtended 
by that side, by 

Vl + sin /9 — j/l — sin ^, 

or by its development 

sin /9 + i sin» ^ + ^ sin* ^ + &c (1) 

By assigning any value to ^, n will be determined. And if )9 be taken 
very small, n times (1) will represent approximately the circumference of 
a circle whose radius is one. 

A vory interesting relation exists between the isosceles triangles which 
are formed in the construction of polygons. 

The triangle A B Cot the pentagon is divided into two triangles by the 
line B D. Multiply the area of the triangle A B Dhj the line B Osxid 
the product ecjuals the ar^a of the triangle B D O. Multiply the area of 
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this triangle by the line B ^and the prodact equals the area of the tri- 
angle ABC. That is, these three triangles form a geometrical series of 
which ^ 67 is the ratio. The triangle B D Ois a mean proportional 
between the other two. 

The triangle J. ^/ of the heptagon divides itself into three isosceles 
triangles; but only two of these together with the [whole triangle form a 
geometrical series. Multiply the area of the triangle A B JSbj B /and 
the product will be equal to the area of the triangle B B Sy and this last 
triangle multiplied hjBI will give the area of the triangle A B I. But 
the area of A B B mulriplied hjBI will give the area of B S I^ and 
B S 7 multiplied hjBS will give the area oi B B & Therefore, since 
ABBxBIxBS=BBS, BIXB S=B I. And because 
B jEr=A B, therefore the triangle A B H equals the triangle BBS. 

The triangle A B If' of the nonagon divides itself into four isosceles 
triangles, but only two of these together with the whole triangle form a 
geometrical series. 

Multiply the area A B Thj B iTand the product wi!l be equal to the 
area TA Q^ and this last multiplied hjBJf will give the area of A B If. 
Bat the area of the triangle A B T multiplied by h Ogives the area of 
the triangle iT^ A, and the area of ^ ^ ^multiplied by ilTT gives the 
area of the triangle B Th. 

If the triangle of the polygon of eleven sides be constructed, the trian- 
gle will divide itself into five isosceles triangles and the third from the 
base will be the mean proportional. But in the triangle of the polygon of 
thirteen sides the fourdi triangle from the base will be the mean propor- 
tional, there being six triangles formed in this case. 

If in the pentagon whose sides each = one we put the chord which 
contains two of the equal sides = 1 4- a;, we get for the equation which 
determines the value of Xj 

«" + a? = 1 (a) 

And if in the heptagon and nonagon, whose sides = one^ we put^the chord 
which contains three of the equal sides = 2 + a?, we get for the equations 
respectively, tor the heptagon 

aj» + *a* + 8aj = l, (J) 

and for the nsnagon 

a? + 8af = l {e) 

And in general, we have, for the equation of a polygon of n sides, in which 
2 + represents the chord which contains three of the equal sides, (each 
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of which = one)y r the radius of the circumBcribing circle, and ^ the angle 
subtended by one of the equal sides, 

X = — r- , and r = .» ==. 
r» i/2(l — cosj9) 



SOLVTION OF TWO INDETERMINATE PROBLEMS. 



BY GEO. B. PBBKIKS, LL. D., UTIOA, N. T. 

Pbobleh I. — Find n numbers in arithmetical progression, such that the 
sum of their cubes shall be a square number. 
Assume the n terms of the progression as follows: 

»-^d; flv-^ef; ....«-^; »+irf; ....«»+ ?^rf; »+ 5=id; 

which corresponds to the case when n is an even number, and 

which correBponds to the caBe when n is an odd number. 
The sam of the cabeB of the n terms, when n is even, is 

n «» + I [1» + 3* + 6» + (» — 8)» + (n — I)*] <i«a>. 

When n is odd, the sam of the cabes is 

n »» + 6 [1» + 2» + 3* + . . . . (i ^^r8)» + (i ii^ri)*]<P ». 
Each of these expreBsions, when simplified, becomes 

na.[a!» + («»-l)(Jrf)»] (a) 

and this mnst be a square number. 

Assume «» + (»» — 1) (J rf)» = 4 n » ^, 
and the above will become 4 n* a;* ^ := a square. 

Solving a>» + (n» — 1) (J rf)* = * «»<* 
for », we find 

a> = 2«<» + i/4»M«— (n» — l)(^rf)» (*) 

Hence, in order that this value of » may be rational, we must make 
4 »» <« — (n» — 1) (^ ^£f= a square = [8 n «• — » (^ <«)]» 

This gives d = ^^.***/ ,, and then 
,» + ««_ 1 • 
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2 «* + n* — 1 

The last term = » H 5— a = ^ — ^t i" * h • 

2 «* + n* — 1 

And the snm of the cubes of all the terms 

* '* -^ ' («« + n» — 1)» 

If we take 0= 1 and ^ = ^ n r, the foregoing expressions will be integral, 
as follows: 

rf = 2nr» 
The first term = n« (n — 1) r* 

The last term = n (w— 1) (n + 2) r* 

The sum of the cubes = n* (n* — 1)* r* 

Aeain, if we wish our terms to correspond to the series of natural 
numbers, we assume, in (0), as follows: 

r = jr — and n = 2 m* = number of terms, 
2m 

and we have 

The first term = m^ (2 m» — 1) 
The last term = (m» + 1) (2 m» — 1) 
Sum of the cubes = m* (4 m* — 1)* 

As particular examples of formula {0), take r = 1 and n = number of 
terms = 3, 4 and 5, in succession, and we find, 

(18)» + (24)» + (80)» = (216)«, 

(48y+ (56)»+ (64)»+ (72V = (960)», 

(lOOy + (110)» + (120)3 + (130)» + (140y = (3000)«. 

As particular examples of formula ((/), take m = 1, 2, 3 and 4, in suc- 
cession, and we find, 

1» + 2^ = 3S 
(28y+(29)»+(30)»+(31)3+(32)»+(33)3+(34)»+(35)3 = (504)«, 
(153)»+(154)«+ .... (169)»+ (170)3= (8721)«, 
(496)»+(497)3+ .... (526)3+ (527)3 =(66472/. 

Rbhahk. — A solution of this Problem, when rf = 1, is given by M. 
Eugene Catalan in the XX.th volume of the Acts of the Accademia 
Pontificia DA Nouvi Liucei, Kome, 1866. 

This solution is very satisfactory, but very lengthy, involving very large 
numbers, and is, moreover, not a general solution. 

His numbers are 

[887240758600]3 + [887240758601]3 +....+ [1041543499225]3 
=[967473261775 X 77151870313]*. 
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Pboblem n.— Find n coneecative terms, in the natural series of num* 
bers, snch that the snm of their cnbes shall be a cube number. 

Using the same notation as in the last problem, and making ^ = 1, 
our expression (a) for the sum of the cubes becomes 

n»[a?a +^(n2-l)], 

and this must be a cube, which is obviously the case, when x = \. 
We will therefore assume x = \ + r^ and our expression will become 

Pat n =^ = number of terms, and this will become 

Hence r = -^izi^i::^, and«=: ^ + r = P'-^+K 

o Q 

First term = a. - £^= j>*-3y«-2p«-H , \ 

Lastterm = . + ^= -^±§£^:i?£!z-A, (....(,) 

The sum of the cubes = { ^J>-l)(p+ll( y'+2) | \ [ 

As particular cases, first suppose^ = 2 and we find 

^.-3^-2^ + 4 ^_ 2, the first term. 

Hence the 8 terms denoted bj^ will be — 2, — 1, 0, 1, 2, 3, 4, 5. 

The cubes of the two negative values — 1 and — 2 will balance the 
cubes of tlie two corresponding positive values, so that the sum of the 
cubes of these 8 terms will be reduced to 3» + 4» + 5\ In this case 

i>(j^-l ) (j> + l)( y» + 2) _ ^ 
6 '^• 

Hence, we have this remarkable result. 3« + 4» + 6* = 6*, which 
might have been obtained from the conditions (18)»+(24)3+ (80)*=(216)* 
of the first problem, by dividing by 6*. 

Wheni> = 4, wefind,6^ + 78 + 8» + .... + (68)» + (60)» = (180/. 

When i? = 5, we have, (34)' (35)^ + .... + (157)^ + (168)» = (640)». 

When p = 10, that is, when the number of terms = /^» = 1000, we 
have (1134)* + (1135)» +....+ (2132)^ + (2138)' = (16830)*. 
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ItsKABK. — In the Mdthematioal Diary for 1881, on page 186, it is 
stated that M. Pagliani had published his solution to this problem, in this 
last case, when the number of terms is 1000, in the ^^Anoales de Mathe- 
matiques^' by M. Oergonne. 

In the Mathematical Miscellany for 1889, on page 127, William Len- 
hart has given a general solution of this problem, and as a particular case 
has obtained the same 1000 terms, as were given by M. Pagliani, and I 
wish, here, to express my high estimation of Mr. Lenhart's valuable con- 
tribntionB to this particular department of mathematics, given in the 
pages of the Mathematical Miscellany. 



PROBLEM RELATING TO TUE DETERMINATION OF 
CIRCULAR ORBITS. 



BT O. W. HILL, SSQ., HTAOK TUBNPIKB, N. T. 

Determine the elements of the orbit of a planet or satellite, which 
moves in a circle in the plane of the ecliptic, from three observations of 
its direction from the earth, made at equal intervals of time; the positions 
of the earth and the central body at these times being known, but the 
sum of the masses of the central body and the planet or satellite being 
unknown. 

Or, geometrically stated, — 

In a plane, given a point as center and three straight lines, required to 
describe a circle, so that the arcs intercepted by the lines taken in a de- 
terminate order may be equal. 

SOLUTION. 

Let generally R denote the sun's distance from the earth, 
" " L its longitude, 

" •* r the constant radius vector of the planet, 

•* ** ;f its heliocentric longitude, 

^ ^^ 7j its heliocentric angular motion from one observation to 

the next, 
^* *^ X its longitude as seen from the earth, 

" " A its distance from the earth. 

Moreover, employ the subscribts (-1)9 (o)) (i)> to denote the special values 
of the above quantities, which have place at the three times of observa- 
tion in their order. 
By the theory of the transformation of rectangular co-ordinates from 
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the center of the 8qq as origin to the center of the earth, we shall have 
generally the two equations 

A COB ^ = r COB ;f + 5 COB Z, 

A Bin ^ = r sin ;f + -ff sin Z. 

From which may be derived the two 

A COB {X—F) = r COB (x—P) + H cob (Z— P), 
A Bin {X—P) = T sin ix—P) + ^ sm (Z— P), 

where P is any arbitrary angle. If we apply our equations to each of the 

three observations, we sh^ll have the six equations 

A-i COB A^i = r cos (;fo — 7) + ^-i ^^^ ^-n 
A-i sin ^1 = r sin {x^ — 3y) + H-i sin Z.^, 
Ao cos'lo =»'co8 Zo + i?o cosZo, 

Ao Bin ^0 = r sin Xo + ^o sin Zo, 

Ai cos ^1 =i r COB (Xo + 3?) + ^, cos Zi, 
A 1 Bin ^1 = r Bin (Zo +7) + ^i ^^i" A- 
These equations contain the six unknowns A-i. Aq? Aj, r, ;f and jy. 
If we eliminate A_ii Ao» Ai from them, we shall have the three equa- 
tions from which I started in my iirst solution.^ But by retaining A , as 
the unknown, we shall arrive at an elegant solution. Let us first then 
eliminate A-i and Ai*, this we do by putting P=X_^ for the first two 
equations, and P=z X^ for the last two. Our equations, for determining 
the four remaining unknowns, are 

= r Bin (;f, — jy — ;_i)+ B^, sin (Z.j - ;_,), 
Ao cos ^, =r cos x^ + -^o cos Z^, 

Aa sin X^=T sin ;f^ + R^ sin Z^, 

=r sin (;f, + jy — - X{) + B^ sin (Z^ — X^). 

If in the second and third of these equations we put Buccessively P = 
37 + ^1 and P= — 3y + ^i> we get 

A« Bin (^ — 3y — -^-1) = ^ sin (^o — ^ — -^-i) + -^0 Bin (Zo — ifj — X^,), 
Ao sin (io + Jy — -^1 = ^ Bin (Zo + Jy — A,) + i?o sin (Z^ + jy — -i,). 

If from these equations we subtract the first and last of the preceding 
four, we get 

Ao Bin (^ — 7 — ^1) = A Bin {L^—yj — X^^)— B^^ sin (Z_i — ^L,), 
Ao Bin (^ + 7 — -^i) = ^0 Bi" (Zo + 3y — ^1) — R^ sin (Z^ — ^1). 

Behold us then, as the French say, arrived at two equations with two 

*]Cr. HiU liere rafen to a solnUon of thk qneation commnnicated to Dr. Wiifht, and pobliahed to the 
Ttitu Ornm^ ChroMcU of February 5, 18T4,— Ed. 
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anknowns, and that withoat oomplicating the form of oar original 
eqnatioDB. 
It is yery easy to eliminate Ao Arom these, and we get 

[B. sin (Zo — 7 — L,i) — S^i sin (Z^j — X^j) ] gin (^ + 7 — X^) 
= [-Bo sin (Xo + 7 — ^i) — ^1 Bin (Zj — X^) ] sin (^ — 7 — X^{). 

Bat we prefer to keep Ao as oar final unknown. Let us put for the 
sake of brevity 

i^-i = ^-1 — ^-ij i^i = Zi — x^. 

All these are known qnantities with the exception of aj which will take 
the place of 17 as an anknown. Oar two equations can now be written 

At rin (* — ^) = ^0 sin (*' — ^) + A-i Bin jf^j, 
Ao Bin (i + €r)= ^0 sin (*^ + ^) + ^1 Bin ^^. 
Or by taking in succession the half the sum and half the difference 

AtrinJcos^ = igoSinycos^ + ^^'^°<^^+/'''^°<^-^ 

Z;^cosJsin^ = i?oCOByBin^ + ^'"°<^»~3^'^'^°^-^> 

TKTx.^ 1 -St sin <f 1 + -S«i sin «f_, 

W hence cos ^ = 1 — ^ — / ^^^ p *" * — fi-^j 
Ao Bin o — ^0 Bin ^ 

, ^1 sin «f , — ^«i sin cf^. 
Ao COB a — ^0 <^B J^ 

By putting, (these are all known quantities) 

Hi sin ^^ + H^^ Bin ^^^ . _ ^^ sin ^^ — ^ ^ sin ^^^ 

2sin^ ^* 2 COB * 



jr> sma* , jr> cosa* 
' BinJ' " COB ir 



we shall obtain the very elegant form for our final equation determining Ati 
This is, as we see, of the fourth degree in Ao; in ^ f<»">^ ^ ^1^^ 
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Problem 400t is stated, this equation will be foand to have a root Ao— 0^. 
that is the absolate term of the eqoation will be 0; in this ease there- 
fore the equation redaces to the third degree. 
By the iatrodaction of the new anknown 

fl,=:Ao-2j^andpnttingA = ?^ 

the equation takes the somewhat simpler form 

OP (a» — AJ)« = a^{x — hy + b^a + A)». 
SOLUTIONS OF PROBLEMS IN NO. 1. 



In this department we will in geoeral pnblish bnt one solution to each 
problem proposed, though^ in some cases, when the method pursued in 
the solutions is essentially different, two or more solutions of the same 
question will be published. Oredit will be given, however, in each num- 
ber to all who shall have furnished correct solutions of the questions 
whose solutions are published in that number. 

Each solution should contain sufficient detail to be comprehended by 
the ordinary reader who is acquainted with the elements of the branches 
employed in the solution. Oleamess must not be sacrificed to brevity, 
but, other things being equal, the brevity of a solution will determine its 
selection for publication. 

When several persons furnish essentially the same solution to a ques- 
tion, his name only will be placed at the head of the published solution 
whose notation and phraseology are adopted. 

Persons sending solutions are requested to put the solution of ectch 
qitestiony together with the name of the writer, on a separate piece of 
paper. 

Solutions have been received as follows: 

R. M. DeFrance solved 1 and 2; Theo. L. DeLand solved 1 ; Prof. A. 
B. Evans solved 1, S, 3 and 4; Prof. 0. Homung solved 2; Philip Hoag- 
land solved 2; Henry Heaton solved 1, 2, 3 and 4; Prof. E. W. Hyde 
solved 8; Prof. Enisely solved 1; Miss Esther W. Matthews, (State Nor- 
mal School, Eirksville, Mo.), solved 1; Artemas Martin solved 1, 2, 3 and 
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4; 0. D. Oathoat aoired ft; L. Regan solved 1 and 8; E. B. Beits Bolved 
i, 3, 3 and 4; Elias Schneider, A. M^ solved 1 and 2; 8, W. Salmon solved 
1, 9, 8 and 4; Prof. D. W. Sensenig solved 1, 3 and 4; Walter Siverly 
Bolved 1, 2j 8 and 4, and John IL IVllt, A. M., solved 1 and 4. 

1. ^^Find the values of x and y in the following equations: 

a»a^ + J«y*=a«y(» + yy; (1) 

a«aj« + J»y»=a«J«> (2) 

SOLUnOK BT THBO. L. DB LAND, WASUnrOTOK, D. O. 

Divide (1) by (2), expand {x+yf^ clear of fractions, cancel like terms, 
factor, divide by x y, substitute a* i* for its value, multiply by 2 a &, and 
we have 

2a*«y=-^, (8) 

Both add to, and subtract from (2), eq. (3), and we have 

The apper signs give one equation and the lower signs another. 
Hence, «»= ± ^-^L^(v/(«-A)a-a a b ± i/(a+6)» +2 a «) 

[Prof. Enisely writes that the qaestion he sent (No. 1) is, by mistake 
slightly different from what he intended to present, which, he says, *<ariBea 
from the problem of a tangent to an ellipse, the tangent being intercepted 
between the axes produced, and equal to the sum of the semi-axes." The 
question, as he intended to ]»esent it, and his solation are sabjoined:J 

««o»»» + »«y» = »»y». (1) 

*» y* + a^ «• = o^ *» (» + y)». .... (2) 

SOLOnOH. 

Hence, in (2), 
Dividing by a* ip*, 
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+ a^ J> a,J _ a« J* 
fl^_8aJ*J» + 3iB»J* — i« — 2ay (|/^Z:^)« + a« J* = 0. 
(jB» - J3)3 _ 2 a J^ (»3 — i2)j + a» ft* = 0. 
Taking Bquare root, 

v/((B»_A7 = a J«. aj« = (a i^)f + **. y' = («' ft)J + a\ 

— U, JbBSB BjriBBLT,'* 



2. ^^Let a regalar polygon of 14 sides be described, each of whose equal 
sides shall be one. Then will the radius of its circnrascribing circle, which 
pat=r, be more than two and less than three, Fnt r^2-^x\ then is w 
a positive quantity less than one. Let another regular polygon of half 
the number of sides (7) be inscribed in a circle whose radius is one^ and 
determine one of its equal sides in functions of x expressed in its simplest 
form.*' 

SOLUTION BY PROF. ASHEB B. BVANS, LOOKPOBT, K. T. 

Let A B represent a side of the regular polygon of 14 sides, and O the 
center ot its circumscribing circle. Then 

-4 J? = 1 : -4 6^ = r : : sin 4^ ;r : sin ^^ tt; 

.•.^(9 = r = ?!B±5=3— 4sin2|;r . . . (1) 

Since 9 sin 4^ ;r is less than 2 sin 80^, that is, less than unity, 4 sin^ ^ ^ 
is positive and less than unity, and equation (1) gives r > 2 and < 3. 

If r=2 + a,a3t=l — 4 sin^ 4^ ;r, or 2 sin | ;r = i/TZT^ But 8 sin | jt 
is the expression for a side of a regular polygon of 7 sides the radius of 
the circumscribing circle being unity; therefore the required function 

of is i/rn^. 



3. ^^If a line make an angle of 40'' with a fixed plane, and a plane 
embracing this line be perpendicular to the fixed plane, how many de- 
crees from its first position must the plane embracing the line revolve 
m order that it may make an angle of 45^ with the fixed plane?'' 

SOLUTION BY PROF. E. W. HYDB, CHESTER, PA. 

Let h = angle between 
line and plane; (7= angle 
through which plane 
through line must revolve, 
and i?= angle plane makes 
with fixed plane; then we 
have at once, by Napier's 
formulffi, 




and if » B 40'' and i? = 45^ 



»rmuiffi, 

cos ^ = cos h sin C\ 

. y^ cos B 

• • sm C/ = r» 

cos 
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. /7- ^*'^^_ = 1 , 

COB 40° vTcobIO^ 

.-. C= 67^ 22' 40". 

[All the Bolntions of No. 8 which have been receired, except Mr. Sal- 
mon's, are analogooB to the above.] 

BOLUnOH BY 8. W. SALMON, MOUVT OLIYBy H. J. 

Take the fixed plane ae the horizontal plane of projection (JET). Let 
the given line CA make an ansrla with If^ and take the vertical plane 
throogh this line a« I 
tbe vertical PJAno oi 
projection ( F). Let 
O be the point in 
which O A pierces 
JI. Let r oo th^ 
angle through which 
the vertical plane 
throngh O A has to 
rev* Ive in order to 
make an angle ^\ 
with JT; and let ;9 be I 
the angle which the horizontal trace of this plan uiakes with the ground 
line. Draw £7 J?* perpendicular to i7, and let it be the axis of a cone with 
a cirenlar right section whose vertex is C and whose elements make an 
angle ^ with SI Throngh CA pass a plane tangent to this cone; the 
tangent plane will then make an angle ^ with ff; CAia the vertical 
trace of this plane. In order to find the horizontal trace pass a plane par- 
allel to JT* through A; it cuts a circle from the cone and a line from the 
plane tangent to the cirole. E D\% the horizontal projection of this line, 
and C G^ drawn parallel to E 2>, is the hotizontal trace of the plane. 
Throngh A pass a plaue perpendicular Xo C A^A H \% its vertical and 
O Hita horizontal trace; it cuts a line trom the plane O OA^ the position 
of which when revolved around O H into the horizontal plane \a O K^ 

The angle 0^jrJEr=r. 
LM^AD=CVX9Li\ge 

and L C= GE= ^^-, = ^Rl^^-1 = CD sin ft 
tang^ tang ^ 

whence S = sin-i **-5i?4; 
^ tang ip 

/. .i tangtfX 
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When # = 40° and <f = 46, r = 67° 22' 41''. 

[This qneetion admits of still another solotion, as follows: In the fignre 
to Prof. Hyde's solution, above, draw CD perpendicular to A Xand 
J) E perpendicular to B X. Then, because the < C jF i? = 45°, D E 
= CD. . • . (if CX= 1) CE^ i/Tsin 40°, and -fi'X=|/i_2sin« 40^ 
Make FX= E X\ then \^F0^ tan 40° i/l— 2 sin^ 40°. Join B O 
9Jk^B F. Then is B O F9k right angbled triangle, right angle at <?, 
and -5-^= 67 it' . • . wehave^jp': FO :: radius : cos of the requirad 
angle, or, i/Tein 40° : tan 40° i/l — 2sin2 4u° :: 1 : cos <? J^^= 67° 
22' 41", very nearly.] 



4. **A cask containing a gallons of wine stands on another containing 
a gallons of water; they are connected by a pipe, through which, when 
open, the wine can escape into the lower cask at the ^rate of a gallons per 
minute, and through a pipe in the lower cask the mixture can escape at 
the same rate; also, water can be let in through a pipe on the to^ or the 
upper cask at a like rate. If all the pipes be opened at the same instant, 
how much totna will be in the lower cask at the end of t minutes, suppos- 
ing the fluids to mingle perfectly ?" 

SOLTjnOH BT S. W. SALMON, MOmiT OLIVB, K* J. 

Let Q be the quantity of wine in the lower cask at the end of t min- 
utes; and let Q^^ Q^j Qs ' - " Qn^^ the quantity at the end of the 1st 
Sd, 8d • . . • nth instants, 7, the quantity of the mixture that escapes in an 
instant, and n, the number of instants in a minute, then i^n q = 0^ 

Taking the Napierian logarithm of both memben of this equation, 
log C =<n log(l - -2-)+ \oget 
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-. •• L \ a 2 a* 8 a* / 

' NeglecUfig powen of iniiniteBimalB, we hare 

where f denotes the base of the Napierian system of logarithms. 

[This question was solved by Prof. Evans in an elegant manner by the 
method of finite differences, and in nearly the same manner as the 
above by Prof. Sensenig. All the other solutions were by application of 
the differential and integral calcnlns.] 



QuBBT.— Oan a demonstration be given of the following formula for 
primes? 

A\ogx— B' 

in which ilT denotes the number of prime numbers contained in any num- 
ber x^ and A and B are constants. — Oommunicated by Prof. Edwabd 
Bbooks. 

NoTK ON 8uK Spots.— One might easily gather from reading astro- 
nomical worksy that solar spots are rarely visible to the naked eye; that 
is, without the use of a telescope; but such is not the case. Let any one 
who feels ah interest in the subject, prepare a suitable smoked glass, and 
examine the sun's disk daily, or as often as the clouds will perniit, and he 
will find that solar spots can frequently be seen withont a telescope. If 
it were worth the space to record the observations, I could give numerous 
instances when I saw spots without a telescope, and I have occasionally 
seen two at a time. 

Since the sun's spots return periodically once in about eleven years; 
that is, from the minimum average number they gradually increase in 
number and area till the maximum is reached in about five and a half 
years, when the number gradually decrfases; large spots are more likely 
to be seen about the time of the maximum number. 

To discover a solar spot without a telescope, V^p the eye directed atten« 
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tirely on the sun (always neing a smoked glass, or something eqaivalent) 
for a minnte, and sometimes for several minntes, and the probability is 
that a spot, which at first could not be seen, will become visible. — Com* 
mnnicated bj Pbof. D. Tbowbbidob. 



QnsBT. — The strain on the internal surface of a steam boiler tending to 
produce longitudinal rupture, is, per unit of length, equal to the product 
of the elastic pressure of the steam per unit of surface multiplied by the 
diameter of the boiler. What should be the relatiye thickness of the flat 
ends of a boiler, so that, without bracing, they are just strong enough to 
withstand the maximum strain that the boiler will heart 



PROBLEMS. 



1 1. Borrowed a sum of money at 8 per cent simple interest and loaned 
it out again at 5 per cent, compound interest; in what time will I gain 
the amount borrowed! — Communicated by E. W. Fosdiok, Esq., Butler, 
Indiana. 

12. Given the base A Oof ti triangle and the ratio of A JB to JB O to 
find the locus of the point B by Geometry. — Conununicated by L. RMhAV, 
Boonsboro, Iowa. 

13. A body is projected at a given distance from the center of foree 
with a given velocity, and in a direction perpendicular to that distance: 
When the force is repulsive and varies inversely as the cube of the dis- 
tance, find the path of the body:— Communicated by J. B. Sahduw, 
Troy, Indiana. 

14. Two equal particles attracting each other with forces varying in- 
versely as the square of the distance, are constrained to move in two 
straight lines at right angles to each other; supposing their motions to 
commence from rest, to find the time in which each of them will arrive at 
the intersection of the two straight lines.— Communicated by Pbof. J.M« 
Gbbbnwood, Eirksville, Mo. 

15. Two points are taken at random in the surface of a given elrole 
and a chord drawn through each at random; show that the chance that 
the chords intersect is 

T + sS- 
— Commonieated by E. B. Sarrz, Greenville, Ohio. 
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The Analyst. 



Vol. I. April, 1874. No. 4. 



REMARKS ON THE STABILITY OF PLANETARY 

SYSTEMS. 



BY O. W. HILL, K8Q., NYACK TURNPIKE, N. Y. 

As, in some quarters^ quite erroneous views seem to be entertained 
regarding the conditions necessary for the stability of the solar system, it 
may be of service to note here, in brief, what is known on this subject. 

It is remarkable that, although the meaning of stability in statics is 
well known, no one, so far as I know, has ever given a rigorous definition 
of this term as used in dynamics. As applied to the solar system, the 
sense attributed to it in general seems to involve the idea that the mean 
distances, eccentricities and mutual inclinations of the planets should 
always be comprised within narrow limits. But if this be the proper 
meaning of the word, one is tempted to ask— how narrow? It is plain, 
when we consider the matter more closely, that the distinction between 
stability and instability is one of kind and not of degree. There must be 
a sharp line separating stable systems from unstable. 

In the first place we must discriminate between two possible significa- 
tions of the term; a system may be stable or unstable with reference to 
the action of foreign forces, or wilh reference to the mutual action of its 
parts. A slight disturbance from without may cause in a moving system 
only trifling deviations from the previous paths of motion, or the effect 
may be a greater and still greater departure from them. This is quite 
analogous to the stability and instability of statics. But the stability of a 
planetary system, with reference to its own action, must be defined in a 
way quite peculiar. 

A planetary system is stable when finite superior and inferior limits can 
be assigned to all the distances of the bodies composing it, and that, no 
matter how long the motion may be prolonged; but if to some or all the 
distances, no superior limit other than infinity, or no inferior limit other 
than zero, can be a88igned,^he system is unstable. 



Digitized by 



Google 



— 74 — 
2 r^ 2V^ 2 V _ 

equatorial g at Son, Earth and Jupiter. 

■^7^^ = ratio of the integral of infiniteBimal impulsee during reyolution 
in a circular orbit ;r^, to the integral of similar impulses during fall from 
circumference to center of same orbit. 

^ 7z^ = Neptune's mean distance from Sun, in units of Earth's mean 
distance. 

^ffi = Saturn's mean distance. 

^ ;r^ = Asteroidal mean distance , or twice mean distance of Mars. 

^ ;r' = Earth's secular mean perihelion distance. 

■^1^=^ Mercury's secular mean perihelion distance. 

^ ;r"^ = major axis of Sun's orbit about center of gravity of binary 
star. 

^ jr*' = heliocentric distance of linear center of oscillation of secular 
mean perihelion center of gravity of the binary star. 

The ratio of F' to V" is found by supposing Sun's radius to vary from 
r to n' r. Under such variations 

In the following table A represents the theoretical values as estimated 
from V^ ; B, for Jupiter's distance, J, 

the observed values. For 2^", is the mean of the several estimates 
published by Bianchi and Laugier, Lelambre, Petersen, Sporer, Oarring- 
ton and Faye. The Sun's annual motion is given in units of Earth's 
radius vector, being Struve's estimate. For F', A, B and are deduced 
from g on Sun, Earth and Jupiter: 

ABO 
T' 32,036.46 sec. 21,639.07 sec. 21,628.03 sec. 

F' 266.66 m. 261.39 m. 261.66 m. 

4 F'' X 1 yr. 1.678 r. v. 1.754 r. v. 1.628 r. v. 

The ^ T?^ series groups the principal planets into four pairs. The cor- 
respondence between the theoretical and observed values is given below 
in units of Sun's radius. The values of the secular mean apsides are taken 
from ^^Stockwell's Memoirs on the Secular Variations of the Orbits of the 
Eight Principal Planets." 
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TheoreHeal. 


vOMf^Mwi 


Neptune, mean, 6,450.776 


6,458.751 


Satom, mean, 2,058.346 


2,049.6U 


A Rteroid, mean, 653.600 


654.760 


Earth, perihelion, 308.048 


207.583 


Mercury, perihelion, 66.224 


68.483 


Sun, major axiB, 2.136 


2.182 


Primary center, osc., .679 


.679 



The Blight discrepancies in the values of T"j P, F", seem to be 
attributable to Jupiter's mean eccentricity, but they are all within the 
limits of uncertainty of observation. 



PERFECT CUBES. 



BT PBOF. W. D. BDENSLE, SALEM, OHIO. 

The following interesting facts in reference to perfect cubes were dis- 
covered by the writer about seven years ago: 

Perfect cubes ending in 1,^ 2, 8, 4, 6, 6, 7, 8, 9 or followed by 1 
have roots ending in 7, 4, 1, 8, 5, 2, 9, 6, 8 or followed by 1. 

Perfect cubes endmg in 1, 2, 3, 4, 5, 6, 7, 8, 9 or followed by 8 
have roots ending in 1, 4, 7, 0, 3, 6, 9, 2, 6 or 8 followed by 7. 

Perfect cubes ending in 1, 2, 3, 4, 5, 6, 7, 8, 9 or followed by 7 
have roots ending in 7, 0, 8, 6, 9, 2, 6, 8, 1 or 4 followed by 8. 

Perfect cubes ending in 1, 2, 3, 4, 5, 6, 7, 8, 9 or followed by 9 
have roots ending in 3, 0, 7, 4, 1, 8, 5, 2, 9 or 6 followed by 9. 

Hence every perfect cube ending in 11 has 71 as the ending of its root; 
every perfect cube ending in 21 has 41 as the ending of its root; and so 
on. Thus we see that the last two figures of any perfect cube ending in 1, 3, 
7 or 9 may be known if the figure before 1, 3, 7 or 9 is also known; For 
instance the cube root of the perfect cube 185193 may be known to be 57 
because all perfect cubes ending in 98 have roots ending in 57. Thus 
we may know the cube root of the perfect cube 3,869,898 by knowing 

only 3, 98. The first figure of the root must be 1 and the next 

two 57. 

If the series 1, 2, 8, 4, 5, 6, 7, 8, 9, be repeated or made cmsular it 
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may be seen that the aeries 7, 4;, 1, 8, 5, 3, 9, 6, 8, may be obtained by 
be^miing at 7 in the circular series and coonting forward sacoessiTely to 
the 7th following figure; in the same way the series 1, 4, 7, 0, 8, 6, 9, S, 
5, 8 can be found by coonting forward by threes beginning at 1. To get 
the series 7, 0, 8, 6, 9, 2, 6, 8, 1, 4 begin with 7 and count by threes. To 
get the series 3, 0, 7, 4, 1, 8, 5, 3, 9, 6 begin at 8 and count by sevens. 

It is desirable to obtain some method of getting directly the ten's figure 
of the cnbe. The following scheme accomplishes this: 

1284667890 

7 A .1 .8 .6 .2 .9 .6 .8 
1284567890 

JLl-i-l-Ai-i-l-AJL 

8 6 9 .2 .6 .8 .1 .4 .7 

.1 .4 .7 .0 .8 .6 .9 .2 .6 8 
1284567890 

8 6 9 .2 .6 .8 .1 .4 .7 
±±±,±±±±±±± 
7 .0 .8 .6 .9 .2 .5 .8 .1 4 

1284667890 

7 .4 .1 .8 .5 .2 .9 .6 .8 
.8 .0 .7 .4 .1 .8 .6 .2 .9 6 

In the first case multiply by 7 and reject the left-hand digit when there 
is one; in the second case multiply 3 and add 8; in the third multiply 3 
and add 4; and in the fourth multiply 7 and add 6, and reject as before 
when necessary. 

The process may be stated in another way: Putting i> as the ten's 
figure of the cube, and sub-figures as the last figures of the cubes. 

To find the ten's figure of die root of a cnbe ending in i>j multiply D 
by 7 and cast out the tens. 

When the cube ends in i>s, multiply D by 8, add 8, and cast out the tens* 
« « " « i>„ « « 8, add 4, « « « 
" « » «« 2)^, «« u 7, add 6, « " « 
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For instanoe to find the cabe root of 912678: The last fignre of the 
root must be 7; to get the ton's figure multiply 7 by 3, add 8, and caat 
oat the tons or reject the left-hand digit; this gives 9, hence the root is 97. 

Perfect cabes ending in 1, 3, 6, 7, or 9 followed by 2 

have roote ending in I 5'^ J' l' |' JJJ ^ I followed by 8. 

Perfect cubes ending in 2, 4, 6, 8, or followed by 4 
have roots ending in | 3* J' q' 4 or 8 I ^^^^^^ ^J *' 

Perfect cubes ending in 1, 3, 5, 7, or 9 followed by 6 
have roote ending in {Jj J'^ ^J ^J JJ J I followed by 6. 

Perfect cubes ending in 2, 4, 6, 8, or followed by 8 
have roote ending in I 5| ^'^ J' ^^ J^ J I followed by 2. 

In these cases there are altomative series. In the case of D^ the cor« 
responding number of the first of the alternative series can be obtained 
by multiplying D by 3, and adding 2, and rejecting the tons; in tlie case 
of D^ and D^j by multiplying D by 2, adding 3, and rejecting the tens, 
and in the case of />,, by multiplying D by 3, and rejecting the tons. 

To obtain the corresponding altomative of the second series subtract 5 
when possible, if not add 5. 

What is the cube root of the perfect cube 110592? Multiplying 9 by 
3, adding 2, and rejecting the tens we have 9. The altomative is 6 less, 
or 4. Hence the root is either 98 or 48. The 110 shows that it must be 
48. What is the cube root of the perfect cube 25,412,184? Multiplying 
8 by 2, adding 3, and rejecting the tens we get 9. Hence the ton's figure 
of the root is either 9 or 4. From 25 we get the first figure 2, and from 
4 the last figure 4. The root is either 294 or 254. We decide in favor of 
294 because 25 is nearly the cube of 3. There is another mode of de- 
eding which is the root: Assume either one as the cnbe root, subtract it 
from the cube and the remainder is divisible by 6 if the root assumed is 
right A cube when divided by 6 gives the same remainder as when its 
root is divided by 6. 

Perfect cubes ending in 2 or 7 followed by 5 

or l^ 



2 or 
have rooto ending in -{ 4 or 5 |- followed bj^ 5. 
6 or 7 
8 or 9 



r 
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This is the most difficult case. When a perfect ciibe ends in 25 its 
root mnst end in an even nmnber(0 being included) followed by 6. If a 
perfect cube ends in 7S, its root must end in an odd number followed by 
5. Find the cube root of 61,629,875. The root is 315, 885, 355, 875 or 
895. Dividing 61,629,875 by 6 we get 5 for a remainder. The same re- 
maiader is obtained fix)m 335 and 895. Hence we have only to decide 
between 385 and 395. The 61 plainly indicates 395. 

In a future article I shall discuss the relation of the hundreds of the 
(tube to the hundreds of the root 



LETTER FROM PROF. 80HIAPARELLL 



Editob of Thb Analyst, Dsb Monocs, IowA:^Prof. A Hall of Wash- 
ington, has had the kindness to send me No. 2 of your journal, The An- 
alyst, containing an article with the title ^^Oomets and Meteors." In this 
article Mr. Hall offers some objections to the difficulties which I have op- 
posed to the calculation of Laplace on the probabilities of hyperbolic 
orbits, {Cofm. de% Temps for 1816, pp. 215-218). I ask of you permis- 
sion to add some observations in reply to the remarks of Mr. Hall. 

The first remark is thus stated : ^^1£ S be the sun and P the point on 
the surface of the sphere of activity of the sun's attractive force, the 
bodies that pass through Pmay have all possible directions, but a direc- 
tion making a small angle with PS is less probable than one making a 
greater arfgle. I cannot see that Frof. Schiaparelli has introduced this 
condition into his solution." I have always been persuaded of the truth 
of the proposition announced by Mr. Hall. If I have not explicitely spo- 
ken of it, it is only because the course of the demonstration does not re- 
quire it. My solution would have been erroneous if I had supposed the 
contrary proposition; that is to say, that all the angles with P S are 
equally probable. Mr. Hall will have some difficulty to prove that I have 
committed an error of this gravity. In order to establish that a demon- 
stration is in fault it is not sufficient to say that this or that idea is not in- 
dicated; it is necessary to find some evident error either in the fundamen- 
tal supposition or in the logical connection of the reasoning. 

The second remark of Mr. Hall refers to a detail of calculation; that is 
to say, to this, that in seeking to find the defect of the solution of Laplace 
I have not spoken of the division by U, indicated by this great geometer 
at the beginning of page 216 of his memoir. I shall observe here that U 
is the greatest value physically attributable to the velocity v; it is there 
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foie a conBtant limit. As it is required here not to calculate the dbaohUe 
probabilities but only their r(sbio8j it is quite iodifierent whether we intro- 
duce or not the common divisor U. This is so true that when Laplace 
compares the two probabilities he finds for their ratio the equation, 

(page 318), 

^3^(r + 200)-l:l, 

from which U has completely disappeared. As in my investigation 
I sought the essential point, I was not occupied with this division by Uj 
to which I have not the least objection since it is wholly foreign to our 
question. 

My difficulties remain therefore intact; they are represented in the two 
following propositions: 



.(a) 



L TheintegrdJ^J 1-— jr^^^ 

is infinite whatever may be the finite value of the lower limit a. 

n. By means of an incomplete development into a series Laplace has 
found for this quantity a finite value, which has completely changed the 
final result of his research. 

So long as one has not demonstrated the inexactness of the one or the 
other of these two propositions I cannot regard as destroyed the objections 
that I have raised against the analysis of Laplace. I will add that it is 
erroneous in another place. In fact, in evaluating the probabilities Laplace 
excludes all the bodies for which the values of ti are comprised between 
the limits 

t> = 0, and V = 



rylTT^' 



m 



apparently for the reason that he derives an imagmary value for the sec* 
ond of the radicals contained in the expression (a). But this is not a suf- 
ficient reason. Li fact, when v is comprised between the limits indicated, 
the imaginary value of (a) signifies that the perihelion distance of the 
orbits described by these bodies cannot be equal to Dj and that it is 
always less than D. These bodies ought therefore to enter into the account 
in determining the probability; only for them it is necessary to calculate 
the probability in another manner. 

I must add, in order to be just, a remark which escaped me in 1871, at 
the time of the publication of my book on the meteoric stars. I say that 
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these two objectionB that I have found to the inyestigation of Laplace, 
although theoretically established, are not of a great practical consequence 
for the resolution of his problem. In fact, as to that which regards the 
omission of the velocities comprised between the limits (i), it is easy to 
show that these velocities always correspond to elliptic orbits. It follows 
that in rectifying this omission we shall augment the number of orbits 
very elongated, which, according to Laplace, ought to be the most numer- 
ous; which would only reinforce his condusion. 

As to the error in the evaluation of the integral (a), it exists only when 
we extend the apper limit to infinity ; that is to say, when we suppose equally 
probable all the velocities from even to oo. This supposition is physicaUy 
inadmissable; it is necessary therefore to give a finite value to the upper 
limit of the integration. In putting for this limit a moderate value of v^ 
as 10, 20 or 50, we find that the integral {a) does not differ much from the 
value assigned by Laplace when extending it even to infinity, one error 
corrects the other in such a way that practically his final conclusion ap- 
pears to be very nearly justified. 

In resuming, the inadvertencies which I have noticed only afiect the 
mathematical perfection of the problem; but they do not really change 
much the practical value of the final conclusion drawn by Laplace. This 
is what I should have recognized sooner, viz: That the true cause of the 
error of this final conclusion must be sought for in the fundamental sup- 
positions, and precisely in this fact that Laplace has neglected to consider 
the motion of the solar system in space. In 1818 the astronomers had 
not much confidence in the speculations of W. Herschel on the proper 
motion of the solar system; they could therefore reasonably exclude it 
flx>m consideration. This is not permitted to-day. In reconsidering the 
problem therefore under the point of view of Laplace, but with the sup- 
position that the solar system is transported in space with the velocity t», 
we shall find not only a very great excess of probability in favor of orbits 
strongly hyperbolic; but we shall see moreover that the hyperbolas whose 
axes approach this quantity 

1 

must be more jfrequent than others. This being contrary to observation , 
we must conclude that the comets are not bodies of a stellar nature. 

Accept, Sir, the expression of my sincere respect, 

J. Y. SOHIAPABELLI. 

Director of the Observatory ^ MUan^ Italjf, 
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TEE BESSELIAir FUNCTION, 

BT PBOF. A8APH HALL. 

The inveBtigation in ttie thaoiy of elliptic motion of the relations be- 
tween the different anomalies, the expression of the radius-vector by 
means of series, and the expansion into series of yarions fanctions of the 
radins-vector and the anomalies, have led to interesting and valuable re- 
sults. The theorem of Lagrange has here a direct application, but the 
method of determining the coefficients by means of dcKftnite integrals is 
more degant This method appears to have been first indicated by 
Poisson in the first edition of his Hecanique, but it was first completely 
worked out by Bessel in a memoir published among the memoirs of the 
Berlin Academy for 1816-17. 

Let c and ^ be the excentric and the mean anomalies, and t the excen- 

tricity of the ellipse, then 

^ = c — tf sin c. 

Assume t — jr = J.^ sin jr + J.^ sin 9 jr -|- . . . . + ^^ sin t g-\- .... (1) 

If { and V are two whole numbers, we shall have when they are unequal 

J cos igooai^ g,dg = Oj J wiig Bin i' g . dg =:0j 

and when i = z', 

J COB* ig.d g=s\ «, J sin* i .dg = \7r. 

Multiplying equation (1) hj sinig .dg and integrating, we shall have 

Ai = — I (f — g)Bmig.dg. 

It is more convenient to use the variable t, and integrating by parts' 
since c — ^ is 2S6ro at the lixnits o and sr, we have 

or since J cos ig . dg=iO, 

Ai = .,-J cos ig .dM=: -v-J cos » (t — d sin c) . (2 c (2) 

For the radius-vector we have a series proceeding aocoiding to the 
cosines of multiples of the mean anomaly, and the coefficients in this 
series can be derived from the value of il^ b^ a simple differentiation 
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with respect to the excentricity. In the series for the equation of oentar 
the coefficients can also be deriyed fix>m the value of Ai^ but by a more 
complicated relation. 

In order to show another occurrence of this definite integral let it be 
required to change a series proceeding by sines and cosines of multiples 
of e into one proceeding according to sines and cosines of multiples 
of ffj a problem that occurs in the theory of perturbations. Here he have 
to solve the equations 

sin m c = ^ ^ sin t ^; coBm9=: 2 B^ cos t ^: 

As before we have 

A^ = — I sin mtwiig .dg\ jB?*= — j of^mtoxMig.dg. 

Integrating by parts and omitting terms that are zero at the limits we 
have 
AT = -J^ I cos igooBm$.d$:B!'=^ -J^ \ sinifl^sinmt.rfe. 

Putting for g its value, £ — « sin e, and then changing the products of 
the cosines and sines to sums and differences we find 

^ = ^ I cos Hi + m) f — i d sin el . rf c 

+ -r-J cos [(i — m) e — i a sin e] . d c, 

JSf = ^ I cos [(t — m) f — i 6 sin c] . rf e 

— T- I COS [(i + m) e — t 6 sin c] . (i c. 

These integrals are of the same form as that in equation (2). Hence if 
we put 

/»*=— J^cos(<c — *Binf).rfe (8) 

we have 

If therefore we have a table of the J function we can compute the co- 
efficients easUy. This function occurs also in the solution of the partial 
difierential equations which are found in the theories of wave motion and 
of heat; and as it was first investigated and tabulated by Bessel it is 
called by the G^erman mathematicians the Besselian function. More com- 
plete tables have been computed by Hansen, who has investigated this 
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fimcti(m in his pecnliar way, and who has bronght ont manycnrionsprop- 
eiti60. 

We can find an equation between three suooeseive valnoB of the func- 
tion as follows: Let 

fi = sin ({ « — i sin «), 
then 

tf If = • cos (• t — i sin t) (2 1 — -|- cos [ (i +1) c — A sin t] <2 1 

_ *. COS [(•— 1) t — *sin t] . (if. 

Bince t$ is zero at the limits o and tt we have by integrating this yalne 
of dfti, 

*c4*-i— 2»J2 + *J2+i=0. (4) 

His equation gives the ralne of the function from the values of the two 
lower orders, but it is not well adapted to numerical calculation, since it 
gives the value of a small quantity from the di£Eerence of two greater 
ones. It can however be easily transformed into a continued fraction well 
suited to such calculation. 
From equation (8) we have 

ifi = —J cos i t cos {k sin c) . ^ e H J sin « c sin (£ sin t) ^ di^ 

And hence 

«/? = — Kcos (kBin e) . d€= — I de 

y j - k? so? c , J(^ sin* e ii^ sin^ e . ) 

^1 "TT2" "^1.2.8.4 1.2.3.4.6.6 "^"•" P 

Ji^ = — Psin f sin (* sin t) . rf f = — Pd f 

Integrating the terms of the series between the limits o and n we have 
^k-^ 2?-+--(27^~ (2.4. 6)« "^ (2.4.6. 8)» •'"' 

* ~ 2» (2.4)« ^ (2.4. 6)» "(O.e.sy ■*■'•'• 

These values and equation (4) enable us to compute all values of the 
ibnction. An elegant derivation of the general series for Ji will be found 
in Schlomilch's Compendium of the Higher Analysis, Vol. 2, p. 167. 
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This deiivation depends on the following formola given bj JaooM, 
(OreUe, VoL 15): 

/;iXco6<)coBn<.J< = ^3g ^^^^^_^^ ./;r(coe<)sin*'<.rf<, 
where (n) denotes repeated differentiations. 

DISCUSSION OF AJS EXPOJSENTIAL CURVE. 




BT IBYINO P« OHITBOH, B. 0. B.^ VBWBXTBOHi V. T. 

OonBtniction by Points. — Let (7 C7=s be the base of any logarithmic 
system. On O Zf^xA O V, perpendicular to O Cjlsj oS O D = Uj and 
\CIi=iV, sach that ii = log v in the system whoee base 
I is 0* The intersection o{ O B and D P, (parallel to 
I O C) fixes P, a point of the carve. 

From the constmction we can immediately derive the 
I polar equation of the curve: 

O P= 8 = -^ = 1?S_!! = log .[ctsn.^] 
sin ^ sin ^ sin^ 

_ log . g + log tan <» ^v 

sin J* ^ ' 

I Substituting from y = « sin ^j and tan {( = i^, we have 

for rectangular co-ordinateS| 

y = log.<, + log(f)=log.{«J^|or<. = «J?, 

whence we have the final equation of the curve, 

"=i^; (2) 

and also successively, 

and ^-p = ci"» Z (J (y Z (J — 2); here lo = Nap. log . c. 

By reference to the equation (2) we see that if > unity the curve has 
I the form indicated by our first diagram, which will give 
I a maximum for w; also if = anity, (2) becomes x = 
y, the equation of a straight line bisecting the first angle, 
while if < unity, the curve passes to the other side 
I of the line just mentioned, and is tangent to Y aty = 
I — 00, thus, and gives a minimum for x. 
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It 18 now onr ot:g«ot to find, when > 1, its particalar valne, snoh tiiat 

0=0inaz. IVom 

1 

and putting this equal to 0, we have 

r.=^^^ W 

or Jf = (base)'. (3), aolyed by sucoeBsiye approzimationB I find to gire, 
to 8ix dedmals 

. c = 1.444667. . . • = max., 

for which ralae 

y = ^ = 2. 71828.. .. = d = Nap. base. 

Now by reference to the first figure and constraction of this article, we 
easily perceiye that, if C Feat the cnrve, then for any such point of in- 
tersection we mnst have ti = i^ or t; := log «; in the system whose basis is e. 

MoreoYori when e ^ a> max., ^ Fis tangent to the curve, giving 

tt = t> = y = 6 = (f = 1.444667*. . . . 

Also noticing that if o > 1.444667. ... {7 Fcannot intersect the cture; 
that for 

^1 

X1.444667.... 

C Fintersects it in two points; and that for 

.=1 

C Fintersects it but once, we are prepared to make the following de* 
ductions: 

L In logarttAmic 9y$tem8 with bases greaUr than A = 1.444667. . • . 
there eon ie no logarithm equal to ite anUlogarithm or natural number. 

IL In the system whose baee is e =1.444667...., 

~ then lc = — 
to e 

there is but one such logarithm and its value is 2.718. ... = 6 = Nap. 
basey and it is at the same time the modulus {M) oj the system^ 



if e = _ then lo^s^ — / i. e.e = e\i 



foTe = 



I (1,444667....)' 

Google 



Digitized by ' 



— 86 — 

m. In sysUms vfhoge bases are less than tmity^ there is but one eueh 
logarithm and it is less than vnity. 



Point of Inflection. — If we put 

^ = Owehavey = ^ 

which Bubstitated in 

don ^ don . 1 . 

^give8^ = tan«. o-j; 

also in the value of a = -^ and we have — — s=r — o*"t 

.•. tana»= f— — j 

for point of inflection. That is, tho tangent to the ourve at 
the point of ii\fleotion isparalld to a diagonal of the reetangle formed 
hy the co-ordinates of the point of inflection and the co-ordinate axes. 



SOLUTIONS OF PROBLEMS IN NO. 5. 




Solutions have been received as follows: S.J. Ohild solved 13; Theo. 
L. DeLand solved 11; Prof. A. B. Evans solved 11, 12, 13 and 14; Prof. 
J. M. Oreenwood solved 13 and 14; Henry Gunder solved 11 and 12; 
William Hoover solved 12; Artemas Martin solved 11, 12, 18 and 14; 
L, Began solved 12; Walter Siverly solved 11, 12, 13 and 14; S. W. 
Sabnon solved 11 and 12; Prof. J. Scheffer solved 11 and 12; and E. B. 
Sdtz solved 16. 



11. "Borrowed a sum of money at 8 per cent, simple interest and 
loaned it out agam at 5 per cent, compound interest; in what time will I 
gain the amount borrowed." 

SOLUTION BT HENBT GUNDEB, GBEBNVILLB, OHIO. 

Let the sum borrowed be $1, and put t for the time to gain this sum. 
Then by the conditions we have (l.OSy = 2 + .08 ^ By trial we find 
^ = 30 years + ^9 & fraction of a year. To find this fi'action we have 
the following equation: (1.06)» + (1.06)» X .06 a = 4.40 + .08 a, from 
which we find w =s .5735 years; hence the time is 30y. 6m. 26d. 



12. ^^Given the base J. 6^ of a triangle and the ratio of A Bto B O 
to find the locus of the point B by Geometry." 
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flOLUTION BT ABTBKA8 MABTIN, ERIE, PA. 

Pat A 0=i a and the ratio o{ A Bto B Oba m\x>n\ then 
{ABf:{BCYv.frif:n\ 

Take the origin at A and let J. /> = », BD = y\ then A B= |/aj> + y» 
and J? 0^= |/(a - »)« + j^; 

.-.»• + y* : (a — »)• + y*::w^ : n*; 

'*««(-;;&)' + ^=(5^)". 

the eqoation to a circle whose radins is 

mna 
w? — n** 



13. ^^A body is projected at a ^ven distance from the center of force 
with a given velocity, and io a direction perpendicular to that distance: 
When the force is repulsive and varies inversely as the cube of the dis- 
tance, find the path of the body." 

SOLUTION BT ASHES B. BVAK8, LOOKPOBT, N. T. 

Let r and be the angular co-ordinates of the body at the time t from 
the commencement of motion, the origin being the center of force. Let 
i^ be the velocity of projection, and let the prime radios be so taken that 
r = a, and (7 =s at the instant of projection. 

From the osnal equations of motion we have, fi being the intensity of 
the repulsive force at a unit* s distance, 



Eliminating dt between these eqaataone, we find for the differential 
eqoation of the cnrre 



Pnt m» for _^_±JL 

v% 4- IL 
and reduce (1) to the form ^ a* 

^{<?) 1 = 1 *-(")>' 
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or-^^^=ZJ^^a0. (2) 

Integratiiig (9) ^ find ^^' 

«|d.-.(a)-ri.-.(B)| = ,^?+^ 

for the equation of the required path. 

PROBLEMS. 



20. It is required to circomBcribe about a given parabola an isoeceles 
triangle whose area shall be a minimum. — Oommunicated by A. W. Ma- 
son, Audenreid, Oarbon Oounty, Pa. « 

21. A B ODiBA quadrilateral; Oj the intersection of the diagonals; 
P,^,point8in-Bi?,^C;suchthat^^ = OC'andPJ»=Oi>. Rrove 
that the center of gravity of the quadrilateral coincides with that of the 
triangle O P Q. — Oommunicated by I. H. Turbsll, Oumminsville, Ohio. 

22. Show that the distance from a vertex of any plane triangle to the 
points where the opposite escribed circle touches the sides meeting at 
that vertex is constant and equal to half the sum of the sides of the tri- 
angle. — Oommunicated by Pbof. 0. M. Woodwabd, St Louis, Mo. 

98. K the brightness of the moon be equal to the brightness of the 
clouds by day, show that the light of an overcast day is to that of a full 
moon-lit night as 8(360)* : 7^\ the diameter of the moon being 30'. — 
Oommunicated by Prof. Jas. Noonxt, New Haven, Oonn. 

24. There are m labels, to be distributed by lot among m different ar- 
ticles. Bequired the probable amount of coincidence in two independent 
allotments. — Oommunicated by Pbof. Plint Eablb Ohasb, Haverford 
Oollege,Pa. 

EDITORIAL NOTES. 



We havs been obliged, for want of room, to defer publishing the solutions of Nos. 
14 ftnd 15 to our next issoe. We regret that our limited space will not permit ns to 
publish the elegant solution of Ne. 18 by Prof. Scheffer, and of No. 18 by Jfessis. 
Greenwood and Martin. 

We publish in this number a translation of a letter received from Prof. BchiapareUi 
in reply to Prof. HaU's article, on Comets and Meteors, published in No. 9, which we 
think win interest most of our readers. In anote to the editor. Prof. HaU writes: **It 
is not difficult I think to reply to the two propositions laid down by Prof. Schiaparelli, 
but as he fully conoedes that the solution given by Laplaoe is practically correct, Ihave 
nothing more to say.*' 
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THE POTENTIAL FUNCTION. 



BY PROF. D. TROWBRIDGE, WATEBBURGH, N. T. 

1. There is a fanction of constant occurrence in all investigations that 
relate to attractions, and it is of so mach importance that I purpose to 
give, in this paper, a brief explanation of its nature, composition and use. 
Several terms have been proposed to express its nature, and by which it 
may be known. It has been proposed to call it the Integral Proximity 
of the attracting mass; Mr. Green and Prof. MacOuIIagh called it the Po- 
tential of the attracting mass; and Dr. Whewell proposed to call it the 
Integral Potentiality^ or Integral Attractivity {Hist. Indiiotive /Sciences^ 
Vol. Ill, p. 76), The term by which it is now generally known, however, 
is Potential. It would seem that the term was chosen because the func- 
tion has some relation to the power of the body, while the actual force 
exerted by the mass results at once from the function, by differentiation. 
The potential function is often called V. 

3. If m be the mass of a particle, and r its distance from an attracted 
point, then, according to Newton's law of gravity, the force of attraction 
of the mass m^ at the distance r and along the line r, is 

-^,. If we pat V = ?* , then- A F= ^. 
f* r r^ 

If m be the differential of a mass JT, then Fwill be the sum of all the 
particles of J/, divided by their distances from the attracted point. The 
integral calculus will enables us to find the value of this sum. Since 
m = d M^we shall have 

^=/-? (1) 

the integral extending over the whole attracting mass. 

Let .J9, y, » be the rectangular coordinates of any point of the body Jf^ 
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ay by the reetangalar coordinates of the attracted point; then if jO be the 
density of M vX the point xy ZyWe shall have 

d Jf^p dxdydzyr^ = {a—xy + (6— y)» + (c—zy (3) 

and 

V— CCC pdxdydz .-.. 

^^^V (a^xf + {b-yy + (p--zf ^ 

the limits of Xy y and z being derived from the equation of the surface of 
the attracting body. In equation (3) a, &, o are entirely independent of /», 
», y, 25, and if we let X, T^and Z be the force of attraction resolved along 
the coordinate axes Xy y, z respectively, we shall have 

_ n Y_ X:=^ _ CCC pj^—xyl ^dy^dz 

JJJ X{a-^xy +'(6^yy + {c-^zy\i' 

— /? F== r=:— CCC-^ p{b '-y)dxdy dz 

JJJ [{d^xy + (*-y7 + (^-^)')]i* 

— DV-Z—— CCi p{c—z )dxdydz , .^ 

• - ^— JJJ i{a^xy + (6-y)»"+ (c^zy-\i ^^ 

From these equations we easily find 
f{^D.Vda+D^Vdh^D,Vdo)=V=^f{yida+Ydh^Zdc)-^a{b) 

The reader will understand that 27« Fis a partial differential coefficient 
of Fwith respect to a, on the 8upj)08ition that Fand a are the only vari- 
ble quantities in equation (3). The same is true of 2>t Fand D^ F The 
subject of partial differential coefficients should be thoroughly understood by 
the student In some cases the variation of the quantities is entirely 
arbitrary, as in equations (4), and it is made purely for analytical conven- 
ience; and in others the variation is partial, but may exist independent of 
other quantities. 

3. The potential must be calculated for the point which we suppose 
attracted by the mass whose potential we calculate. Thus, we may sup- 
pose the potential calculated for any point ah Oy external to the attracting 
mass, or for any point ah Oy internal to the attracting mass, but the cal- 
culation will be different for the two cases. 

Except for a few cases the calculation of the potential seems to be one 
of extreme difficulty, and even beyond the present resources of analysis, 
if the complete expression be required. Laplace devised a method, how- 
ever, for resolving the integral, which gives the potential, into a series. 
The terms of this series possess some very important properties which are 
very useful in the higher parts of mathematical physics. Certain co- 
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efficients in this series are technicallj called LapUio^s CoeffioienU. It is 
not my purpose to discnss, in this paper, the properties of these coefiScients. 
The discussion is usaally thought to be very difficult; and as it is usually 
presented, it is, but it is not necessarily so. 

4. Now suppose the value of F found; it will be a function of the co- 
ordinates a, by 0. Suppose we wish to transform the coordinates from 
a^bjOto a' J b'j </. Let a, /9, y^ a\ )9', /, and a", )9", y^', be the angles made 
by a, J, with the axes of a\ b\ </, respectively. Then we shall have 
(lee Davies' Analytical Oeometry^ Book IX,} 

a = a^ cos a-\-V cos ^-\-& cos 7*, J = a' cos a'+ft' cos )9'+tf' cos 7^, 

c = a' cos «''+*' cos ^g^'+o^ cos r" (6) 

Since we now suppose F to be a function of a', J', 0', we shall have 
DJV= D^VDJ a + B.VDJ b + D.VDJ c 

= - iXDJa+ YDJb + ZD.'c] (7) 

From equation (6) we have 

JDJ a = cos a DJ b = cos a\ DJ = cos a"; 
and these substituted in equation (7) give 

n,' F=3: — [Xcos a + Tcos a' + Z cos a"] = — X\ 

the force in the direction of the axis of a' (as Analytical Geometry wil 
show). In a precisely similar manner we could find 
i)/ F= — r, and DJ F= - Z\ 

We hence conclude that, if we have Fcalcnlated for any axes whatever 
we can find the components of the attractive force in the direction of any 
other axes, by substituting for the original co-ordinates their values in 
terms of the new ones, and then taking the partial differential coefficients 
with respect to the new coordinate s. 

5. If we substitute polar coordinates in equation (3), we shall have, 
if we make r, 0, w the polar coordinates of the attracted point, and, 
^1 0', a»' the polar coordinates of any point of the solid, 

a = r sin 9 cos a>, & = r sin sin a>, {? ss r cos 9 (8) 

^ a = r' sin d' cos w'jy = r sin (?' cos w\ z = r' cos <?' (9) 

r* = a« + 5» -f c», r'» = aj« + y« + «• (10) 

(a^)«+(ft-.y)»+(c^e)a=H+r'*— 2rr'[costfcos*'+sintfslntf'^^^ 
dxdydz^r^Anfi'df'dfi'du/. 
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With these values we have 

F= CCf pr^'sin 0' dr' dO' dw' m> 

JjJ p:pp5ll2 rr'(cos cos (?'+8in 6 sin (?' cos(oi— ai')]* 

This equation is very much simplified if we place the origin of coordi- 
nates at the attracted point, for then r = 0, and equation (11) becomes 

r=Jffpr' Bine' dr'de'dto' (12) 

From this equation we see that the value of Fis continuous, or does not 
become infinite as appears possible from equation (11). 

6. Thus far we have considered Fa continuous function, and made up 
of the sum of all the particles of the attracting mass, divided by their 
respective distances from the attracted point. There is another case in 
which we may consider the attracting particles (or masses) as independ- 
ent and finite in number. Thus, if we wish to find the potential of the 
masses w', m", &c., for their attractive influence on the mass m, the dis- 
tances being r\ r^', &c., we should have 

^=+77 ~^ + ipyi+-^^ ^p-j,suppose (13) 

When we wish to find the potential for the disturbing force exerted 
by m', 771", &c., on the motion of m, the form of the expression becomes 
changed, and it is usually called i?, the Disturbing Function. This form 
of Fis employed in the Lunar and the Planetary Theory. 

7. We shall now show how to find Ffor * sphere of uniform density. 
If we use equation (12) we must integrate with respect to 01' between the 
limits and 2 ;r; r', between the limits r\ and r\ for an external point; 
and between the limits r^' and for an internal point. If we put 
fx = cos 0' we shall have 

V=7:p J(r' 1*— r'2«)d /i . . . . (14) and F= tt /> j{r\^ dfi..... (16) 

The equation of the generating circle of the sphere is 

a« + y « = a» '. (16) 

Put c = the distance between the attracted point and the center of the 
sphere, and take this line for the axis of x. We then have 

a? = r' cos d' — e^y =^r' sin 0'. 
These values in (16) give 

r" — 2 r' cos tf ' = a' — o», , • . r' = ;/ ± \/a* ^ ^ j^ if fjf. 
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Theae two values of r' give 

r'l' — r',* = 4 tf ^ Va^ — (f + ifiJ? 

r'i« = 2(j»/£« + a» — o» + 2(?;i V^^J — c* + c» ;£». 

The limitB of /£ for an external point are /i = + 1, and <? y? =^& — a*; 
and for an internal point the limits of ;/ are + 1 and — 1. The equation 
(14) now giveSi \i <? fi^ =^(? — a', 

TT .1 r^* ^ ji •-= 9 =— • ^np a^ mass 

Equation (15) gives 

We can find the potential of a homogeneous spheroid of revolution, for 
a point situated in the axis of revolution, by a similar process, though the 
^work is more complicated. Since the values of X, Y^ Zcan be calculated 
directly, we can find Ffor the spheroid by equation (6), the value of C 
being made the value of Ffor the center of the spheroid. 



SOLUTION OF TWO SIMILAR INDETERMINATE 

PROBLEMS. 



BT GKOBOE B. PEKKINS, LL. D., UTICA, IT. T. 

1. Find three square numbers in arithmetical progression^ sueh thqkt 
if from each its root he subtracted^ the remainders shall be squares. 

S. Eind three squarfi numbers in arithmetical jyrogression^ such that 
if to each its root be added^ the sums shall be sqtuires. 

We will assume for the three square numbers as follows: 

The upper sign corresponds with the first problem, and the io^oer sign 
with the second problem. 

Since the following condition is true for all values of Xy 

we see that the square numbers as above assumed, will satisfy the con- 
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ditiont of the problems as to the square of the remainders in iiie Jirsty and 
the Hqnare of the snms in the second. 

It only remains therefore to determine x^ y and z so that these asenmed 
nnmbers shall be in arithmetical progression. That is, we mast have 

Since the difference of the squares of two quantities is equal to the pro- 
duct of their sum into their difference, we must have 

V...(3) 

■i i(«+«-')+i(y+r*)±i }■ X \ i{^+0-i(y+y-') 1- ) 

Condition (3) will be satisfied by the following assumed valaes: 

Ky + r') + K« + »-') ± 1 = »» (*) 

Ky + rO - i(« + a^') =» (fi) 

J(3 + ,-') + Ky + y-.)±l=(£^)!?L (6) 

J(e + a-l)_J(y + y-.) =^ (7) 

Oonditions (4) and (6) give 

Ky + y~0 ± 1 = «* + « (8) 

i(« + SB-^ ± 1 = m — n (9) 

Conditions (6) and (7) give 

K* + 3-) ± 1 = (£^- +^.... ....,...(10) 

i(y + y-)±i=^-^-"^^-^ (11) 

Patting the values of i{y + y~') ± 1, given by (8) and (11), equal, we 
find 

„=.(i'+lW ., (12) 

Hence, we have 

^' + '^'^^' = %fTW '"> 
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«. + ..,±,=<^-^^*-£,^.... (1.) 

and eolving (13), (14) aod (15), we obtain 

«=^1+ -]w + Vn^^^^i (1ft) 

y== H^ 1 + I jw f i/m» =F * w I •■•(17) 

^==f1 + ^ {^^^ + |/^?^/ «>} (18) 

We must now determine tn bo as to make these values of Xj y and z 
rational, that is, we must have 

m' q: a m = D; m? ^^ b ni =0; m' qi c w = □ {a) 

If we assume m' + a m = (7/i + A)*, we shall find 

'^=±(2l-«) a») 

This causes the other conditions of (a) to become 

^ (2 A — a)» 

Hence, we must have 



W 



.{p) 



p — 2c>fc + atf = n ) 

Aesome, i* — 2 6 i + a J = (A — /)', and we obtain 

p _ a ft ,^ 

And the second condition {c) becomes 

IJ o^2._j-^ ^ _?--4c? + 2(2a(? + 2ic — a6)P — 4aftc/ + a'ft« 
«--40A: + ac 4(7^=^7 ' * 

Consequently, 

Z* _ 4 tf it + 2(2 a (? + 2 ft iJ — a ft)P —4 a J c i + a» 6» =;= a. .(21) 
ABsuoiing as follows: 
?-4(?P + 2(8a<?H-2ftc? — aft)P — 4aftcZ + a*ft» 
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=^ P — 2 1 + 2 e{a + b — o) — a h y, we find 

l=i^{a+b — o) (22) 

This Talue TObetltuted in (20) gives 

, 2(aft + ac + Jo)— (»» + *» + «») /o-v 

* _^___._^_.^__ (J3) 

And Bubstituting this value of k in (19) we find 

■{ 2(a b + a o- 

"* ~ ±8(^^aTT-f"< 

Conditions (13), (14) and (16) give 



« _ -i 2^ L+3 "_+ * 4- (^+J* ±^y' _ r24^ 
"*~ ±8(— d + b + c).(a — b + o) .(a + b — i)""^ ' 



i(» + i9-)±i-^... (25) 

i(y + y-')±i=7 ^^*> 

K3 + 3-')±4 = y (27) 

Hence, the three square nambers sought are 

(?)•' (?)•' (")■• 

These roots in tenns ot p are as follows: 

m {2 J)* - 1)A* 

a ± 8(2_p» — 1) . (2y + 2i> + 1) : (2>* + 4^ + lyiTOD 



.(81) 



«» = (2 J?* + 2 j> + 1)^* ^ ,„2x 

8^ ± 8(2j>» — 1) . (2i>» + 2^ + 1). (2i>* + 4^ + lYWOD"^ ' 

^ = (2 j?» + 4 j? + 1)A * . 

± 8(2^ _ 1) . (2^» '+ 2^ + i) . (2i>» + 4^ + VpSlTD' ' ^ ' 

In the above, we have 

A = iBjfi + mp' + 224y — 280^* — 386i)» — 184i>» — 48j> — 6. 

^ = 4 jP* — 12^ — 12^ — 8. 

C = 4jp* + 8i)» + 12y + 8^ + 1. 

i? = 4^« + ley + 12^ + 4 J? + 1. 

These resnits are general and bold good, in the case of the first problem, 
for all values of p greater than 2. 

Takings = 8, we find A = 864571; i?= 177; 6'= 673; Z> = 877; 
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and these expresBioiiB (31), (82) and (83) give for the roots of our nnm- 
berSy in the case of the first problem, as follows: 

m _ 12707211238697. m ^ 1868 7075351025 . m ^ 88171973485271 
a 11011044931800' b 11011044931800' o 11011044931800 

In oar second problem, the denominator of the expression for m must 
be negative, and this will be the case for.^>=l, for then we find A= — 389, 
B = —23, C= 33, and i> = 87; so that (81), (82) and (33) become 

^=J^1^^1 . ^ _ 7 56605 m _ 1059247 
a 7863240"' 6 7863240' c 7863240* 

If we take p = — 2, our results will satisfy this second problem, also 
p ±sz — 3 will give answers. It will also be satisfied for jp ==s 2. 



Kemabk.— On page 494, of Stoddard and Henkle's University Algebra, 
New York, Edition of 1861, our^r*^ problem is gi^en. The answer is 
given by a^, 25 a^ and 49 a^, in very large nnmbers, consisting of more 
than three times as many places of figures as in my numbers. The value 
of the root of the first number is there given 

^ 2340814414 8847429 3278391846 85926741984825281 
^ 20177642715140781960429281969996251363280160* 

It is stated that these numbers were furnished by Prof, Daniel Kirk- 
wood, and that he believed they were the smallest numbers which <^ould 
be found. His method of solving the problem is not given. 

I do not recollect ever having seen a solution of this Jlr8t problem. In 
an Elementary Treatise on Algebra by John D. Williams, Boston, 1840, 
on page 413, he gives the solution of our second problem. He also pro- 
ceeds in his solution by assuming a^, 25 a^ and 49 of for the numbers, and 
obtains for his results the same numbers which I have given* 



SOLUTION OF A PROBLEM. 



BY PROF. O BOOT, HAMILTON COLLEGE, CLINTON, N. T. 

I^oblem. — "From a point in the circumference of a circular field a pro- 
jectile is thrown at random with a given velocity, which is such that the 
diameter of the field is equal to the greatest range of the projectile; find 
the chance of its falling within the field." 
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Solution. — Take the giyen point as the origin, let the diameter of the 
circular field he represented by (a); put for any angle of elevation and ^ 
for the angle of azimuth so taken that when the projectile will fall on the 
circumference of the' field we shall have ^ = 20. Now since any por 
tion of the surface of a hemisphere whose radius is {a) (the diameter of 
the given circle) and whose center is at the given point is expressed by 

a J J(5os 0d0 d^j 

therefore the favorable cases will be expressed by the integral 

apUiPpcos0d0, 

and thia divided by — ^ will give the chance required; therefore we have 



afl^d^j^ coBddO 






-(V2-1) 



tor the chance that the projectile will fall on the circular field. 



TANOENQY OF EYFERB0L0ID8 OF REVOLUTION. 



BY PEOF. 0. M. WOODWABD, ST. LOUIS, MO. 

In his Applied Mechanics p. 430, under the head of skew-bevel wheels, 

Prof. Rankine says: **If two hyperbo- 
loids, equal or unequal be placed in the 
closest possible contact, they will touch 
each other along one of the generating 
straight lines of each which will form 
I their line of contact." 

This matter of tangency is stated with- 
l^^^naKMM^H out proper limitation, but the graphical 
Ih^HH^hR^^H method given later for finding the obli- 
BH!!i^^^^Bw?^^^B quities and the gorge circles of the re- 
quired hyperboloids involves the condi- 
tion of possibility of such a tangency, 
which I propose to deduce directly from 
two tangent hyperboloids by the methods of descriptive geometry. 

Letr, and r, be the radii of the two gorge circles, and t, and ♦, the 
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obliquities of the two surfaces (^. e, the angles which the elements make 
with their respective axes); then the required condition is 

r, : r, = tan ^, : tan »,. 

Take, as in the Fig., the plane through the asds «f the'first surface, par- 
allel to the axis of the second as the vertical, and a plane perpendicular 
to the axis of the first surface, as the horizontal plane. Since the sur- 
faces are tangent, and the plane tangent to both at the point where their 
gorge circles touch each other contains the common element and is par- 
allel to the vertical plane, the common element is parallel to the vertical 
plane and its vertical projection is a common asymptote to the vertical pro- 
jections of the surfaces. 

At any point of the element of contact, as at N^ (n, nf) draw a com- 
mon normal to the two surfaces- It intersects both axes, one in O^ and 
the other in P. 

Since M N\% parallel to vertical plane, o' nf p' must be perpendicular 
to m/ n\ Now the horizontal projecting plane of M If divids the per- 
pendicular between the axes into r. and r,, and the normal into O N 
and N P\ hence 

r, : T^ = ON : NP 
==o' nf : nf p\ 

The obliquities of the surfaces are given in full size in the vertical pro- 
jection; that is i^=o' mf nf and i^ = nf mf p\ 

Hence, tan i^ : tan t, = o^ n' : n' p' 

and r. : r, =:tan»i • tan t^* 

Q. E. D. 



SOLUTIONS OF PROBLEMS IN NOS. S AND ^. 

Solutions of problems in No. 4, have been received as follows: From 
Prof. W. E. Arnold, 16 and 18; R. J. Adcock, 17; MarcusBaker, 16, 17, 
18 & 19 ; S. J. Child, 16 & 18 ; George L. Dake, 16 ; Prof. A. B. Evans, 16, 
17, 18 & 19; Henry Gunder, 16, 17, & 18; Prof. E. W. Hyde, 16, 17, & 
18; William Hoover, 16; Phillip Hoglan, 18; Prof. I. N. Jones, 16; 
J. B. Mott, 16; L. E. Newcomb, 16; A. W. Mason, 16; Prof. A. W. 
Phillips, 16, 17, 18 & 19; L. Regan, 16; John W. P.Eeid, 16; Henry 
A. Eoland, 17 & 19; Miss Kittie Robinson, 16; Prof. Selden Sturges, 
16, 17 & 18; E. B. Seitz, 16, 17,18 &19; S. W. Salmon, 16, 17, 18 & 19; 
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R. L. Selden, 16; Walter Siverly, 16, 17, & 19; Elias Schneider, 16; Jas. 
Stott, 16 & 18; Prof. D. M. Seneenig, 16, 17, 18 & 19; Prof. M. 0. Ste- 
vens, 16, 17 & 18; and Prof. David Trowbridge, 16, 17, 18 & 19. 

14. "Two eqnal particles attracting each o<.her with forces varying 
inversely as the eqnare of the distance, are constrained to move in two 
straight h'ncs at right angles to each other; supposing their motions to 
commence from rest, to find the time in which each of them will arrive 
at the intersection of the two straight lines." 

SOLUTION BT PBOF. J. M. QBEENWOOD, KIRKSVILLE, MO. 

Take the lines as eoordinates, the origin being at their intersection ; let 
a and b represent the distances of the particles from the origin, and x and 
y their distances at the time t 

From the problem (1) a* + A» = c» , (2) ar* + y^ = r». 
The equations of motion are 

(7) ^^=lS._;...log.J=log ^. 



(8) 



-?- = .y = T. 

a b 



When iB = 0, y = 0, r = 0, •/ the particles arrive at the origin simnl- 
taneoasly. 

To find the time when the force varies inversely as the sqaare of the 
distance we have (Smith's Mechanics, page 207). 

(9) dt=i -ZzAl. . — Intregating (9) 






When < = 0, r = <j; .-. 67= r^*! = ^. 
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(11) i={^^f{(<^r-r^)^-\-l. {7c-versm-^^%\. 



15. "Two points are taken at random in the surface of a given circle 
and a chord drawn throagh each at random ; show that the chance of their 

intersecting is -^ + « -a •" 

SOLUTION BT £* B. 8EITZ, GREENVILLE, OHIO. 

Let C £ D he the given circle, its center, J., B the random points, 

\C D the random chord 
through J, CHD an arc 
through B^ M its center. 

Put O A= a?, N H= 
y, CN= m, O G =1,< 
OAJ)=d,< C MN = 
^, area seg. C H D = s^ 
area sector C M D ■=. FJ 
area A C MD=t Then 
01/= a? sin d, NE=\ 
+ x%\nOy N O ^= 1 — X 

sin tf , m = (1 — a?» sin* 0) * C M= ^+J^ ' area seg. CE D = n 
— sin"^ m+ m x sin tf, area seg 6^ 6^ i? = sin "^ m — mx sin <?, < 

2y 
Now when // is in the segment C E D the limits of y are and 1 + 
X sin 9, of a;, and 1, and of 0, and \ n ; and when ^ is in the seg- 
ment 67 G^ 2> the limits of y are and 1 — a? sin 5, of », and 1, and of 
d, and \ TT. Hence the required chance is 

J ]J 2{7t — ifi)ds -^J 2{7: — (fi)dsV27rxdxd0 

• • __y^o y =^ 

J J \j inda-^-j ind 9 \2nxdxdd 




y=o y=o 
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=^J'^[«*— 4 ^ + 2 ff» co8ec*tf— 4 (? cot tf+ 5 + cob 2 ff] <i # 



= \l^ 9 — y^ — 2 #» cot » + 6 » + i sin 2 »]*'=-^+^. 



16. "What are the sidefi of a right angled triangle the area of which is 
5 acres, and one of its acate angles 22'' 30'?^' 

SOLUTION BY £. B. SEITZ, GBBENVILLE, OHIO. 

Let = the side adjacent to the given angle; then x tan 22® 80' = the 
side opposite, and the area of the triangle is 

\q^ tan 22*^ 30' = 800; whence 
J? = 1600 cot 22» 30' = 1600 (L+_^|L*^^= 1600 (i/2 + 1); 

.-. a? = 40 V vv +1 J *"^ ^ ^^ 2^ ®^' = *^ / v^H-nr. 

17. "Find the snm of the series 

af^ + (a + S)r^-i+ (a + 2 J)r*-«+ ...(« + n l) = S'\ 

SOLUTION BY PBOF. D. TBOWBBIDGE, WATBBBUBGH, N. Y, 

Multiply the given series by r and subtract the given series from the 
product, then 

S{r — l) = «r*+i — TiJ + *^(^"^ + ^^^ + ... + 1)— « 

. o_a(r*+i — 1) , Jr(r"-- 1) ^j 
• • ^ 7^1'^ (t -: i)« r-r 

If J = 0, we have the ordinary geometrical series. 

18. "Find the differential coeflScient of the function (l+<r "•)r(l +»")"• 
and express the imswer in it^ simplest form," 
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SOLUTION BY PBOF. A. W. PHILLIPS^ 0HB8HIBB, OT. 

Putt* = {l + m -)*. {1 +x »)-. 



du 

-g- = nmu 
ax 



](i+a^) "^ (i+^rr 



19. "Referring to qnestion 4, (No. 1): At what time wUl the lower cask 
contain the greatest qnantJty of wine!" 

SOLUTION BY H. BAKKB, U. 8. O. 8. SANFSAHOISOOy GAL. 

From Mr. S. W. Salmon's solution (No. 8), we hare 

Q = c ts • 
in which Qeqnals the amount of wine in the lower cask at the end of t 
minutes. Now the question is what value of t renders Q a maximum f 

Differentiating we have --r— = c e " t^ •' 

Making this equal zero and solving, t = —,f.tf. there will be the greatest 
amount of wine in the lower cask when all the pipes have been open for 
the time — and the quantity of wine in the lower cask at the end of — 

minutes is — (=. 36788a). 

SOLUTION BY PBOF. D. H. SENSBNIG, MILLBBSVILLB^ PA. 

Let X represent the number of instants in a minute and u the quantity 
of wine in the lower cask at the end of t minutes, then will 

u=:tcil — — J which is a maximum. 

.•.l+«.log'(l-^)=0, 

or 1 — — -= , since a? — co; whence t = — . 

In solving the above problem, I observed the following beautiful law: 
Suppese the number of casks containing water to be indefinitely increased, 
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and the other conditions to remain the same. Develop into a series the 

expression j (1 j + — t in which x represent the nnmber of 

instants in a minnte, thns: 

l\ ax/ ax) \ axl \ axi a 



ax 



+ lM^l)(l_ M--.f . etc. 
2 \ ax I a^a? 

If we DOW represent the parts of wine in each cask at the end of t 
minntes, beginning with the|first, respectively by 'Uyt«',t«'','z^'''et6., then will 

u =(1 1 a minimnm when t = oo 

\ ax / J 

u^ = t xll ?_ )-A a maximnm when ^ = ~ 

V ax/ax y 

u" = ^-^(^TlDYl _ -^) ^>a maximnm when i = 1^ 
2 \ ax / a^T? 

2. 8 V axj a^ix^ o 

etc., etc., etc. 
The values of w, u' u'\ u"\ etc., may readily be found by developing 
the above expressions by the binomial theorem and substituting a? = oo 
or by applying the principles of logarithms as the student may prefer. 

^^PROBLEMS. 
26. By R. L. Seldon, Troy, N. T.— -Required the sides of an obtuse an- 
gled triangle the area of which is 14.048 acres, the obtuse angle 111^15', 
and one of the acute angles ll*" 44' 10". 

26. By Wm. Hoover, South Bend, Ind. — Find Q from the equation 
ISsinff + 12 cos ^ = 17. f>7240 (1). 

27. By D. j. McAdam, Washington, Pa. — Four given equal spheres 
being placed in close contact with each other, it is required to find the 
volume of the space inclosed between them and the three triangular planes 
through each three centers. 

29. By Pbof. A. B. Evans, Lockport N. Y. — If a, J, c, d^ 6,y, y, A, e, 
jy k be chords drawn from any point on the circumference of a circle to 
the eleven angles of an inscribed regular polygon of eleven sides; prove 
ihKiia + k){h + j) {c 4- i){d + h) {e + g)= P (1) 
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GRAPHICAL SOLUTION OF CUBIC EQUATIONS. 



BY A. W. PHILLIPS, CHESHIRE, CT. 

Every numerical cubic equation, whose coefficients are real, which is 
not of the form ^c* — a.v + d = Uor.*^ + c^+d = (», where the in- 
trinsic value of a is positive, but ^ either positive or negative, may be 
reduced to one of these forms by known rules. 

If a is not zero, the first of the above equations may be transformed 
into 

by substituting for x^ \/a. y, dividing the resulting equat.on by a ]/«, 
and afterwards making the denominator of the constant term rational. 
We put y equal to the left hand member of this last equation and plot 
the curve when the term d \/a -?- a* is zero. 

Now, whatever the value of 3 |/ a -*- «*, the same curve will satisfy the 
equation provided the origin is removed upon the axis of j' a distance 
equal to the numerical value of this quantity with its sign changed. 
We draw a line through this new position of the origin parallel to the 
primitive axis of x'. The real roots of the equation 

are the distances on this line intercepted between its intersecticn with 
the curve and the new position of the origin, and may be determined 
by caretul measurement with a good degree of accuracy upon a well 
drawn chart. The values of x may be computed from the equation 
X = |/flr. x\ The equation ;if* + a;r + d = may be transformed into 
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and its real root found for any value of b \/a -~ c^ \yy a process similar 
to that employed in 

Both the real and imaginary roots of cubic equations may be found 
with considerable accuracy by means of a table constructed from the 
equations 

A^'3 _ y ^ ^ _ and ;.'= + ;.' + il^^= 
« a* 

in tne fbSlowing manner : In 

we can put for * /« ~ o^, ± ^ (^ — 1) where =F ^ is a root cf the equa- 
tion. Dividing a:'^ — ji/ Hh ^ (c* — 1) by ^ di c we obtain x^^ q: ^ a-' + 
(^ — Ijj which put equal to zero ^nd solved as a quadratic gives 
the other roots. Beginning with some smaU quantity and assuming in 
succession values for c differing from each other as litde as we please, 
a table can be computed showing the values of b \/a -h «* and the 
three corresponding roots to any degree of accuracy. 

When b ya -^ c^ =i ±.385+ we have the case of two equal roots, 
and for greater values of b ^/a -t- c? there is but one real root, and the 
other two are imaginary. 

Designating the pair of imaginaries corresponding to the real root 
+ ^ by — A ± B \/ { — 1), we may compute the values of A and Bfor 
the table. The imaginary roots answering to the various values of 
b \/a -^ cf' may be represented on the chart. By the principles of the 
Gei;eral Theory of Equations the sum of the three roots of the equation 

cr 

is equal to zero ; hence the A of the imaginary is equal to one-half the 
real root with the opposite sign, and may be laid off on the same line 
as the real root but on the opposite side of the axis of y. If, at the ex- 
tremity of this line, a perpendicular be drawn and B be laid off upon 
this perpendicular in both directions, we have a complete representation 
of the imaginary roots. By laying off a sufficient number of these 
values, we are able to draw the curve which represents the imaginary 
roots. 
It will he observed that as the two roots on the left of the axis of y 
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approach equality their values change rapidly in comparison with the 
value of b \/a -h a*. The same holds true for the value oi B in the case 
of the first imaginaries. But as b \/a -s- a* increases, the changes in the 
real and imaginary roots grow relatively smaller, and results of great 
accuracy may be obtained by interpolation. 
In the equation 

X'* J^x' ^ ^-11? =0 
a* 

the computation of b \/a -?- <f for the table may be abridged, by taking 
into account the fact that the third order of differences in the series of 
terms b \/a -f- «* corresponding to the values of r •= .1, .2, .3 <tc, van- 
ishes, and B of the imaginaries varies very uniformly. 

To use the table for numerical computation, reduce the eqeation to 
one of the two forms 

b^ a ,, n I ../ . Ov'a 



f = or y^ + ^' + * ^- 



= 0, 



y 3 — y -I- 

compute b \/a -r- a* by means of a table of squares and square roots, 
find this number in the proper table in the column 

and opposite will be found the roots, if real. If there is a pair of imag- 
inaries the columns A and B will furnish their values. If b y'a -4- (f 
is not found in the table, find the next less number, and add to the cor- 
responding roots proportional parts. 

The following is a portion of a table constructed as described above : 

TABLE. 







^/3 


-^'+ ' 








1 


^V.j 


REAL ROOTS. 

X • 


± /> \'a 


A. 


B. 


REAL 
ROOTS. 


«* 1 






^ I 


±.000 


±.000 i 


±1.000 


q: 1.000 


+- .366+ 


±.5775 


.024+ 


q:1.165 


.099 


.100 i 


.946 + 


1,046 + 


.401 + 


.580 


.096+ 


1.160 


.192 


.200 


.885 + 


1.0S5 + 


.463+ 


.590 


,215+ 


1.180 


.273 


.300 


.816 + 


1.116 + 


.528+ 


,600 


.'.'83+ 


1.200 


.336 


.400 


.738 + 


1.138 + 


.595 


,620 


.341 + 


1.220 


.359 


.450 


.<596 -r 


1.146 + 


.817 


.640 


.479+ 


1.280 


.375 


.500 


.6.')1 + 


1.151 + 


.980 


.660 


.554+ 


1.320 


.377+ 


.510 


.642 + 


1.162 + 


1.155 


.680 


.622+ 


1.860 


.379+ 


.520 


.633 + 


1.153 + 


1.344 


.700 


.685+ 


1,400 


.381+ 


.530 


.62* + 


1.153 + 


2.496 


.800 


.959+ 


1.600 


.383+ 


.540 


.614 + 


1.154 + 


4.032 


.900 


1.196+ 


1 1.800 


.384+ 


.550 


.602 + 


1.154 + 


6.000 


1.000 I1.414+ 


1 2.000 


.385+ 


.577+ 


! .577 + 


1.154 + 


24.000 


1.500 12.398+ 


8.000 1 
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^ + x' + ^-^ = 0. 



±f>Va 



REAL 
ROOT- 



a* 



B. 



RBAJL 
ROOT. 



.000 

.101 

.208 

.327 

.464 

.625 

.816 

1.043 

1.312 

1.629 



♦r.OOO 
.050 
.100 
.150 
.200 
.260 
.300 
.360 
.400 
.460 



-1.000 
1.004+ 
1.015 + 
1.033+ 
1,058 + 
1.090 + 
1.128+ 
1.170+ 
1.216+ 
1.268 -f 



^F.ooo 


2.000 


±.500 


.100 


2.431 


.550 


.200 


2.928 


.600 


.300 


3.497 


.650 


.400 


4.144 


.700 


•.500 


4.875 


.750 


.600 


8.696 


.800 


.700 


6.613 


.850 


.800 


7.632 


.900 


.900 


10.000 


1.000 



-i.a23+ 
1.881 + 
1.442+ 
1.506 -f 
1.572+ 
1.640+ 
1.709-j- 
1.780+ 
1.852+ 
2.000 



+ 1 
1 
1 
1 
1 
1. 
1 



,t»00 

100 
200 
300 
400 
.^00 
600 



1.700 
l.SOO 
2.000 



*" — at' 



by a 



+ LLJf=o 






X 

C B A D -=• curvel 
whose equation is y = 
;,'3_y 6'Z = any 
real root. G' J'= the! 
'M" of an imaginary, 
r 7? and r 5 = thel 
" +: jff" of an imagin-| 
arv. 




C O n = curvel 
whose equation is r =1 
x'^ + A''. O' L =any[ 
real root. O' T=. thel 
".4" of an imaginary.) 
r/?and r5=the ": 
B " of an imaginary. 
Example. a« — 8 ;^ — 3 = o. 

Put ;«• = |/ 3. y and substitute, 3 ]/ 3. a'» — 3 |/ 3. a' — 3 = 0. 
Dividing by 3 |/ 8 and reducing, gives ^ — x' — .577 + = ^j where 
— .577 + = 3 |/flr -^c?. The real root in the table answering to the 
next less value of b \/a -f- cf .528 is 1.20. By proportional parts oc* = 
1.214 +. Proceeding in a similar way the imaginary roots may be 
found, and by substituting the values of x^ in the equation x = 
]/ 3. x\ the values of x may be obtained. 
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ON THE EXTRACTION OF ROOTS OF WHOLE NUM- 
BERS Br THE "^ BINOMIAL THEOREM." 



BY ARTBMAS MARTIN, MATHEMATICAL EDITOR SCHOOLDAY MAGAZINE, 

BRIE, PA. 

In many instances the " Binomial Theorem " may be employed with 
advantage in the extraction of roots of whole numbers. 
I. — We have 

^ • I / _ ■ *• («— 1)^ («— 1X2«— l)** 

(«-l)C2«-lX3«-l)^ 

J. 2. 3. 4. «\ a— 1 + **^ ^1)' 

and 

fa--;r, " =a- -"— ("-^)^ («-l)(2«-l)^ 

K^ ^) —" „ ^-1 — 1. 2. »<*.a»-i ~ 1. 2. «. n». o»-i 

_ (g-l)(2«-1)(3«-l>^ 

1. 2. J. 4. «^ a*^' ~ **^ ^''^• 

These formulas are very convenient when x is small compared with a. 

Examples. — 1. Required the square root of 26. Making a =6, 
jc = \ and « = 2, in (1), 

»/2t) = + 10 ~ ItMT "*" 60UUU ~ 2000000 "^ *^'' 
= 5.099019 + . 
2. — Required the square root of 216. 

216 = 24X9; .-.1/216 = 81/24. 
By (2), 

,/24-5-^-^^ _1___1 &c 

V ^t — O ^y ^yyy gyyyy 2000000 ^^'' 

= 4.8989794 + ; 

.-. |/5l0 = 14.fi96938 +. 
3.— Required the fifth root of 30. 

»_ « 11 8 . 

V 30 = »/ 32-2 = 2 - j;^ - -grg* - fi?:2i» - **=" 
= 1.974351 +. 
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Also, 

^fl -I- jf; — ^- — „a-+i + 1. 2. «».a2"+i ~ 1.2. 3. «». a*-+i 
(«+l)(2 «+l)( 3«+l)^ „ .,, 

and 

i^ ^{^'- 1 . _^__ 4. (« + l)^ , ( « + l)(2 « + l);^ 
[fr—x) - ^ ^ ^^^^^ 1.2. «*.«*•+' + " 1. 2. 3. w»; «»•+'" 

(«+l)(2 «+l)(3 «+l>c« ^ „ ^,. 



Example.— Required the one-hundredth root of 2. 
2 = J— -= (l-i)'\ . • . (2)T^^ = (l-ifT^ir. 
Therefore by (4) 

(2)tW _ 1 . J- . J^.. ^ _J7iI_ , ^ 2036867 _ 

= 1.00695 +, using 9 terms. 
II. — Let a be any number, then 

,=«/><f=^[.-(^-yr-)]. 

(„-l^{i„-l) (f-ag'y („-i)(2«-l)(3« -l) //'-g^y „ 1 
~ 1.2.3 \ np' I ~ 1.2.3.4 V' «/" ^ "^' J' 

where ;p and ^ may be any numbers chosen at pleasure. 

Let r„ be the root of a to »» places of decimals, and R,^ the re- 
mainder; then if ^^=(10)" and 

(10)" r^ 

9 — n ■> 
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(,).^ = (10)" r,_ .lf"lt . 

Take u = 2, « =2 and w = 85 then 

^_ 100000000 r 33560632 1^ 

^""^^ ~ 70710t)78 ~ lOuuuuououooooouo ' 

100000000 r 16780316 



[- 



"■ 71)71067^ lOOOOOUOUOOUOOUOO 
1 40789502529928 2362492341934991297248 



( 1 OOUOuUOOOOUUitOOU/ (lU0OO0000U00U00UU)» 

^ 495542100 5656150678133921296 

~" ( lOOOUOOOUUl/OOOOOu)* ' 

1164149425431271940117820855324133504 



&c. |, 



( iOUOOOOOOOOOOOOUO)* 

=1.41421356237309504880168872420969807856967187537694 +. 
Let a = 3, w = 2 and m = 13; then 

looooooooooooof 



1/3 = 



)r _ 8925087775552 1^ 

']} looooooooouoouooooooooooooo. 



57735U2691896 

4462543887776 



_ 10000000000000 

~ 577J502691W<6 "" 



1 OOOOOUOOOOUOOUOOOOOOOOOQOO 
9957148975163468441113088 



(100000000000000000000000000)2 
44434214298790798522333481840396812288 



- &c. L 



(lOOOOOOOOuOOOOOOOOOOOOOOOOO)' 

=1.73205080756887729352744634150587236694280525381038+. 

Four additional terms would give the root true to at least one hun- 
dred places of decimals. 
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ON THE STABILITY OF THE SOLAR SYSTEM. 



BY R. J. ADCOCK, MONMOUTH, ILL. 

The resultant of parallel forces passes through the centre of inertia. 

The forces of attraction of the particles of one body for an- 
other, not being generally parallel, their resultant does not pass through 
their centres of inertia, except in case of spheres and bodies whose par- 
ticles are symmetrically disposed with refFerence to the line joining 
their centres of inertia. 

Hence, with these exceptions, the attraction between two bodies has 
a tendency to give each a rotary motion about its centre oi inertia. 

The resultant of the forces of attraction of the moon for the earth, 
in consequence of the tides raised by the moon and the fact that the 
highest tide is always to the east of the moon, passes about 23 inches 
to the east of the earth's centre, thereby continually diminishing the 
rotary motion of the earth on its axis, lengthening the day and diminish- 
ing the year as measured thereby, as accurate astronomical observations 
and calculations must show. The length of the year as determined in 
the time of J. Caesar, about 45 B. C, was 365^ days, which at present 
is estimated at between 1 1 and 12 minutes less. 

In like manner as the attraction of the moon upon the figure of the 
earth and the position of that figure as caused by the tides which that 
attraction produces, continually diminish the rotary motion of the 
earth on its axis, so the attraction of the sun, must produce a like effect 
upon the rotary motion of the earth and moon about their common 
centre of inertia. 

When a body revolves about a horizontal axis, to which it is attached 
by means of an inextensible string, its motion, when acted upon only by 
the force of gravity, is permanent ; in case the string is either partially 
or perfeetly elastic, or the body of such elastic material that it is length- 
ened by the greater velocity in the lower part of its path, its motion 
will not be permanent, even when there is no resistance from friction or 
the atmosphere. In consequence of the greater extension being always 
after it passes the point directly under the axis, in ascending the retard- 
ation by the force of gravity is always greater than the accelleration in 
descending on the other side. 

This fact, of the change in the direction and amount of the force of 
attraction caused by the change of torm in consequence of fluieity, is 
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not taken into the account in, the article by Mr. Hill, neither is it, in the 
reasonings of Laplace on the time of the rotar}'' motion of the earth on 
its axis, nor in the discussion of the subject of perturbations. 

The bearing of fluidity upon the stability of the system and the great 
changes which are to take place, some probably in consequence thereof, 
are very dearly referred to in the book of Psalms, in the Prophets, by 
our Saviour himself in' the Gospels of Matthew and Mark, by the 
Apostle Peter, and in the book of Revelation of the Apostle John. 



ON THE SUMMA TION OF SERIES. 



% 

BY EDGAR FRISBY, ESQ., U. S. NAVAL OBSERVATORY, WASHINGTON, D. C. 

Suppose we have a series whose «'* term is of the form 

u^ ^ ^^^^^ 

{ax + b) (ax -\- a -{- b) {a x -^ \i a + b) {a x + n^-lo + b) 

where »„ is an algebraic function o( x of not greater than n — 2 dimen- 
sions: it can be summed very simply by an ordinary algebraic method 
in this manner: 
Resolve the general term into partial fractions of the form 

^ + ^-. + _ .^_ . . + . ...&c., 



ax + b ax-\-a-\-b- ax-^2a-^b 
I It in 

then we shall have Au^_^ + Bu^^^ + Cwn-i + &c = u^ where 

f n ifi I 

"«~i» »«-i»^i.-i &c. are algebraic functions of x of the n — 1** degree. 

If now these expressions be expAided, and we equate the coefficients ol 

*""*^ we shall have in the case supposed • . • w is less than n — 1 

a*-i (^ + ^ + C + &c.) = 0or^ H-5+C+&ci=0. 

. • . for ;r = 1, 2, 3, 4 &c. we shall have 

whose summation will consist of a few only .of the first and last terms. 
As an example, let « = 5, w i= 3, a = 1 & i = 8 and take the series 
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9 , 22 47 , 90 , 

9.10.11.12.13 "*" 1U.11.1}{.1».14: "^ 11.12.18.14.15 "^ 12.13.l4.16.l« "*" 
&c., and let it be required to sum it to n terms and to infinity. We first 
find the scale of relation of the numerator to be x* + 6 ;v + 2, which 
satisfies the condition of the problem. Let 



* + 8 ' ir + 9 ' * + 10 ' *+ll ' ;» + !» 

A^ + 6x + 2 

(x + 8) (* + 9) (x + 10) {x + 11) {x + 12) 
^ (* + 9) (* + 10) {x + 11) {X + 12) + ^(* + 8) {X + 10) {x + 11) 
(;>? + 12) + &c = *» + 6 * 4- 2. 

By makmg « = — 8, — 9, — 10, — 11, — 12, respectively we have 

. 279 o _ , 15^ ^ 8174 ^_ 279*0 w? ^ _ J99 

12 "^12 12 """la 12 

and the series becomes, if S represents the sum, 
125=- 279(4 + ^ + ^ + ^ + ^ + ^+.. 



■ n + Sj 

+ i562(^ + rr + ^ + n + n+- jrh + ^h) 
-Mn + A + n + n--^ + ^+ irh^) 

_ 899fl+J- + ..._l_ + _i_ + _J_ + _L_ 
U3 ^ 14 ^ « + 8 ^ « + 9 ^ « + lU ^ « + 12 

^ « + 12/ 
19 «_/— 279 , 279 \ , /1283 1283 \ 

12 ^.-^-9- + ;p^) + [-j^ - ^-fyj 

— (]M. — 1891 \ /m _ 899 \ 
\ 11 « + !!/ "•" [ 12 « + 12/ 

to n terms, 

Mi^-^ + l^-lgl + ^^-n + ijs-iw + ss 



for an infinite No. of terms 



+ ^ + n + T = ^*H; 



12 2(540 
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ANSWER TO ^UERY IN NO. 3. 

BY PROF. B. W. HYDE, CHESTER, PA. 

Query. — ^^ The strain on the internal surface of a steam }>oiler tend- 
ing to produce longitudinal rupture, is, per unit of length, equal to the 
product of the elastic pressure of the steam per unit of surface multi- 
plied by the diameter (?) of the boiler. What should be the relative 
thickness of the flat ends of a boiler, so that, without bracing, they are 
just strong enough to withstand the maximum strain that the boiler 
will bear.** 
In the first place the word diameter used above should be radius.* 
Let^ = pressure per imit of surface. 
h = thickness of end plate, 
y = modulus of rupture for breaking across. 
y,=B " " ** « longitudinal tension. 
The formula for the strength of a rectangular beam uniformly loaded 



is />=/*/= *,^. 



We may consider the portion of the end plate whose length is S x, 
breadth dy^ and thickness ^, as such a beam. The pressure on this 
elementary beam will hes=2px dy. 



»tf,Jy^pMf^, or 



^Because the strength of the metal it tupposed to be uniform, we may assume that 
rupture occiuv simultaneously along two opposite sides of the boiler, (for when the force 
is sufficient to produce rupture at any one point, it is obviously just sufficient to produce 
rupture at the opposite point). 

Imagine a plane, therefore, to separate the cavity of the boiler longitudinally into two 
equal parts; we may assume that rupture takes place along the lines that limit the two 
edges of this imaginary plane; and the force which produces these two lines of ruptiu-e is 
obviously measured by the total reaction of the steam in either half of the boiler, on the 
above named imaginary plane. Hence, though it is true that to produce a single line of 
rupture would require a force equivalent to the elastic pressure of the steam per unit of 
Rurftce multiplied by the radius of the boiler, yet it is equally true that the force which 
frodutMS rupture is represented by the total reaction of the steam in either half of the 
boiler on the above named imaginary plane, and is therefore '* equal to the product of the 
elastic pressure of the steam, per unit of surface, multiplied by the diameier of the 
boiler." Practically, however, it is immaterial whether we conceive the boiler to be 
ruptured at two opposite points as a result of the total pressure, or whether we regard 
only a single line of rupture as resulting from half the pressure. — Ed. 
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But froq^ the equation of the circle we have 

.... Zf^pv^^^^^fh^^JJ^. 

Whence by integration, 

••• '* = WTf- • 

The formula for the thickness of the cylindrical portion of the boiler 
is, if / = the thickness, 

Comparing these two expressions we see that 

This formula gives the thickness k much greater than /, as must evi- 
dently be the case, though since p is in the denominator this difference 
will diminish as p increases. . 

[We have inserted the foregoing answer to " Query '^ in No. 3 be- 
.cause it is the only answer that has been received. We think however 
that the investigation is defective, because it is virtually assumed that 
the sum ot the capacities of the elementary beams to support a load 
uniformly distributed on each, divided by the area of the end of the 
boiler, is its capacity per unit of siu-face. This assumption has not been 
proved and is probably not true. For, though the lateral connection of 
the elementary beams serves to equalize their capacity to some extent, 
yet it is not likely that it exactly proportions the capacity of each ele- 
mentary beam to its length, as it must if the result obtained be rigor- 
ously true. On the contrary, it is highly improbable that if equally 
pressed over the whole of its internal surface the end ot a boiler would 
be equally liable to yield at every point of its surface. The subject is 
one of practical importance, however, and as we are not aware that it 
has been fiilly discussed heretofore, we would be pleased to have it 
thoroughly investigated in our pages.] 



Digitized by 



Google 



—126— 
SOLUTIONS OF PROBLEMS IN NO. 5. 



Solutions of problems in No. 5 have been received as follows : From 
Prof. P. E. Chase, 24; S.J. Child, 21 & 22; Geo. M. Day, t>0, 21 & 22; 
Prof. A, B. Evans, 20, 21, 22, 23 & 24; Henry Gunder, 20, 21, 22 & 23; 
Prof. E.W. Hyde, 20; H. Heatoii, 24; Artemas Martin, 20, 21, 22 & 
23; Miss Esther Matthews, 21, 22 & 23; L. E. Newcomb, 20, 21, 22 & 
23; A. W. Phillips, 20, 21, 22 & 23; Henry A. Roland, 20, 21, 22, 23 & 
24; L. Regan, 21 & 22; S. W. Salmon, 2o, 21 & 23; Walter Sirerly, 
20, 21, 22 & 23; T. P. Stowell, 20 & 22; Prof D. M. Sensenig, 20 & 
21; E. B. Seitz, 30, 21, 22 & 23; Prof. J. Scheffer, 20, 21, 22 & 23; 
Prof H. T. J. Ludwick, 21 & 22. 

We received elegant solutions of all the problems in No. 4, from Arte- 
mas Martin, but by an oversight failed to give him credit for them in 
No. 6. 



20. " It is required to circumscribe about a given parabola an isosce- 
les triangle whose area shall be a minimum." 

SOLUTION BY ARTEMAS MARTIN, ERIE, PA. 

Let a be the altitude of the parabola, and x and y the coordinates of 
the point of contact with the triangle; then a -^ x\% the altitude of the 
triangle, and we have by similar triangles 

^x\^y\\a + ;r:^^+-^\ 

X 

the base of the triangle. 

Its area = •^?— ^--i — ^- = ^ — i — l—i- — i—.^ since y = 2 ^ ,v. 
"^ X 2 X , -^ 

(a + xY V^'x . . 

. • . ^^ — - — LJL — ^ — = mimmuin, 

{a n- xY 
. or ^ — ■ — ^ = mmimum = «. 

X 

d u _ 4tx{a + xy — (a -^ f^ = o 
d X x'^ 

.A 

r . a -^ x^=^ X = -_ df, the altitude of the triangle. 
o 
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21. ^^ABCDissL quadrilateral; O, the intersection of the diag- 
onals; Py J^, points in BB, AC, such that ^A = O C and JP B = 
O D. Prove that the centre of gravity of the quadrilateral coincides 
with that of the triangle O P S^J' 

SOLUTION BY GEO. M. DAY, LOCKPORT, N. Y. 



Let M be the middle point of 
D B= middle of P O. Take 
MS = \M A and draw S S" 
parallel to A C; join M J^, then 
5, S\ 5" are the centres of grav- 
ity oi AB D, OP^.DB C re- 
spectively. We have A B D \ B 
D C::A O : O C, and S' 5" : S 
S'y.AO: O C. .-. AB D\B 
D CwS' 5" : S S\ hence 5' is 
the centre of gravity of the quad- 
rilateral AB C D. 




22. " Show that the distance from a vertex of any plane triangle to 
the point where the opposite escribed circle touches the sides meeting 
at the vertex is constant and equal to half the sum of the sides of the 
triangle." 

SOLUTION BY E. B. SEITZ, GREENVILLE, O. 

Let ^ ^ C be any triangle, /?, E the points at which the escribed 
circle opposite A touches A B^ A C produced. Now B D -{- C E = 
BC;.'.A£> + AE = AB + AC + BC. But AD = A E; 
.'.AD = i{AB + AC + BC). 



23. " If the brightness of the moon be equal to the brightness of the 
clouds by day, show that the light of an overcast day is to that of a full 
moon-lit night as 8 (360)' : tt*; the diameter of the moon being 30'.'* 

SOLUTION BY PROF. W. C. ESTY, AMHERST, MASS. 

Let r — the radius of the cloud surface. - 
Then 2 ;r r* = the visible cloud area. 
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sas the appaf ent diameter of moon, 






=: the apparent area of the moon, 



4.(860/ 

or the portion of the cloud surlace covered by its disk. 
The ratio required is 



24. "There are m labels, to be distributed by lot among m different 
articles. Required the probable amount of coincidence in two inde- 
pendent allotments.^ 



, " 



SOLUTION BY PROF. PUNY BARLB CHASE, HAVBRFORD COLLEGE, PA. 

Suppose the articles to be similarly arranged in the two allotments. 
Then, among the possible permutations of the labels, there is only one 
in which they will all coincide, and none in which m — 1 will coincide. 

If all but two coincide, those two must change places. There are, 
• '•as many such arrangements as we can make selections of 2 out of 
^ ^^m (m — 1) 

If all but three coincide, those three must change places in such a 
way that neither will occupy its original place. This can be done in 
two ways with each group of 3; there are, • • ., twice as many such ar- 
rangements as the number of selections that we can make of 3 out of 



m,or2x^(^"'^V^-^). 



3 

Tabulating and differencing those results, it will be seen that the 
number of arrangements in which there are n displacements out of m, is 

j» A t X w .>. {m — n + 1) 
n\ 

The value of this expression can be easily found, for 
„J-iO! = -5L^-|-j- + |-;-...(-)"+M. Hence, by sub- 



J*0!««J^i U !(—)"! 
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There will .' ,he m displacements, or coincidences, in 

J-0 ! = ^i*= .36788 w ! 
e 

arrangements, leaving for the probability of one or more coincidences, 
.63212 m ! out of m ! possible arrangements, — which is a probability of 
about ^. 

There will also he m — 1 displacements, or 1 coincidence, in .36788 m ! 
arrangements. Deducting this amount from .03212 m ! there re- 
mains only a chance of t VoVo*o ^^^ more than one coincidence. There 
would . • . probably be one accidental coincidence, and no more. 

SOLUTION BY PROF. W. C. ESTY, AMHERST, MASS. 

There are \m ways in which the labels may be arranged. If we take 
any particular set of labels, r in number, and designate by Ar the num- 
ber of arrangements in which this set of labels all fail to coincide and 
then multiply this number A^ by the number of sets consisting of r 
labels each that may be formed out of m labels, we shall have the en- 
tire number of arrangements in which there are r labels that fail of 
coincidence. This product 



\m — r' 

It is evident that the same product gives the number of cases in which 
there are m — r coincidences. Putting, in the above formula, for r ev- 
ery number in succession from r = 0, up to r = «i inclusive and taking 
the sum of the results we have all the arrangements possible \m in num- 
ber i, e. 

>= ^^A, B^.-..- (1). 

— o \r \m - r 

This is the equation given on page 336 of Todhunter's History of the 
Theory of Probabilities where a general formula for computing A^ is 
given, which is not needed for our present problem. 

The probability that r labels Will fail and that w — r labels will not 
fail to coincide may be designated by Pr which can be found by the 
equation 

♦The student will understand that the notation m ! means the same as | «, and that 
each repiesents i. 2. 3 m. — Ed. ; . 
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P, = ^, l^__ (O) 



m — r 



E 

when Ar is known. 

Let Er = the mathematical expectation of coincidence, or the pro/fa" 
bSity of an arrangement containing any assigned number of coinciden- 
ces as m — r, multiplied by the number of coincidences. Then will 

Er = {fn — r) Pr (8). 

Now the total expectation of coincidence will be a summation of all 
the terms E^ from r = Otor = w — 1 inclusive. Call this total expec- 
tation, or probable amount of coincidence, C. Then 

C== XEr'^ X {m-r)P.= X['"-''^'^^ 

• . o \r \m — r 



r^^ Ar L_T^ Ar\m — -[ |w — 1 ^ 

" -\L \m-l-r - \m-l j' \r \m-l^? ~ ^^^ Lby (1)] 



=1. 
PROBLEMS. 



80. By Otis Shepard, Goodland, Ind. — Prove that 

V a->rV b _ g + ^ + ^V~ab + 2 t/"^T+ 2 VITW . 

81. By Prof. D. Kirk wood, Bloomington, Ind. — Solve the equa- 
tion 

^ =^ \/x + X 

{/x +_^ 

\/x + &c 

and express the value of at in a finite number of terms. 

88. By Prof. D. Trowbridge, Waterburgh, N. Y.— There are 
two spheres of equal size and of exactly the same appearance, one solid 

tin order that we may obtain the probable number of coincidences in each independent 
allotment the turn, C, must be divided by the number of permutations, \m; . • . 

^ = l«f ^-= ^f ^^ - ^) -P- = f |V \m - r -^"- 
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silver and galvanized with gold, the other hollow and made of gold.r 
Required some means by which one may be determined from the other. 

33. By Prof. W. W. Johnson, St. John's College, Annapolis, 
Md. — A circle is referred to rectangular axes passing through its centre. 
A tangent and ordinate are drawn from any point of the circumference. 
A distance n times the abscissa of this point is measured upon the axis 
of Xy and from this point a perpendicular falls upon the tangent. Re- 
quired the equation of the locxis of the intersection of the perpendicular 
and tangent. 



SOL UTION OF A QUESTION IN MECHANICS. 



BY DR. J. B. HOLCOMB, NEWPORT, N. Y. 

A B and C B are two equal lines perpen- 
Idicular to each other, and D E equal to 
[either is inserted between them. Two 
[equal and perfectly elastic balls fall from 
\A and C towards a force at B^ which force 
I varies as the distance from B. At D and 
\E the balls are deflected by planes c d 
I and a b inclined at an angle of 45 ® to ^ 
l^and C B. 

What will become of the balls ? 

Will they ever meet, and if so where ? 
After such meeting, if it should happen, what will become of them 
then? 

SOLUTION. 

There may be two cases : 

1. When the balls are deflected at E and D at the same instant. 

2. When they begin their motion at A and C at the same instant. ^ 
For the 1st describe on E B and B D 2a semi-axes the quadrant of 

an ellipse DEE. Bisect the area D EE Bhytht line B F, then the 
two balls will meet in the elliptic arc at the point F. 

For the line D E which joins the extremities of the two axes ol the 
ellipse, being equal to either of the lines A B and C -ff is a measure of 
the force which either of the balls would have acquired in falling from 
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the centre B to the periphery DF E^ Therefore each of the balls would 
deacribethe elliptic arc D FE around ^ as a centre (Newton's Principia, 
Book Ist, Prop. 10, Cor. 1st), and they would meet at F^ in the extrem- 
ity ot the line B F^ which bisects the area D FE B (Principia, Book 
1st, Prop. 1st). 

Sd. Suppose the balls begin to fall at the same instant at A and C, 
then it may be shown by reasoning entirely similar to the above that 
the two balls will meet somewhere in the elliptic arc D FE. 

To show at what point they will meet, let us with radii BBand B C 
describe the two circular quadrants I) S ^and C G A^ and let us sup- 
pose balls projected from the points C and Z>, with a forc6 and direction 
requisite to cause them to describe the curves D F E^ D S H^ and 
CG A. 

Now it is a well known principle in dynamics that the times of de- 
scrit^ing these arcs are all equal to each other. A ball in its passage 
along the arc C G A would occupy the same time in reaching the point 
G^ as the ball which passes trom C to B would occupy in reaching D 
through the versed sine C D <A the arc C Gy and in passing from G to 
A it would occupy the same time as the ball in its passage from D to 
B. 

Hence the time of describing the arc C G A \s equal to the time of 
falling Irom C to B along the line C B. It is further evident that the 
time occupied from the beginning of motion at A and C till the two 
balls meet in the ?xzD FE will be the same as either of them would 
occupy in passing from ^ or C to B^ along the lines A B and C B. 

Therefore the time of passing through the arc of the quadrant C G A 
,is at once the measure of the time of passage through the arcs D S H 
and D F E^ and that of the balls in their passage from C io B and A 
to B^ along the lines C B and A B^ and also that of the time from the 
beginning of motion at A and C*, till the time of meeting in the elliptic 
2iTcDFE. 

Hence if we bisect the arc D S Nov the angle D B Ehy the line 
B JVj the point /where this line cuts the arc of the ellipse will be the 
point where the two balls will meet. 

What then will become of the balls ? • 

The answer to this question is now manifest. 

On striking their respective planes at D and E the balls will be 
deflected in directions perpendicular to A B and C By and immediately 
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begin their motion in the elliptic orbit D F E^ and continue till they 
meet at F^ or /, when, being equal, and meeting with equal velocity, 
and being perfectly elastic, they will return by the same trajectory, and 
with the same velocity as that with which they met, striking their re- 
spective planes at D and E at the same instant, where they wiU be de- 
flected in the directions E A and D C, and arrive finally at x\ and C 
at the same instant. 

Their whole force in those directions being now overcome, they wiU 
immediately begin to fall again through the same path, striking the 
planes, and describing the elliptic orbit, and meeting as before, and thus 
will they continue to describe and re-describe the same path, advancing 
and repelling each other forever. 



BOOK NOTICES. 



We have received from the publisher, James S, Burnton^ 149 Grand street, New York, 
" My Visit to the Sun; or^ Critical Essay on Physics^ Metaphysics and Ethics?^ By Law- 
rence S. Benson, author of " Benson's Geometry." 

This book is an octavo vol. of 164 pages, and is executed on material, and in a style 
which is highly creditable to the publisher. 

The author, no doubt, intends to represent, in this fictitious dialogue between himself 
and an inhabitant of the sun, by his own discourses, what he believes to be the current 
scientific views upon the subjects discussed, and by the discourses of the inhabitant of the 
sun, his own views upon the same subjects. 

Anything like a critical review of the book would be absurd. It is sufficient to say that 
throughout the 164 pages we haVe not been able to find a single lucid paragraph ; and that 
in the author's discourses, in which he has intended to represent the current scientific 
views on the subjects under discussion, he has invariably misrepresented or distorted 
science. 

PAMPHLETS RECEIVED. 

A Method of Computing Absolute Perturbations, by G. W. Hill, oflice of the 
American Ephemeris, Washington, D. C. 8 pages quarto. From " Astronomischt 
Nachrichien;' No. 1982. 

A Method of Integrating the Square Roots of Quadratics, by' Henry T. 
Eddy, C. E., Ph. D. 16 pages octavo. From the proceedings of the University Convo- 
cation, held at Albany, N. Y., August 6th, 7th & 8th, 1872. 

Discussion of the Applied Forces in a Draw-Bridge, by H. T. Eddy, C. E., 
Princeton, N, J. ^pages octavo. From Van Nostrand's Eclectic Engineering Magaxine 
for June, 1874. 

Annual Register of the Rensselaer Polytechnic Institute, Tkt>y, N. Y^ 

1873-4- 
Catalogue of North Carolina. College, Mt. Pleasant, N. C, 1873-4. 
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EDUCATIONAL TESTIMONY CONCERNING THE CAL- 
CULUS. 



BY LEVI Wi MEECH, A. M., HARTFORD, CONN. 

The following notes refei* primarily to persons studying the Calculus 
without the advantage of an experienced instructor. 

1. An eminent teacher long familiar with Algebra and Geometry 
writes : " My efforts to learn ihe Calculus, for several years, were en- 
tirely unsuccessful. I had tried three different authors, without making 
any progress. Lately I procured a fourth treatise, which has given me 
quite an insight, so that I begin to enjoy the study. Most of my leisure 
will now be given to this favorite treatise." 

2. Another similar proficient in Algebra and Geometry says : " I 
procured a work on the Calculus some months ago, intending to master 
it ; but there is something so obscure in the first part, that I cannot un- 
derstand it. The rules for differentiating are plain enough. I can 
differentiate, but I don't understand what it signifies." 

3. While writing this, a lady teacher calls to say that her " class in 
Geometry has been at a stand, for more than a week, over the proposi- 
tion that a circle is a polygon of an infinite number of sides. Can the 
contour of a polygon with its straight lines and angles ever be a 
circle ; or can a circle be a polygon ? "' Of course, it is the difficulty ol 
conceiving how the small difference between the inscribed and the cir- 
cumscribed polygon entirely vanishes. 

4. A cadet at West Point, extremely fond of mathematics, thus esti- 
mates the Calculus : "The inventors of the Differential and Integral Cal- 
culus have claimed that this branch of so-called science belongs to the 
department of mathematics ; and laboring under that delusion, have 
introduced it into the course of academical instruction for the torture of 
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students. Such classification is obviously incprrect, because the princi- 
ples of mathematics fall within the scope of the reasoning faculty. The 
Calculus, on the contrary, lies without the boundaries of reason." (Life 
of Gen. Nathaniel Lyon, p. 30.) , 

5. Bishop Berkley in 1734 : " I have no controversy about your con- 
clusions, but only about your logic ; and it must be remembered that I 
am not concerned about the truth of yoiu* theorems, but only about the 
way of coming at them." 

Leaving the collection of further abundant testimony to some educa- 
tional commission, we find the modem treatises to be, in general, ex- 
tremely well written. The discouragement and demoralization of 
learners appear to be caused by two or three pages only, near the be- 
ginning, which describe what is termed, " passing to the limit." In this, 
if our examination be not mistaken, the suppressed premise of the logic 
consists in a misconception of the quantity usually denoted by «' — u. 
Under previous training, the student naturally regards it as a homoge- 
neous magnitude, whereas the principles of logic require him to regard 
it here as a graded series^ like the right hand member of the equation. 

Let the common operation of the student's mind be attentively ob- 
served. In resolving quadratic equations, he has been accustomed to 
regard the similar quantity as a single magnitude, and very naturally he 
still so regards it ; thus, in the ordinary course, 

tt' — « = uA -f bf^i or 
_ = ah ^ bh\ 

And when the equation is divided by A, his idea is still that ot a single 
magnitude in the quotient ; thus 

Consequently, the passage to the limit or decreasing h to zero, has 
some effect upon the left member, to him incomprehensible ; thus. 



lllo 

00(1 000— = fl -h 3 X 0. 

Again and again the learner attempts to form a clear conception of 
the effect in the left hand member, and more otten falters and recoils in 
the useless effort. Is it not like soldiers repeatedly attempting to storm 
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an impregnable redoubt, till they become demoralized ? Nor should it 
be forgotten that ordinary learners have never had the previous train- 
ing in Wallis's Arithmetic of Infinites and in the subtle metaphysics of 
the middle ages, which Newton and Leibnitz had enjoyed. 

But what is the remedy ? Our answer would be, primarily, to regard 
the quantity «' — t^ as a graded series, like the right hand member ; 
and secondly, to substitute such graded series always in place of u' — «, 
before passing to the limit, or in the language of Newton, " equating 
the homologous terms of the resulting equation." 

" This Calculvis," says Laplace, *' is only the comparison of the coef- 
ficients of the same powers of the differentials or increments, in the 
development in series, of functions identically equal." (Essai Philo- 
sophique sur les Probabilites, p. 56). 

In this aspect, the first principles of the Calculus may be correctly de- 
rived from the method of indeterminate coefficients. Indeed, some of 
the simpler applications are already introduced into Algebra imder the 
name of " derived polynomials," or other designations. It were a de- 
sirable improvement in works of Algebra, after Indeterminate Coeffic- 
ients to devote a few pages to the foundation of the Calculus, in connec- 
tion with the simple notation of Leibnitz, now almost universally 
acceptable. This would be immediately useful in unfolding the theory 
of the higher equations, besides other important advantages. For 
illustration, let the expansion of the binomial {x + h) be denoted by the 
following notation : 

{x + hY= 9(r -h ncT-'^h -h n{ji — l>e^2-^ + «(«_!)(„_ 2) 

u _ « + -.A + ^..__ + ^.j^+ .... 

Any algebraic expression containing x is termed a function of x^ and 
may be denoted by j^, or by the single letter u. In the foregoing equa- 
tions, u =/x = ^* is the primitive function. Also /^;v = nx^- ' is termed 
the Jlrst derivative function; /^'x = n(n — l)^;^-^ is termed the second 
derivative function, and so on. The first derivative is more usually de- 
noted by the ratio 
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du 
dx' 

where du and dx denote two undetermined increments, named differen- 
tial of Xy differential of u. The seccmd derivative is the ratio of the 
second differential of u divided by the square of the differential of x; 
and so on. It should be observed X\i2itfx or 

du 

dx' 
etc., so far correspond entirely to quantities heretofore denoted by A^ 
B^ etc., in the common algebraic operations of Indeterminate Coefficients. 
This notation is not restricted to the simple case of the binomial just 
described. Let u =^/x denote any function whether a single term or a 
polynomial, radical or fractional. And let u' = f{x -\- h) denote its 
value when x receives the increment or decrement h. Now suppose 
the function to be expanded by the binomial theorem aided by algebraic 
division or multiplication, into an ascending series of the powers of k. 
Since h is an undetermined increment we may suppose it to be so small 
that the series will be convergent. Denoting the coeffiicients by the 
same notation as before, we have the augmented function, 

, du , , d^u fi^ ^ d^u )f 

^ dx ^ dx' 1.2 ^ do? \.^i:6 ^ "" 

This admirable extension of the binomial formula is called from Dr. 
Brook Taylor, its author, Taylor's Theorem of increments. So far as 
the coefficients of the powers of h denote mere quantity, no further 
demonstration is needed ; but they were intended to denote their mode 
of derivation also. Here now is the graded series for establishing the 
Calculus with all the rigorous accuracy of Algebra. For example, lei 
u = ax^ ~\- bx -\- c. 

Let «' denote the augmented value when .v received the undeter- 
mined increment A. 

u* ^ ao? + bx ^ c ^ (2ax + b)h -- ah^, 
u' — u = {2ax + b)h -f ak^. 



Substituting in place of «' — u the series of Taylor's Theorem, 

du , , d}u If , 
dx'^ ^ ^-2 "* 

Or dividing through by h. 



g^+^.i+....=(^, +.)«+„... 
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" Passing to the limit," that is making ^ to be 0, 

^ = Scat + b. 
ax 

In this manner, the usual difficulty is entirely avoided. In indicating 
this modification, however, we have followed the popular notion that 
learners of the Calculus must first attend to some characteristic demon- 
stration. But really, on reconsidering the question, what does it amoimt 
to ? We have denoted the indeterminate coefficient of h by the symbol 

du 
dx' 
have gone through the ifa^iaL course of demonstration, and -reproduced 
the original definition. " Passing to the limit " has amounted to noth- 
ing more. 

The important inference hence arises, that a mere definition of the 

derivative 

du 

dx" 
as the coefficient of h^ will suffice at the beginning, without that most 
unfortunate initiation of " passing to the limit." We can therefore com- 
mend to writers of Algebra the insertion of the formal notation and first 
simple rules of the Calculus, as an extension of the method of indeter- 
minate coefficients, with still more satisfaction and confidence. 

One further remark,— most writers have preferred the " infinitesi- 
mals " of Leibnitz to the " flowing quantities " of Newton. But at ;he 
first, leaving these to fixture applications, will it not be simpler to regard 
the quantities as primitive and derivative only, like the binomial coef- 
ficients or terms ? As some ingenious writer has remarked, the incre- 
ments need only be so small, that to suppose them smaller woxild not 
change the character of the results. 



INTEGRATION OF POLYNOMIAL DIFFERENTIALS- 
GENERAL FORMULAE OF REDUCTION. 



BY PROF. DASCOM GREENE, TROY, N. Y. 

Reduction Formulae, whereby the integration of a given difterential is 
made to depend on that of another of a more simple form, play an im- 
portant part in the Integral Calculus. They are usually obtained by the 
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application of the formula for integration by parts, which is itself noth- 
ing more than a formula of reduction. This process, however, applied 
to pol)momial differentials of more than two terms, is so tedious that the 
formulae for higher polynomials are seldom given in the text books. 

In this paper I have established by a method of remarkable simplic- 
ity, general reductions which include the reduction formulae for • all 
polynomial differentials, and from which those answering to a given 
polynomial can be immediately obtained by making the proper substi- 
tutions. 

Let A^ represent any polynomial, that is, 
{a) X= ax^ -^ bAr + cAf + &c., 
in which tf, i, c, A, «, r, &c. are any constants, then 

dX={Aax^-^ + n6x^-^ + rcx^^ + &c.)dxy 
and we have 

d(QrJS?) = uT- • Z>- « (mX'dc + pJDdX) 
(b) =9^"' X^'^\m{(XQ^ + bx^ + ^Af + &c.>/a: + fihaxf" + nbx^ 

-f rcx^ + &c.)^] 
= ;r-iA>-i[(;w + fh)ao^dx + (w + pi)b^dx + {m + p-yvfdx 

or :^X^ = a{m + pA)C:>^-^^-^dxX^-^ -+ b{m+pn)C xT^^^dxX^^ 

(1). + c(m + pr)Car-^'dxX'^' + &c 

Resuming now equation (i), and eliminating <wr* by means of (tf), we 
have 

rf(^X') = Af^^X^^[mXdx + fh(X— b^— ex'— &c.)dx + fnbsfTdx 

= ^iT-i JT'-' [(«! + fK)Xdx +p{n — X)bxrdx + p{r — »)c^dx + &c.] 

or ;rX' = (w + fh)^9(r'^dxX^ + bf(n — A) f^r^^+^^dirX^i 

(2) + ^r — >i)J'^+- irf^tX'-^ + &c. 

In a similar way, eliminating i;v", co^^ &c., successively, we shall find 

^X' = (»J + pi)^o(f^^dxX^ + a/(>i — «) rAr+*-J^Zi>-i 

(8) H ^^r — ii)J^r*+--»^irX^» + &c. 
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(4) + bp{n — r)J'ar+-irf^X'-A + &c- 

&c. &c. 

Equating the second members of (1) and (2), we have the identical 
equation ^ 

a{m + /%)J'af-+*-irf^Z^» + b{m + ph^fQr-^-^dxX^^ 
+ c{m + ph)^7r-^'''^dxX^- 1 + &c. = (;» + j>h) ^TT^'cixX^ 
or J'a,-^idiX' = aJ'a;*+*-'irX'*-i + b Cor-^'^'^dxX^^ 

(5) -|-^J'a^+'-5rfa?XP-' + &C. 

These elegant symmetrical formulae are likewise entirely genera^ 
being true for all values of m^ f^ A, «, r, &c., positive Or negative, entire 
or fractional. Two or three examples will show the facility with which 
they may be used in deriving formulae of reduction. 

I. If we limit the number of terms of the polynomial to three^ 
and make A = 0, and r == 2«, then 

X^ a ^-b»r -^ cx^\ 
and (1), (2), (3) and (4) reduce to 

^X^ = amCoT'^dxX^^ + b{7n + pn) Cair^'^ ' dxX^"'^ 

(6) + c{ni + 2/«) far'^+a-i^X'-i 
arX^ = mCQr-'dxX^ + bpnCar+'''^dxX''^ 

(7) + 2cpn CixT^^'"'" dxX^^ 
arX^ = (»i + j>n)Cur-'^dxX^ — apnJx'^^drX^^ 

(8) ' + cfnCsT-^^^^dxX^^ 
x^Xp = (ni + 2/«)JV-Vajjr'^ — ^afn^TT-'^dxX^'^ 

(y) • — bpnJx^-^''''^dxX^^ 
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Each of the equations (6), (7), (8) and (9), expresses a relation be- 
tween three integrals, and being solved for each in succession, w^ill 
furnish three formulae for the reduction of the integral of the trinomial 
differential x^dQi}(a+6x''+c^Y . It is unnecessary to develope them in 
detail here. 

II. If « = 1, the equations just obtained reduce to 

X= a + dx -{■ ca?^ 

(10) arX^ = amfar-^dxX'^'^ + d{m + p]fardxX^^ 

-4- c{m + 2^)p"*+i^X'-* 

(11) or a:' = mf^r-^clxX' + dpJx^dxX^^ -h 2^3^+idUrX'-' 

(12) y»X' = (w + p)fx^-^dxX'' — apJx^-^dxX^^ 

(13) Ai^X' ={ni + 2p)Jaf^^dxX'' — 2apJlr-^dvX'-^ 

— dpja^dxX''-^ 
Each of these equations will give three reduction formulae for 
Jsrdx{a + ix + Cf?f. 

III. If ^ = 0, equations (H), (7) and (8) become 

(U) x'^X^ = amCx'^-'^dtX'*-^ + h(m + ^^Jaj^+^-^/foX'-i 

(16) A^X" = mp^'-irf.vX^ + *;^ Cx'^-^'^-'dxX^'^ 

(16) ^rX" = (w + pn) Cx^-^dxX'^ — fl/;/ Cx^-^dxX^-' 

in which X= a + *:v". 

Solving (14), (16) and (IG) for each integral in succession, and writing 
the results in their simplest form, we have the following well-known 
formulae for the reduction of binomial differentials : 

(17) fy-^dxX' = "^^^^ - ^^+.^ + "1 C^^'-^dxA'' 

^ ^ J am am J ^ 
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(18) n^-^x' = ifrrA'^i - ^-_i^ r^-rf^x" 

^ ' J 6{»i+pn) d(m + pn)J 

( 1 9) Cx^-'dxX" = f^-^ - ^ C^+'-'dxX'-' 
J tn m J 

(20) C:r-'dxX^ = f'r^^'^ - .J^.^'\ C^-^'^dxX^^ 
^ ^ J bn{p + l) bn(p+\)J 

(21) C^-'dxX'^ = ^^ + _?^?_ C^'dxX'-^ 

^ ^ J aH{f + 1) an{f + 1) J 

It should also be observed that equations (14), (15) and (16) may be 
obtained directly by following the general method by which (I) and (2) 
were derived, and this method will be foimd much more simple than 
that generally pursued in obtaining reduction formulae lor binomials.* 

^Erratum. On page 138, line 6, for "general reductions" read general relations. 



USEFUL FORMULAE IN THE CALCULUS OF FINITE 

DIFFERENCES. 



BY G. W. HILL. 

The finding of the values of the differential coefficients of a fimction 
of a single variable and of the single and double integrals with respect 
to the independent variable, from special values of the function com- 
puted at equidistant intervals, is an operation very frequent in Planetary 
Astronomy. The following seems a simpler exposition of1:he matter 
than has hitherto been given : 

Let ^ be a function of x computed for the series of values of x^ 

a — A, a, a + A, <z 4- 2A, ; and let the differences and first 

and second summed values of jf be denoted thus, 



a — h ^~'jK-i 


'-'-i y-. 


'y-\ ^y-r 


J»y_j.... 


^y. 


"-'y-l yo 


'y-h ^y. 


^.J.... 


a-\- h J-»_y, 


'-'y^ y. 


'yf ^y. 


^y^ .... 


a + 2yi A-'^y^ 


'-'y^ y. 


'y\ ^y. 


^,, .... 
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With regard to the differences of cxld orders let us adopt the gen- 
eral notation 

n and i being integers. In this way the symbol J does not follow the 
law of indices as in the ordinary method of differences, that is we do 
not have in general 

Nevertheless it is evident the following relations hold : 

J2nJ2n --. J2(n+fi )^ Jit+l J2» == J2('»+«« )+l 

that is, the exponents are to be added except when both are odd. 

For brevity writing D for -7-, and e denoting the base of hyperbolic 
logarithms, the symbolical expression for Taylor's Theorem gives 

y-i = ^"*'!yo» y* ^yo^yi = ^""y.- 

Whence it is easy to see that 
The last may be written 



Thus it is evident that we have in general, 






Also 



e'^ — e "'" = 1/ J», e^' +e "»" = /i + J*. 



Whence 



the integral being taken so as to vanish with J. The operation denoted 

n 



by the symbolical expression -^ is evidently a function of J^ and we 



have 
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D-^ I- ~~<i,hD — = IZ? — 



^.K-rrp-Cf^p)-. 



Whence 



A/; = 



1 /• rfJ 



It is plain, then, in general, that we have the value of an even differ- 
ential coefficient from the formula 

in dJ \ '* 

^'■""-'■(/tt+p) • 

and the value of an odd one from 

V 1 + ij»u »^i + iW * 

Differentiating the first of these with respect to J, we obtain 

dJ - ^i+^J»[j vi+j:?) --«>» ^ • 

Thus the value of an even differential coefficient can be obtained from 
that of the preceding differential coefficient by the very simple formula 

If we employed the preceding formula for I) for expanding its value 
in powers of J, we should find it difficult to discover the law of the nu- 
merical coefficients, but by differentiating the value of Z?2H-i ^j^h re- 
spect tO|^ J, we shall find that it satisfies the differential equation 

which when « = 0, becomes 

If in this we suppose 
we shall find that the coefficients A^ satisfy in general the relation 

whence 

A. « + l 



»•+! 



4(« + 2)' 
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And as we know that ^, = 1, this suffices for obtaining all the coef- 
ficients in succession. In the general case if we put 

the above differential equation gives the following relation between the 
coefficients : 

(2»+i) _ f + I s <2»+i) ^ '2n+ \ J (2-) 

by which all the coefficients in succession may be derived. 
We have 

V a 2 ^ 3.5 2» ;i.5.7 -J,' ^ r 

\ 3.2 2 ^3.5.3 2* 3.5.7.4 2» ^ j' 

where the law of the coefficients is readily seen. In the higher differ- 
ential coefficients the fractions are more complex, we therefore content 
ourselves with writing the values thus, 

\ * ^ 120 1024 ^ j' 

^ = '^-'(^'--3A^+144A»- ), 

z?» = a-.(a«--1a» + ^i;,a"- ). 

The above expressions for D^ and Z>^"+* are equally applicable when 
n is negative ; they then give the formulae to be used in mechanical 
quadratures, thus 

Vi + iA'\J VI +iA7 
rfA 



5 



If these expressions are expanded in powers of A > we obtain 

\ 12^^720^ 60480^ ^3628800 " 

14797 .,, _ 924271 57 „ _ 

1^ "•" '>Ki<;«d.«7afi(iiio 



9580U32U" ' 2615348736000 

D-* = m(a-* + --- A" A* + -^ A* — —^— A* 

\^ ^12^ 240^ ^60480^ 3b28800 " 
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These are the expressions to be used in computing the values of the 
integrals fydx and ffydo?. It must be noticed that [\r ' virtually 
contains an arbitrary constant C, and A""* an arbitrary expression Cx 
+ C. In fact the quantities in the columns to the left of that of the 
lunction y cannot be written until we know one quantity in each column. 
These constants C and C are usually determined from the given values 
of fydx and Jfydo^ for ^ = «. If we denote them by iy\^ and lyi'^ 
and if in general the subscript (,) denote values which obtain when 
A" = a, it will be seen that 

A- 2 — -''^O ^ AO J ^_ A I 



Having thus the sum and difference of the quantities lS''^y_ i and 
/l""|y,5 it will be easy to get the quantities themselves. 

In using the method of mechanical quadratures it is usual to multiply 
the values of y by A, if the single integral only is wanted, but by }^ if 
the double is also to be obtained; in the last case then it is necessary to 
divide the results obtained by h in order to have the single integral. 

These formulae appear to have been first obtained by Gauss ( Werke^ 
Vol. Ill, p. 328). Encke has given them in the Berlin yakrbuck for 
1838. For use they are much superior to the formula given by Laplace 
(Mecantque Celeste,, Vol. IV, p. 207). 



Problem in " Curves of Pursuit," by Werner Stille, Marine, 
III. — A hunter is in the field with his dog. The hunter, standing at a 
point A calls his dog, which is at a point B, At this moment the hun- 
ter walks off in a direction right-angular to ABj while the dog, running 
n times as fast as his master walks, keeps his master continually in 
view, thus at each moment running along the right line which then lies 
between him and his master. 

Find thn Curve along which the dog runs until he overtakes his mas- 
ter at C. 
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THE FOUR-POINT PROBLEM. 




BY T. J. LOWRY, U. S. C. S., SAN FRANCISCO, CAL. 

Problem : - Four points in the same plane being given in position, 
to determine the position of any other point (or place of observation) in 
reference to these given points, having on the four points two angles 
which have no parts common except their vertices. 

Let A, B, D, & C be the four 
given points : and let DGC & 
AGB be the observed angles. And 
then since the Z AEB = 2 / AGB, 
and AE = BE . • . in A AEB we 
have BA and all the Zs to find 
AE. And then in A EAC are 
known AE and AC and Z EAC 
to find EC knd the Z ECA. But 
since ZDFC = 2ZDGC, and DF=FC hence in A DFC we have 
DC and all the Zs to get FC. But the ZFCE==Z ACD— >ACE 
— >FCD . • . in AFCE are given FC and CE and the included angle 
to find FE and >EFC, then in A EGF all the sides are known, hence 
>GFE can be found. But >GFC = >EFC + >GFE . • . in A-GFC 
we have GF and FC and all the angles to find GC. Then in A GCD 
are given GC, CD and >CGD to get GD. And now GA and GB 
follow in a very obvious manner. 

This problem may obviously be solved with fewer equations by using 
quadrilaterals, instead of triangles, in the solution. 

Unless the two circles of position are tangent to each other there will 
be two points (viz, G and G') which will equally well satisfy the condi- 
tions of the problem: hence in this case we judge from an approximate 
knowledge of our position which of the points G or G' we were at 
when we observed. 

The manner of sweeping the circles of position, with Protractor and 
Dividers is easy and expeditious: since > AEB = 2>AGB then > ABE 
^ 18U°-> AEB_ L80o-2>AGB ^ g^„ _ ^^g 
2 2 ' 

that is > ABE = the complement of the observed >AGB. The rule 
for plotting the circles of position is now obviously, to lay off from AB 
at the points A, and B the compliment of the observed angle ^GB, and 
the point of intersection of the produced sides of these angles will be 
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the center of a circle of position. And now from this point as center 
with radius AE (or BE) sweep the circle of position. Ar^d in like man- 
ner lay down the other circle of position through C and D. 

This problem will often be found servicable to the Hydrographer and 
Explorer when from either accident or necessity only two angles are 
measured on four objects. 



SOLUTIONS OF PROBLEMS IN NO. fi. 



Solutions of problems in No. 6 have been received as follows: From 
Geo. L. Dake, 26 & 'J6; R. M. DeFrance, 25 & 20; Prof. A. B. Evans, 
25, 2H, 27&2y; Henry Gunder, 25, -26, 27 & 29; Wm. Hoover, 26; 
Prof. A. Hall, 29; H. Heaton, 29; D. J. McAdam, 25 & 26; Esther 
Matthews, 26; Artemas Martin, lj7 & 29; A. W. Phillips, 25, 26, 27 & 
2V*; L. Regan, 25, 26 & 29; R. L. Selden, 25; Werner Stille, 25, 2»i» 
27 & 29; E. B. Seitz, 25, 26, 27 & 29; Prof. J. Scheffer, 26 & 29; Wal- 
ter Siverly, 27. 



25. " Required the sides of an obtuse angled triangle the area of 
which is 14.048 acres, the obtuse angle lll*'i5', and one of the acute 
angles W'^WWr 

SOLUTION BY HENRY GUNDER, GREENVILLE, OHIO. 

Putting A = 111^5', ^= 11«44'10", C = 57^50", and x, y, z 
or the sides opposite A^ B and C, and a = 14.048 acres = 2247.68 sq. 
rods. 

Since the prqduct of two sides and the sine of the included angle 
equals twice the area we have, 

">^ = iil^- P^'^S^^- «^'=B?a- The" 

JiIW),(4),, J TilSTX; Similarly ;, = j:5|i!:^ 
\ (3) ^ ' \sm ^ sm C "^ "^ \sm A sm C 



-I 



2a sin C 



I sm A sin B' 

By applying logarithms, x = 166.705 rods, y = 84.1997 rods, z 
= 141.084 rods. 
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26. " Find from the equation 16 sin tf + 12 cos 6 = 17.97240, (1)." 

SOLUTION BY WILLIAM HOOVER, SOUTH BEND, IND. 

The given equation may be written, m sin + n cos =• q (2). 

In (2) put p cos ip ^= m and ^ sin ^ = n and it becomes 

8in(tf + ^) = -2- (3). 

But t^ = tan <J = "-. . • . 5^ = &8»39'35". 
tf + ^ -= sin- »-21 sin c^ = 69*>19':i5''. . • . tf = 30°40', 



ri 



27. " Four given equal spheres being placed in close contact with 
each other, it is required to find the volume of the space inclosed be- 
tween them and the four triangular planes drawn respectively through 
each three centers." 

SOLUTION BY E. B. SEITZ, GREENVILLE, O. 

Let r = the radius of each sphere. Then |r^i/2 = the volume of 
the tetraedron formed by the four planes, and |^(3cos*"*| — 7r)r* = the 
volume of the four equal spherical sectors cut from the spheres by the 
planes. 

Hence, the required volume is 
V= ff^i/2 — f (3cos-'J — 7r)r^ = |r^i/2 + 2;: — 6cos-'i) =.20775f^. 

[For want of room we are obliged to defer publishing the solution of 
29 till next month.] 

PROBLEMS. 



34. By Prof. M. L. Comstock, Galesburg, III. — Given xyz 
= 18, (1); ^ + / + ^ = 33, (2); {^^ - yzf + (f-xzf + (^ -- xyf^ 
— 3(^ —y^){f — xzy^s? -'xy) = 6561, (3); to find x^y and z. 

36. By Capt. O. E. Meibaelis, Pittsburgh, Pa.— A man let a 
stone weighing 40 lbs. to a neighbor— the^latter broke it accidentally 
into tour parts — and upon returning the fragments consoled the owner 
by remarking that now he could weigh ,all numbers between one and 
forty. In other words, given a + d -(- c + rf = 40, to determine such 
values for a, d, c and rf, as will, by association^ produce all numbers from 
one to forty. 

36. By Henry A. Roland, Troy, N. Y.— A perfectly flexible cord 
of given length is suspended from two points whose coordinates are 
x\ y' and x'\ y". How must the weight of the cord vary from point 
to point in order that it may hang in the arc of a circle. 
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INVOLUTION AND EVOLUTION OF IMAGINARY 
QUANTITIES CONSIDERED GEOMETRICALLY. 



BY PROF. W. D. HENKLE, SALEM, OHIO. 

In the diagram let the radius of the circle be i and OR its initial po- 
sition. Conceive the radius to revolve as the hands of a clock. Let 
OV represent any position of the radius. 

Draw PB perpendicular to the 
line of initial direction. Put OB 
=a and PB = /;. Then a+ V- ^ 
represents OP, a being positive 
when P is in the right half of the 
circumterence and negative when 
P is in the left half of the circum- 
ference, and b being positive when 
P is in the upper half of the cir- 
cumference and negative when P 
is in the lower half of the circum- 
ference. Let C represent the cir- 
cumference of the circle, and tf = RP. 

Proposition i. — The following equations indicate the powers of OP: 

OP« = OR, 

OP» = OR revolved through itf, 

OP« = OR " " 2tf, 

OP» = OR « " 3^, 

and in general OP" = OR " " nd. 

Demofistration. — Since a = cos tf and d = sin tf we have 
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a + d|/— 1[ = cos # -f ]/ — I sin./?. 
But we have by De Moivre's formula 

(cos + V—\ sin ^)" == cos nS + iZ-IIl sin.w^?. 
Hence OP** = cos «tf + | '^i sin.^fl, 

or OP" = OR revolved through nH. 

Proposition 2. — The following equations indicate the roots of OP : 

OP' = OR revolved through ftf, 

OP^^ = OR " " i/?, 

OP^ = OR " " \9, 

and in general OP" = OR " " J-tf. 

Demonstration. — Putting jf for n in De Moivre's formula we have 

(cos d + v" ^i sin Oy = cos \9 -^ 1/^^ sin i 0, 
Hence OP" = cos i tf + V'^\ sin i (?, 

or OP" = OR revolved through \ 0. 

Revolving OR through ^o( d gives but one of the w'* roots of OP, 
which I shall call the first of the n roots. The following proposition 
shows how to get any one of the remaining n — i roots. Let m> i 
and <« + I. 

Proposition 3. — The following equations indicate the « — i of the 
n roots of OP after the first: 

The second of the n roots of OP = OP" revolved through \ C, 



4( 


third " 


" n 


a 


« OP = OP" 


ii 


u 


^ c 


ii 


fourth " 


" n 


a 


" OP = OP^ 


a 


.( 


-fc, ; 


it 


m"^ 


" n 


u 


" OP=OP" 


a 


u 


^^-c. 



We can make the reference to OR by adding \ 0, 
The m*^ of the n roots of OP = OR revolved through \ 
+ \{m - i)C. 
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Demonstration.—YvX OP^ to represent the m^ of the n roots of OP, 
then if the proposition is true OPi = OP. 

By prop. I OPl = OR revolved through n{\ii + i(w — i)C\ 
orOPi = OR " " d, 

since complete circumferences may be rejected. 

But OP = OR revolved through d, therefore OP; = OP. 

Proposition 4.— OR'' = OR revolved through \ C. 

Hence when OP = OR", OP is the w** root of + i, or OR. 
Demonstration.— ^\i^n d = RP becomes C, OP becomes OR, 
hence by substitution OP " = OR revolved through \ C (prop. 2), 

becomes OR* = OR " " 1 C. 

This formula gives but one of the n roots of + i, or OR, which root 
I call the first of the n roots of + i. 

By prop, 3 the m*^ of the n — i remaining roots of + i, is the m^ 
power of the n^ root of -h i. 

, It is plain that the n roots of -f i are numerically equal to each other 
but geometrically or positionally different. 

The reader may test the above propositions by solving the binomial 
equations :v* = i, at* = i, ;^ = i, a^ = i, aj* = j, a^ = i, ;r»« = i, ;^»» = i, 
^ = 1, etc., and constructing the roots in accordance with the conven- 
tion that |/ — 1 Atnoi^^ perpendicularity. See my first article in the 
January Analyst. The passage from OR = i to OR = a is simple. 
The next article will deal with imaginary exponents. 



SOLUTION OF AN INDETERMINATE PROBLEM. 



BY GEO. R. PERKINS, L L. D., UTICA, N. Y, 

No, 5. — Eind three right triangles having equal perimeters^ and whose 
areas shall be in arithmetical progression. 

Since these triangles have the same perimeters, and their areas are 
in arithmetical progression, it is evident that the radii of their inscribed 
circles must be in arithmetical progression. We will therefore assume 
as follows: 
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!r + s = radius of inscribed circle. 

•^ + (^ + ^) = the base. 
y + (r + s) =z the perpendicular. 

i r = radius of inscribed circle. 

Second triangle. -| ^' -f r = the base. 

( JV' + ^ = the perpendicular. 

!r — 5 = radius of inscribed circle, 

y + (r — 5> = the base. 
y'^ + (^ — '^» = the perpendicular. 

Denoting the common perimeter of the three triangles by f^ we have 
for their hypothenuses as follows: 

X ^-y = \'P — {r -\r s (i), 

^' +y = \f ■ r (2), 

^//+y/=^^_(^_5) (3). 

These conditions give (^ + y) + (x" + y') = 2(x' + y'u which 
proves the hypothenuses to be in arithmetical progression. 
Since the triangles are right, we have 

[x + {r + 5)]« + ly + {r ^ s)Y ==^{x+yy (4), 

[at' + ry + [/ + ry = (X' +yy (5), 

[^" + {r-s)Y + [>'' + {r-s)7 == (^" +/'/ (6). 

These, when simplified, become 

xy = {r + s){x + y) + (r + sy ^7), 

xy r=.r{x' + y) + r^ (8), 

xy = (r - 5K^" +/') + {r-sy (9J. 

Using the values of ^i), (2) ond (3), we have 

xy = \p{r + s) (10), 

xy^lp- (11., 

x'y = ip{r — s) (12). 

If from the squares of (i), (2) and (3) we subtract four times these 
products, and extract the square roots, we find 

x—y = ^\f — 3^(r + s)+{r + sf (13). 

x'—y'^i/ ^f — 2pr + f^ (i4>» 

^" -y = V\f-3p{r-s) + {r-^sy (15)- 
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Hence, we must have 

if-3pir + s) + i^ + ^^* = ° (^6), 

If-Spr + r" = D (17), 

Condition (16) will be satisfied it we take p = i2(r + 5), and (17) 
and,(i8) will become 

r» + 36rs + 365* = D (19), 

r' + 7ors + 73s' = n (20). 

Conditions (19) and (20) will be satisfied, by taking r = 9s, and con- 
sequently p = I205. 
Taking 5 = i, we immediately obtain 

Ar+y = 5o; y+y = 5i; y' -h /' = 52; 



at'' 



= 28. 



X'-y=iO', y— / = 2i; 

Consequently, a* = 30; y = 20; 
^' = 36;/ = 15; 
;^" = 40; y =12. 

\x + r + s = ^o = base. 
|^-fr + s = 30 = perpendicular. 
J X -\- y .— 50 = nypothenuse. 



First triangle. 



I 



(x' + r 

y + r 

Second triangle. -{ x" + y 



Third triangle. 



fy +r — 5 = 48 



120 = perimeter. 
600 = area. 

-= 45 = base. 

= 24 = perpendicular. 

= 51 = hypothenuse. 

120 = perimeter. 

540 = area. 

base. 



j y + r — 5 = 20 = perpendicular. 
=r 52 = hypothenuse. 



120 = perimeter. 
480 = area. 

I presume these results are the least values which will satisfy our 
Problem. 
Remark. —This Problem is the same as Problem 103, on page 465 
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of yohn D. Williams'^ Elementary Treatise on Alffebra, Boston, 1840. 
The solution there given is satisfactory, but extremely lengthy, and 
very complex. The results obtained are as follows: 

The sides of the first triangle 1 8601944; 1395 1458; 23252430. 

" " ." " second trfangle 13999464; 18559223; 23247145. 

" " " " third triangle 18515584; 14048388; 23241860. 

Common perimeter = 55805832. 
Radii of the inscribed circles are 4650486; 4655771; 4661056. 

SOL UTION OF A PROBLEM. 



BY PROF. DAVID TROWBRIDGE, WATERBURGH, N. Y. 

Required the Sum of the Products of n Quantities taken m and m to- 
gether, no two products having the same Factors. 

Let the n quantities be r^, rj, r,, r,. Let S^ be the required 

sum. Also let 

Si=Ri=ri +r2 + ... +r„ R2=rf + ri + .... +r«,.... 

R^ = r7+r5-h....+r: (i). 
Now 

^1(^2 + ^8 + • • • • -+- ^-) + ^2(^1 -r ^$ + .... + ^«) + .... 

+ ^«(^i + r, + .... +r„_J = r.(R, -r,) + r2(R-r.) + ... 
+ r.(R. - rO = R? — R, = R^S^ — R,. 

But we have evidently taken each product twice, so that we shall 
consequently have 

2S2 = RiSi — Rj (2). 

^1(^.^3 + ^2^4 +....) + r^{r^r^ + r^r^ +....) + .... 

+ ^-(^1^2 + ^1^8 + ••••)-= ^iPa — ^i(Ri — ''i)] 
+ ^2[S2 - ^2(Ri - ^2)] +....+ as. - r.(Ri - r.)] 

But we have now taken each product three times. We hence have 
3S, = RiS. - R,Si +R, (3). 
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rx{r^r,r^ \ r^r^r^ +....) + r^(r^r^r, -f r^r^r^ +..)+•• 

= r, [S3-ri[S2-ri(Ri-rOJ | + ^q { 83 - ^.[S,-r,(R.-ra)] | 

+ . . . . = R.Sa - R,S, + R3R, - R, = R1S3 - RjSa 

+ R3S, -R,.... 

.•.4S, =RiS, -RjS, + R3S1 -R (4.) 

We now easily see that the general equation will be 

mS^ = R^S^^i - R,S_, + R,S..3 -....+(- ir-»R_,Si 

+ {-ir^R« (5.) 

The general equation of the 1?** degree is 

a;" + A,y-i + AjA?-^ +....+ A, (6.) 

Let the n roots of this equation be r^, r^, r», so that (6) becomes 

(not regarding the signs of the roots) 

ix + r^){x ir,)(A? + r^).,..{x + r^ = .1^ + S,^^ + S,Ar--» + ....(7). 

That is 

S| = Aj, S, = A3, S, = Aj, &c. 

By means of equation (2) we have 

R2=S.Ri -285=8? -28, =Af — 2Aj (8). 

From (3) 
R, = 3S, — R18, + R38, = 3A3— A. A3 + Ai(A? -- 2A3) 

= 3A, - 3A, A, + Af (9), 

In a similar manner we find 
R4 = A} — 4A?A2 + 2A3 + 4A1A, — 4A, (10). 

It is also evident that we could easily deduce the values of R,, R,, 
&c. We have therefore found, in this way, the sum of the squares, the 
sum of the cubes, the 4th powers, and so on, of the roots of an equa- 
tion in terms of the coefficients of the equation. These powers may 

extend up to the «**, but not beyond, since ^n^ ^i^^r^ r,,, and 

we cannot have a product with any more factors than «• 

From (s) we see that 
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If n = 2, 3, 4, &c., 

^1^2 = i[(^. + ^a)" — ^? - ^5]; ^.^a^3 = Hil^i + ^2 + ^3)* 
- i(^i + ^2 + U){rl + rj + rl) - (ri + r, + rjXr? + r? + r|) 
+ r? -h rj + rj] =KK^i + r^ + ra)* 

" f(^, +r, + r,){rl H- r^ + |) + r? + r§ + rf]. 
These transformations show how easily we may derive results by a 
general process, that would otherwise be difficult. 



DEMONSTRATION^ OF TWO OF PROF. P BIRCH'S 
PROPOSITIONS. 



BY PROF. M. L. COMSTOCK, OF KNOX COLLEGE, ILL* 

In the Mathematical Monthty (Runkle's), No. i, Vol. i, Prof. Peirce 
gave a set of " Propositions on the Distribution of Points on a Line." 
They were subsequently solved by Prof W. P. G. Bartlett and R. J. 
Adcock. I send you a solution of two of them by a method presum- 
ably applicable to the others. 

Prop. I. — "It two points are taken in all possible relative positions, 
upon a given line, their distance apart in one-half the whole number of 
possible positions, is less than .29^89 of the length of the line.** 

Prop. 2.— "The number of positions in which the distance between 
the points is less than half the length of the line is J of the whole num- 
ber of possible positions." 

If a = the length of the line, and x = the shortest distance between 
two points, it readily appears that 

— = number of positions at the distance 9c^ 

X 



3*. 



a — *, 



f-~I = 


cs 


X 




J?. -2 = 


(C 


X 




\ 




2 = 


ii 


I = 


(( 
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Hence — ( + i) = whole number of possible positions, since these 

quantities are in arithmetical progression, and the number of terms is 
a -^ X. 

Notice also that, if x is taken as the measuring unit, the number of 
the term is the same as the distance between the points in that term. 

Now let z = the number of terms which shall embrace half ol an 
arithmetical reries whose first term is /, last term i, com. dif. i, and the 
number of terms n. 

The sum embraced by z will be 

\z{2t — z -h i); 
also, / — ^ is the first term of what remains of the given series, i is the 
last term, and n — z the number of terms; hence the sum is 

\{fi — z>it~z+i)^ 
\z{2t - ^ + I) =^n-z)(t - z + I), 

and s^ — ^(3^ + 2 + /i) 2r = — Tj{2r + i) n. 
Now in our example, 

a -5- x= number of positions at the distance .at = /, 
a -5- a: = «, as readily appears in our series, hence, 

and making x infinitely small, 

X 2 A* \ 2 I X ^ ^ ' X 

which establishes Prop, i, x being called the measuring unit. 

Again, if we place the points at a distance from each other equal to 
half the line we shall have 

h I = number of positions at the distance — , 

2X 2 

_ =: '* ** '• 4C ^ \ X 

2X 2 

— — I = " " " " ^' + 2.r, 

2X 2 



2 = " " « " a — X, 

I = " « « " a. . 
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Here the number of terms is — + i, and the sum 

2X 

= - _ (^-. + i){— + 2]= number of positions in which the distance 

between the points is fwi less than half the line. 

But the whole number of positions as seen before is — , (a -f x). 

2Ar 

When X is taken very small, these quantities reduce to ^— - and — -^ , 

the first part of which is \ the second, hence the whole number of po- 
sitions in which the greatest distance is less than half the line, is J of the 
whole number of possible positions. 



SOLUTIONS OF PROBLEMS IN NO. 7, ,\ND 29, IN NO. 6. 



Solutions of problems in No. 7 have been received as follows: 
From Gto. L. Dake, 30, 31 & 32; Geo. M. Day, 30, 32 & 33; Prof. 
A. B. Evans, 30, 31, 32 & 33; Prof H. T. Eddy, 32; Henry Gunder,. 
30, 31, 32 & 33; H. Heaton, 30, 31, 32 & 33; Prof E. W. Hyde, 32 & 
33; Prof. D. Kirkwood, 31; Artemas Martin, 30, 31,32 & 33; L. Re- 
gan, 30 & 31; Walter Siverly, 30, 31, 32 & 33; Werner Stille, 30, 31, 
32 & 33; E. B. Seitz, 30. 31, 32 & 33; Prof. D. Trowbridge, 30, 31 & 
32. 

Elegant solutions of all the questions proposed in No. 6 were re- 
ceived in due time, last month, from Walter Siverly, but the letter con- 
taining his solutions of 25, 26 and 29 was mis-laid and hence proper 
credit was not given him in No. 8. Mr. Martin also sent conect solu- 
tions of Nos. 25 and 26, but failed to get credit tor them in No. 8, be- 
cause his letter, also, was mis-laid. 



29. " If «, h^ c^ rf, ^,y, g^ A, /,y, k be chords drawn from any point 
on the circumference of a circle to the eleven angles of an inscribed 
regular polygon of eleven sides; prove that 

*" {a^m^jy,c^i){d^h){e+g)=f^ (I)." 
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GENERAL SOLUTION, BY PROF. A. HALL. 

Put the radius of the circle equal to unity, and let the number of the 
sides of the polygon be «, an odd number. Then cos and sin d are 
the coordinates of a point on the circumference, and 

{i,o): I cos , sm ) ; ( cos x_ sm ^ ) ( cos ^^ , sm V_— ^- , 

\ « n I \ n n I \ n n I 

are the coordinates of the comers of the polygon. Denote the chords 

by r^ ; c^\ r 3 ; c^. We shall have by the common formulae of 

analj^ical geometry, or from the geometry of the figure, 

c. — 2sm (1^ Cn = 2sm( -), 

^ 2 ^ \2 nj 

Adding these values in the manner indicated we have 
Ci + c, _ 49in^-^- —^^) cos -^^, 

. / d (« — i)3r\ ^„„ («— 3)t 
4- c,_, = 48in( -- — ^ ^ ) cos i ^^, 

. fd («— i)ff\ 



c. 



., + c._, = 43in( A _ (^)?Uos ^-^. 



and for the middle chord, 

^. . rr 2sin I — ^ ^ J 

^ ^2 2fi / 

The product of the sums is therefore 



-..sinf ^ _(«-^>)"r.cos(-«-^)^cos^-«-3^'^.cos(«-S)?...cos ^\ 

\ 2 211 / 2n 2n 2/1 2« 

Now from a known theorem we can deduce easily the equation, 
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/-,\cOs(^-^i?.COs(^-3)5.c08^-^-S> COS I'i = I. 

2« 2n 2n 2n 

and therefore we have 
"-I 

^4l=(^l +0(^, +^«-iX^3 +^H-2)(^4+^«-3)••••<^«-1^-^"+8)• 
-2 2 2 



30. " Prove that 

SOLUTION BY GEO. L. DAKE, CLEVELAND, OHIO. 

Multiply both numerator and denominator of the given fraction by 
{ycT-V V b~\v a -^ Vb~h reduce, and we shall have 

^ 4 _ 

g + ^ + 2i/ai 4- 2^/a^h + 2yab^ 
a — b 



31. "Solve the equation 

\/X + ir 

y^X + &c 

and express the value of a* in a finite number of terms." 

SOLUTION BY ASHER B. EVANS, LOCKPORT, N. Y. 

By the theory of continued fractions the given equation becomes 



x = \/ X + X -^ x = Vx+i .•.Ar< = ^4-i (i). 

Assume (-^ + /)' = (^-^ + 0' (2). 

Equations (i) and (2) will be identical when 2p = ^^ 2qr = i, and 
r^ — ^» = I. By eliminating q and r these three conditions give 
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8^ + 8/- i=o (3)- 

Put 2i>=:y — -^ ', then (3) becomes j)^ — y = :;r; whence 
V = (-L + -Lj?§3)i; and therefore 

^=i^-i=i(i+i>if)*+i(T-:>/f)* <4)- 

Since a = V^h and r = — = — i=^, we find from (2) by substituting 
these values of ^jr and r 

^ + .r/^ = - ^^ -/; whence 






■ 32. " There are two spheres of equal size and of exactly the same 
appearance, one solid silver and galvanized with gold and the other 
hollow and made of gold. Required some means by which one may 
be determined from tne other," 

SOLUTION BY PROF. D. TROWBRIDGE, WATERBURGH, N. Y. 

Convert the spheres into pendulums, and let a be the distance from 
the point of suspension to the centre of the spheres, and /the distance 
from the same point to the centre of oscillation in the solid sphere and 
/' in the hollow one, k the principal radius of gyration for the solid 
sphere, and k' for the other. Then 

a ^ a ' 
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If r and r' be the radii of the external and the internal surface of the 
hollow sphere, then 

.P = i- r*, and k- = 1.^1^4 = J.( r* + r-) - ,-^^-^. 

.' , k^>iy andy>/; or the solid sphere will vibrate in the less time. 

[H. T. Eddy, Prof of Math, and Astronomy, Cincinnati, Ohio, has 
favored us with an elaborate solution of this question. Prof. Eddy sup- 
poses the spheres to be rolled doWn an inclined plane and shows that 
the solid ball will roll more rapidly than the other and reach the bottom 
more quickly. He obtains the tq., /' = |/(>fe'^«"4-^)^^('6* +^^A ^" 
which / is the time and k the radius of gyration of the silver sphere, 
and /' the time and k' the radius of gyration of the golden sphere; and, 
assuming the spheres to be of equal weight, he finds k^ .= Jr* and k'* 
= J.^Sir', and hence /' = 1.044/, nearly. We intended to publish this 
solution in full, but find it too extended for our space.— Ed.] 



33. '* A circle is referred to rectangular axes passing through the 
center. A tangent and ordinate are drawn from any pK)int of the circum- 
ference. A distance n times the abscissa of this point is measured ui>on 
the axis ofx and from this point a perpendicular falls upon the tangent. 
Required the equation of the locus of the intersection of the perpen- 
dicular and tangent." 

SOLUTION BY WERNER STILLE, MARINE, ILL. 



Let MTR be 
the tangent at 
M; CS = 7ix; 
MCS = <?;SCR 
= (/f; then from 
the triangle 
CMR, when 
CM = r, and 
CR = />, 
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(i) />.cos(v'' -*- /?) = r. 

i^lso, when NS = MR, because ^ == r cos /?, CS = w.r.cos fi. 
(2) ft,sinii/t -f 0) = n.r. cosO.sinft. 

(2) can be written in the fornn, ^/.sin(^'» + tf) = | w.r.sin 20» 

From this we easily deduce 

cos(vA + /?)-. Ji_«^^.gin«2/y, 
\ 4/ 

which, when inserted in (i), gives 

r 

A' 4/' 

Finally, resolving to a function of /*, we have, 

(3) /) = ± r li .| "'_ sin' 2& , the equation required. 

\ 4 

The double sign shows that the curve consists of two equal branches 
in symmetrical position. The figure represents the curve, approxi- 
mately, when n =s 4. 

[ This solution gives the equations between the radius-vector and the 
ang-/e subtended by the axis of x and the perpendicular upon the tan- 
gent. From it, however, we may readily obtain the equation between 
the radius- vector and the perpendicular (P) upon the tangent. We 
have P = ncos^O - i = »(i — sin'tf) — i = « — i — «sin"tf ; and from 



(3) we have sintf = ± yjl. ± i. y,,^ _ ,,t + ^. 

. . . P = «_-J ^ ± vv~: 4,0- + 4 (4). 

Or, because /*:?:: sin/? : sin^ we have />8in{J = Psin<?, or, by substitution, 

/«in^« = ("--2- =F L /«.- 1:-^/-+7)^ f. ± L vi^-f?:^ (5\ 

which corresponds with the eq. obtained by Prof. Evans by a difterent 
process of reasoning. — Ed.] 
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Dr. Jas. Matteson, of De Kalb Center, 111., has sent us an elaborate 
solution of No. 5, which we are sorry our space will not permit us to 
publish. 

Putting .r, y and z for the three sides ot the triangle, and 5, 7 and 9 
for the three bisecting lines, and, moreover, putting mx = y and nx = z^ 
the Dr. gets, m = .581448(^8564, and n = 7991785252715. 




PROBLEMS. 



37. By G. Shaw, Kemble, Ontario, Canada.— Divide unity into 
three parts such that if each part be increased by unity the sums shall 
be three rational cubes. 

38. By Asher B. Evans, A. M., Lockport, N. Y.— Prove that 
when X is infinite 

jL--l4-^ - trJJ!-±. 

il il ^l4 [^ ~ ^ ' 

where e is the base of Napierian logarithms. 

39. By Prof. C. M. Woodward, St. Louis, Mo.— Two weights 
are connected by a fii.e string which passes over a pulley; if the weights 
be 50 and 72 lbs., determine what stationary weight the string must be 
able to support, that it may just escape breaking during the motion. 

40. By the Editor. — P and Q are two points, distant apart a 
miles on the bank of a straight canal, through which there flows, from 
Q towards P, a imiform current with the velocity of m miles per hour. 
R is a point on the opposite bank of the canal, at right angles from P 
with the line PQ. Two men, A and B, start at the same moment trom 
the two pK)ints P and R; A starts from P and walks directly toward Q 
with the velocity of n miles per hojir, and B starts from R, with a boat, 
and rowsy with a constant effort that in the absence of a current, would 
carry him r miles per hour, and endeavors to join A by rowing contin- 
ually directly towards him, and succeeds in joining A at the moment he 
arrives at Q. What is the width of the canal .^ or, distance between P 
andR? 
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BOOK A07ICES. 



Books and pamphlets have been received as follows : 

Notes on Mechanics^ designed to be used in connection with Rankin's Applied Mechan- 
ics, by Gaetano Lanza, S. B., C. E., Assistant Prof, of Math, and Mechanics, Mass. Insti- 
tute of Technology. 

Part I, Statics, Boston, 1872; 98 p. 12 mo. 
" 2, Dynamics, " 1874; 72 p. 12 mo. 

This work is not published^ but merely printed for the use of the students at the Insti- 
tute of Technology. • 

Tke First Differential Coefficient ^ by John Newton Lyle, A. M., L'rof. of Applied Sci- 
ence in Westminster College, Fulton, Mo. St. Louis, Mo., 35 pages 12 mo. 

Gravitation to the Sphere, and the txvo Ellipsoids of Resolution and Ratio of the Axes of 
a Revolving- Fluul Mass, by R. J. Adcock, Cincinnati, Ohio, 1872, 11 pages 4to. 

Application of the Graphical Method^ by Prof. Edward C. Pickerineg, from the proceed- 
ings of the American Academy of Arts and Science, May 12, 1874, 6 pages 8vo. 

Improi^ed Method of Obserinng- Altitudes of the Sun at Sea, by T. J. Lowry, U. S. 
Coast Survey, San Francisco, California, from " Minin/r and Scientific Press,'' June 20, 

1874. 

Demonstration of tke Limits of the Roots of Cubic Equations, Determination of their 
Values, ivhen Real, and their Construction, by John Borden, Chicago, 111. 
Ca/nlofrnr of North Missouri Normal School, Kirksville, Missouri, 1874—5. 
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The Analyst. 



Vol. I. October, 1874. No. 10. 

ELEMENTARY TREATMENT OF THE PROBLEM OF 

TWO BODIES, 



BY G. W. HILL. 

The deduction of the motion of the planets, in accordance with the 
laws of Kepler, from the principle of universal gravitation, is- impK)rtant, 
not only on account of the extensive role this theory plays in Astrono- 
my, but also for its interest, in a historical point of view, as Newton's 
principal discovery. Hence it is desirable that the demonstration be 
made as elementary and as brief as possible, in order that it may be 
brought within the comprehension of the largest number of persons. 

The polar equation of the conic section, referred to a focus as pole, 

is well known ; a denotes half the greater axis, c the eccentricity and to 
the angle made by the axis with the line from which X is measured. It 
will be advantageous to replace «(i — ^ by 7^, / being the parameter, 
also to put 

Thus the equation becomes 

r + arcos^ + /9rsin^ = f. 

Hence it is plain that the equation, in terms of rectangular coordin- 
ates, the origin being at a focus, but the axes of coordinates having any 
direction we please, is 

v^^?T7 + «^ + ^>'=;> (i). 
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We will take it for granted that the reader is acquainted with the 
following theorems, since they are demonstrated in all books on me- 
chanics, even the most elementary: 

In determining the relative motion of one body about another, it suf- 
fices to regard the latter as fixed, and to attiibute to it a mass equal to 
the sum of the masses, and then to suppose the moving body without 
mass. 

When a body describes a plane curve, and the radius vector, drawn 
from a fixed point in the plane of the curve, passes over equal areas in 
equal times, (which we shall express by saying that the areolar velocity 
about the fixed point is constant), the force acts always in the direction 
of the radius: and the converse. 

Let now a body describe a conic section about another occupying a 
focus, the areolar velocity about this focus being constant: it is required 
to determine the force acting. 

In the figure, let PP"X be an arc of the conic sec- 
I tion so described, S being the focus. Let P and P" 
be any two points on the curve at an indeterminate 
but small distance from each other. Draw SP, PP' 
a tangent at P, P'T' parallel to, and P'A and P"B 
perpendicular to SP. Let SP be taken as the axis 
of y^ and SX perpendicular to it, as the axis of x. 
The coordinates of P are then, a: = o, y = SP = r ; 
I substituting these in the, equation of the cure, we get 

(i+^y=^ (2). 

Since the coordinate x is here supposed always very small, the term 
l/.v*_l_y in (i) can be expanded, by the binomial theorem, in a series 
of ascending powers of x. Neglecting ^ and higher powers we get 

or as y differs from r only by a quantity of the order of x^ by neglect- 
ing ^, 

. f — ax — — 
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Or by (2) 

a *» 

This is the value of jK from (i), expanded in a series of ascending 
powers of ;v, the cubes and higher powers being omitted. The equation 



belongs to a right line, which can be nothing else than the tangent PP'. 
Hence it is plain, from the figure, that taking P"B = P'A = x, 

tan. PP'A = -^ (3), 

PA = 



1+^ ' 
P'P" = AB= ^ (4), 

the last equation being only approximate, but more and more nearly 
true as P"B or x becomes smaller. 

Let F denote the force acting on the moving body, and / the small 
interval ot time in which it passes from P to P". Then we have 

p/p// _ :^ —. IF/*, 

If we denote double the areolar velocity by A, since P"B = ;v is very 
small, we have 

SP.P'^B ^rx = ht. 

Eliminating / from these equations, we get 

Since there is no limit to the supposed smallness of .j^? and /, this equa" 
tion is rigorously exact. The force is then inversely as the square of 
the radius-vector, and its intensity at the unit of distance is found simply 
by dividing the square of double the areolar velocity by the semi-par- 
ameter." It is evidently attractive, except when, the motion being in a 
hyperbola, the focus, about which the areolar velocity is constant, is the 
exterior, in which case it is repulsive. 
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Taking up the inverse problem, let a body start from P towards P' 
with a velocity v which would carry it to the latter point in the time /, 
and let it be subjected to the action of a force varying inversely as the 
square of its distance from a second body supposed fixed at S: it is re- 
quired to fiud the curve described. 

Let the masses of the bodies, measured by the velocities they are 
able to communicate, by their action, in the unit of time and at the unit 
of distance, be denoted severally by m and M. The force acting at P 
is then 

M + w, _ M + w 

and, if at the end of the time /, the body is at P^' instead ot P', we 
must have 

p^p// ^ 1 M + in ^ 

But, as before, the constancy of the areolar velocity gives 

rx = fit. 
Whence 

P'P" = ^ "^ ^ x^ 
This equation coincides with (4), if we suppose 

^ = MT^z ^5). 

Let now a conic section, having this value for its semi-parameter, be 
described with S as focus and touching PP' at P. That this is possible, 
is evident from the general equation (i); here are only two unknowns, 
a and )9, to be determined, and they are given by equations (2) and (3), 
whence we see the solution is always unique. A body, moving upon 
this conic section, would have, at the point P, the same velocity, and 
the same direction of motion, and be subjected to the action of an equa 
force, and having the same law of variation, as the moving body in the 
problem. Hence, if the path of the latter is thoroughly determinate, 
£ind it would be absurd to suppose otherwise, the conic section just de- 
scribed must be the curve sought. 
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We can easily find the elements of this conic section. Thus let the 
angle PTS be denoted by ^, then evidently 

h = fi^sin^, 

which, substituted in (5), gives the value of / = a(i — ^); next a and 
/9, which we recall stand for eco^co and <?sinfi;, are given by (2) and (3). 
That is 

jt^ r-z^sinV 
^ ' M + m 

M + m ' 

rz^'sin't^ 
^sinw = ^, ■ ^ — I, 
M + »« 

whence we derive 



^ _ r o ri^sin^ , rVsinV i 



M + ni {W+ mf a r M +" 



m 



consequently the greater axis, and the species of conic section described, 
are independent of ^. We have an ellipse, a parabola, or a hyperbola, 

according as z^ is less, equal to, or greater than 2 

From the last equation z;* = (M + w) (— — — ) (6), 

which may evidently be taken as a general expression for the square of 
the velocity, if r denote the general radius-vector. 

Also from (5), h = i/(M + m)p. 

Thus, in different orbits, the areolar velocities are as the square-roots 
of the parameters, and as the square-roots of the sums of the masses. 
In an elliptic orbit, if T denote the time of revolution, the double of the 
area of the whole ellipse 

AT = 27T(^i/i~lir^ = 27ta^^/p~^ 

I 

whence T = ~~ 



Thus the theorem that, provided the sum of the masses remain the 
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same, the squares of the periodic tiroes in different orbits are as the 
cubes of the greater axes. 

The mean angular velocity is usually denoted by «, thus, 



«=¥=>! 



M 4- m 



It is customary vsrith astronomers to assume the earth's mean distance 
from the sun as the linear imit. If M and m are the masses severally 
of the sun and earth, and m\ a* and i^ belonging to another planet are 
introduced, the mean distance of the last is given by the equaticMi 

\ 






To complete the subject it is necessary to notice a particular case of 
the problem, viz., when ^ = o. Here the motion is in a right line, and 
from (6) it appears the velocity is infinite when the body arrives at S. 
As the existence of another body here ought not to be considered, at 
least in a mathematical .*ense, as an obstacle to its further motion, it is 
plain the body will pass beyond and move in the same right line until 
its velocity is reduced to zero, when it will return oo its path, which 
will thus be a portion of a right line of which S is the middle point. 
This cannot be considered as a degenerate form of a conic section of 
which S is the focus. For when an ellipse is varied by augmenting the 
eccentricity but maintaining the greater axis constant, at the point the 
first has attained the limit unity, the ellipse has degenerated into two 
equal portions of right lines overlapping each other and having their 
extremities on one side in the point S. Hence this case must be re- 
garded as a singidar solution. However most ot the properties of mo- 
tion can be deduced from those of elliptic motion. Thus, if the length 
of the whole path be denoted by 4^:, the duration of an oscillation will 
be 



2za^ 



v'M -r m 

Whence we gather that the time, in which a planet, at rest at its 
mean distance, would fall to the sun, is foimd by dividing its periodic 
time by 4^/2"* 
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GEOMETRICAL DEMONSTRATION OF A THEOREM. 



BY ISAAC H. TURRELL, CUMMINSVILLE, OHIO. 




Let T be the 
common tangent, 
and^j, rfg the di- 
ameters of the two 
circles that can be 
described touching 
three circles that 
touch each other, 
then T« = zfrfjrfj. 

This theorem is 

given by Matthew Collins, on page 278 of Mathematical Monthly y Vol. 
I, who states that he proposed it in an old number of the " Educational 
Times," but no geometrical demonstation had yet appeared. He then 
gives a solution of a particular case, only, namely, that in which one of 
the three circles that thouch each other becomes infinite. 

The following method pre-supposes some knowledge of the proper- 
ties of Centers of Similitude, of radical axes and of circles in contact, 
and it is based on a beautiful theorem, remarkable for its generality, 
known to the ancients under the name of " The Arbelos," or " The 
Shoemaker's Knife," which is enunciated by Mr. Collins, in the paper 
reterred to, by means of a figure, as follows: 

" If the semicircles on the diameters AB, AC, touching each other at 
A, be both touched by the circles whose centers are O and O'. which 
touch each other at L; demit OF, O'H perpendiculars on AB, then if 
OF = n times the diameter of O, O'H = (« -|- i) times the diameter 
of O', O' being nearer io A than O is." 

The elegant geometrical proof there given, holds true, if the two or- 
iginal semicircles touched each other externally at A. 

Let the circle whose center is O", touch the circle O' and the two 
original semicircles, O'" touch O" and the semicircles, and so on in the 
same order, N being the center of the «** circle from O ; it is required 
to find the relation connecting the quantities T, R and r, T being the 
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common tangent, and R, r, the radii of the circles whose centers are O 
and N. 
This may be easily accomplished by means of the Arbelos, thus : 

Putting OF = m times 2R, then NW = {m + w).2r. 

NW _ OF ^ ^^ NW.R — OF.r = 2;/Rr (i). 

2r 2R . ^ ' 

Putting ON = rf, rf» = T» + (R — r)» (2). 

Now produce ON until it intersects the common tangent, or radical 
axis of the original semicircles in P ; hence by a well-kdown theorem, 
namely, " If each of two circles touch (in the same way) another pair 
of circles, the center of similitude of either pair lies upon the radical 
axis of the other pair," P is the external center of similitude of the cir- 
cles O and N, and ^^ = - - (3). 

Also S, S', being two anti-homologous points, (see Chauvenet's, p- 
360, or any treatise on the Modern Geometry) on the circles O and N, 
we have the equation 

l/CPN + NSO(PD~:^^S) = PA (4)- 

From (3) we get ^^ = PN, ^^- = PO. 
Hence (4) becomes 

>i5?7+l(^^^= a1^T-^= ^^ "'• 

By similar triangles 

PA - OF _ PO _R 
PA - NW ~ PN ~ V ■ 

PA(R — r) = NW.R — OF.r = 2«Rr from (i). 

PA = p" . By substituting in eq. ($), this value of PA, and the 
R — T 

value of rf* as given in (2), we get 

( [T» + (R- r)»]Rr _ o^ ) i _ 2«Rr 
■( (R^Tf""" ( -R-r' 
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which reduces to T = 2;i|/R"r, the relation required; or putting R 
= Wv ^ = H» we get T = wv/ rf^. 

If « = 2, we have the original theorem proposed by Mr. Collins. 

The same method will apply, if the two original semicircles touched 
each other externally at A. 

If we consider T the transverse, instead of the direct common tan- 
gent of O and N, then (2) becomes ^ 

Substitute in (5) as before and 

T, = 2{{n^ ^^ i)Rr)^ = i/(^^ - i)^. 
In this case, if « = 2, T} = 3^,^^. 



SOLUTION OF A PROBLEM. 



BY E. B. SEITZ, GREENVILLE, OHIO. 

Three circles whose radii are a, i, r, touch each other externally- 
Within the space enclosed by them a circle is drawn tangent to the 
three circles, and within this circle three circles are drawn tangent to 
each other and to the three given circles. Calling the radii of these 
three circles ^,, jVi> -^^n we may determine three other circles, radii x^y 
y%^ ^^t touching each other and the second set of circles in a similar 
way; and so on. Find the radii, x^^y^^ z^j of the w** set of inscribed 
circles. 

Solution. — Let A, B, C 
be the centers of the given 
circles, GHK the circle which 
touches them, O its center, 
A', B', C the centers of the 
first set of inscribed circles. 

Put AD = a,BD = ^CF 
= r, OG= rj, A'G =^1, 
B'H = y,, C'K = z„ r, 
= the radius of the circle cir- 
cumscribing the three given 
circles ; also put Z B AC = )9, 
ZBAO = tf, ZCAO = jJ, Z AOB = to. 
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Then cos^ = ^ ±±*- +J^plJ^S^ ±JEI = i - _ ^_ __ 
2(a + 6){a + c' {a + h)(a + cf 

cos (d + ^0 = cos^9, or by reduction 

cos*# + cosY' — 2cos^costfcos^ =1 — cos'/9. (i). 

Substituting the values of cos/9, cos/?, cos^ in ( i) and reducing, we have 
\j\abc{a -\- b + c)-^ (ah ^ ac -\- bcY]r\ + 2abc(ab + ac ■+ bc)r^ 

^=i€^lf(?\ whence 

^ _ ^2a bc\/abc{a -|- ^ + ^t — ahcjab + ac + be) 
* ^bc[a + b -h c) — sab + ac + bcf 

abc 

~ ±2i,^^cja~+"b~+ c) + ab -i: ac -^ be'' 

The first of these values is the value of r^ , and the other is that of 
r^, taken with a contrary sign; 

abe 
* 2\/abc{a + ~b -\- c) + ^b -\- ae + be 

J ahe 

and Tq = -r ■ . ^ ,-- ; — J--. 

2yabc{a -\- b -^ c) — {ab + ae + be) 

cos^ii = I — 7 '^^^ V = I — 7 — ■ — ^rrz -^ whence 

"^yjL = ^^ (2), 

and similarly we find ; L J ^ = . — . — . (3), 

y^z^ _ be , N 

K-JiH^i-'^i) {b + r,)(c+r^) ••• ^^^' 

From (2), (3), (4^ we easily find 
__:^J_=_^_, ^-i:i_ = _l_, ^1 = ' ; whence 
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X. = _ ^^— ! — , y. s= -^--^ — , z^ = ->■■ — . Similarly we find 

^ 2a + r^ ^^ 26 + r^ ^ 2c + r^ -^ 

x^ = ^— ? — , y, = ^'^ -^ — , z^ = ^-^- : and so on. 

Taking the reciprocals of the values of .v,, a-^, ^^^3, x^ x^^ we have 

*i « ''1 

L = i- + A = 2. + -l4-i, 

x^ x^ %\ a-' r, rj 

A=JL+A.= 2. + A + A + A, 

^, ^o r. a r. r« rg 



- - = -- — + :;r = :r + zr + — + — "+•-- + — + — (:5> 

Taking the reciprocals of the values of r^ and r„, and subtracting, 

we obtain — = — + t-H (6). 

r^ r^ a c 

Similarly we find 

rj ri ^, J'l 'S'l ^ h c r^ 
Subtracting (6) from (7), and transposing, we get 

— =■ -4 — — ; and similarly we find 
^2 ^\ ^0 

i_Lj j[^ 2_ £4 L _L 14 I 

^V " ^. ^1' ^4 " ^3 ^2' ^ "" ^ 'r;:2- 

Substituting the values of r^, r,, r^ ^n-i> taken from the pre- 
ceding equations, and multiplying by (7 + 4 1/3) + (7 — 4 y 3) instead 
of 14, we have 

±_873 K7+4l/3)-(7-4l/3)] 

— = _ , 

i _ 573 l-^7+4f/2)M7- 41/3)'] 875K7++'^^^>-^7-'^v/3)] 
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I _ 8^ [<7+4»/3»M7+4i/3)^ g^J ^^ "• 4»/3)'-(7+4i/3)'] 






g^ [(7 + 4v'3'"-'- (7 - 41/3)"-'] 



Adding these equations, we get 

i-+i- + if i- 

ri r, ^8 »■- 

^ [<7 + 4V^3r''* + (7 - 41/3)"^^] 



P [(7 + 41/4)"* + (7 - 41/3) "~^ 



< I 



=» { ^[(7 + 4»/3)' - (7 - ^V3)'Vaic{a + i+c) + ^ [(7 

+ 4V/3)" + (7 — 4v/3)"](«* + ae + fc) ( -*- «««:. 
Substituting this value in (5), and taking reciprocals, we find 

x, = a6c^ j ^ [(7+41/3)" - (7-4»/3)"]|/o^«+*+c) + iC(7 + 

4»/3)'+(7-4l/3) - 2](«*+«c) + i[(7 + 4v/3)» + (7 -4l/3)' + 4]^ } • 

Similarly we find 
y, = a6c^ I ^ [(7+41/3)" - (7-4V3)"]|/afc(a+*+c) + i[(7 + 

4l/3t"+(7— 41/3)" - 2](«*+&:) + i[(7+4V'3)" + (7 - ^3)' + 4'K } • 
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z^^abc-^ { ^-~ [(7 + 41/3)"- (7 -WZ^W^M^T^c) + K(7 + 
4v^3r+ (7-41/3)" - 2](^+fe) + K- 7 +4/3r + (7 - 4/3)" + 4)«* | • 

NOTE ON THE BINOMIAL THEOREM. 



BY GAETANO LANZA, ASSITANT PROF. OF MATH. AND MBCH., MASS. IN- 
STITUTE OF TECNOLOGY. 

Mr. Editor: —Allow me to call your attention to a demonstration of 
the Binomial Formula for positive integral exponents, given by Bobil- 
lier, which, though very simple and lucid, is not very generally known. 

It does not involve at all the subjects of Permutations and Combina- 
tions, and hence in order to understand the Binomial Theorem the stu- 
dent is not obliged previously to master a number of propositions on the 
above subjects. 

It would therefore seem very desirable that this demonstration should 
find a place in our text books and be taught in our schools. 

For the benefit of any of your readers who may not be familiar with 
the notation employed, I will state that \n_ (=^/actarud n) is an abbrevi- 
ated way of writing 1.2.3.4 ^y *^t is ^^^ product of the natural 

numbers from i to « inclusive; thus | 3 = 1.2.3 = 6; 1 4 = 1.2.3.4 = 24, 
&c. 

The demanstrattan is as follows: 

The following three equations will be evident on inspection, viz.: 

{x -\- of _^ X . a 
• {x + a)^ ^9^ . X « I o* 

{x + of 0^ ,:f ^ \ X ^.^ 

It is now proposed first to find an expression equal to 
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r 

where n is any positive integer. In the above three results the follow- 
ing laws held: 

I. The number of terms on the right hand side is greater by one 
than the exponent oi (x -\- a) on the left hand. 

II. The exponent of x in the first term is the same as the exponent 
of the power to which {x -f a) is raised, and in each succeeding term 
the exponent of x is less by unity than that in the preceding term ; while 
that of a follows the same law beginning at the other end of the series. 

III. Each power oix or of a has for denominator its exponent taken 
factorially. 

We shall now prove that these laws hold whatever positive integral 
value be assigned to n. 

Suppose the laws to hold when the exponent is n — i, that is suppose 

{x - f af -^ ^ x^^ x^'' 



l« — I |« — I \H — 2 



I ^ |«-3 \2 + 


• 


n-r-Y |r +•• 


••-^|«-x- 



Now multiply this identical equation by the following also identical, 
member by member, viz.: 

X -\- a X . a 

and as the result of the multiplication we shall obtain the following: , 

{x + ay ^ f^ , V"^ a_ xT-* c^ 

\n_ |«_ "^ \ n ~ i" ^li "^ 1 ^ — 2 \2^ \ 

+ ^^. ^+ + ?^(l). 



n — r \r \n^ 



Hence, if the above laws hold for an exponent n — i, they hold for the 
exponent ;*, which is greater than the former by unity; but they have 
been proved to hold for the exponent 3, hence they hold for 4, hence (ot 
5, and so on, ad infiinitum; therefore they are true in the case of any 
positive integral exponent. 

Now multiply both members of equation (i) by \n and we obtain 

{x + aY=^^ f nxT-^a + ^^^ "" ^^ ;r^«a« + 

+ i U_,_;^-V + tf», 

\n — r Jr 

which is the Binomial Formula. 
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SOL UTIONS OF PROBLEMS IN NO. 8. 



Solutions of problems in No. 8 have been received as follows: 
From Prof. A. B. Evans, 34, 35 & 36; R. M. DeFrance, Esq., 34; 

Henry Gunder, 34 & 35 ; L.Regan, 34 & 35; James Stott, 35; and 

Walter Siverly, 35 & 36. 



35. "Given A^v2'= 18, (i); ^ - / + ^^ = 33, (2); (^^ ~ yzf 
4- (y - xzY + !^* — xy? — 53(^ yz){f xziz' — xy) = 6561, (3); 
to find ;v, y and ^r." 

SOLUTION BY R. M. DEFRANCE, ESQ., MERCER, PA. 

Put X + y + z =■ s and xy -^ xz -\' yz =i w, and substitute in (3) 
and it becomes (5* — yns + 54)' — 108(5* — 3^5 + 54) = 3645 

whence we get 5* — ^ms =, ±81 (4) 

By substitution (2) becomes 5* — 2w = 33 (5) 

Eliminating m from (4) and (5) we get 5' — 995 = =^162. Multiply 
ing this eq. by s we have 5* — 995' = =p 1625, or, by transposition 
5* — i8s* = 815* T 162s. . • . 5^ — 185* + 81 = 815* ip 1625 4- 81 

whence 5* — 9 = 95 =;= 9 and 5 =■ 9 or i(9±]/ F53) (6). 

Substituting for s in (5) we get w« ^ 24 or {(<^i±.^\/i^^) (7) 

Put X -\' y ^ t and xy = «, and, neglecting the irrational values of 5 
and wj, we have / + ^ = 9, r^ + /^r = 24 and uz = 18. Eliminating t 
and u from these three equations we get 

2* — 9^ + 24^ — 18 = o (8). 

Put ^ = V + 3 and substitute in (8), we get v* — 31; = o, . • . r* = 3 
and V = ±:v/3~' • ' • -^ = Z^V^^ But x + y ^ z =9 (by (6)), . • . 
X I JK = 9 — (3^1/3"^ = 6^1/37 From (i) aj = 18 -^ ^ = 18 
-^ (3:tl/3v> . -^ - 2A:y + y = (6Ti/^)« - 72 ^ (3±l/D = 3- • " • 
iv — y =z ^V^3^ But jr 4- j^ = 6^1/3" . • . 2.v = 6 and 2jy =6=p2i'^"3~ 
and consequently a- == 3,^ = 3q=|/^ and ^ = 3±v'3r 



3^. " A man let a stone weighing 40 lbs. to a neighbor — the latter 
broke it accidentally into four parts — and upon returning the fragments 
consoled the owner by remarking that now he could weigh all numbers 
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oetween one and forty. In other words, given a -^ 6 -\- c + d = 40, 
to determine such values for a, i, c and d as will, by associcUion, produce 
all number.^ from one to forty." 

SOLUTION BY PROF. A. B. EVANS, LOCKPORT, N. Y. 

It is evident that we must have b — a=za •\' i^c — b — a^=^a -f- b 
+ I, rf — a - - i — t: = a + i + t: \- i. Therefore * = 2a + i, r 
= 2a + 2^ + I, rf = 2a + 2^ + 2r + I ; and a -+- b ^ c A- d^=i ^a 
-h 4* 4- 2r + 3 = 27a + 13 = 40; . • . a = I, i = 3, ^ = (),d= 27. 




j6. " A perfectly flexible cord of given length is suspended from t w^o 
pomts whose coordmates are x'^ y' and x*\ y. How must the weight 
of the cord vary from point to point in order that it may hang in the 
arc of a circle. 

SOLUTION BY WALTER 8IVBRLY, OIL CITY, PA. 

Let H K be be the two given points oti 
suspension, ]/(;^ — yy -f (y — y'^y =2 /J 
= the distance between them, 2/ = the[ 
length of the cord, r the radius of the cir- 
cle, rsin"' — = /, 
r 

from which r may be determined and the circle drawn passing through 
H and K. Let AB be the horizontal diameter of the circle, O its low- 
est point to which transfer the origin making the axis of x horizontal 
and of y vertical, and let m be the imit of mass at any point P; and c 
the tension at O. It is shown in works on statics that 

c d^y . rfs , X 

'" = 7^^ ^ ^'^' 

The equation to the circle is, 

:^ =: 2ry — f, or y = r — i/(r« — a*), 

dx" i/i^nr^' d^" 1/(^4:^7' 



dx' ^ dof f^ ^' dx~ y r»-A^' 

Hence from (i), m = — — ^ . ^ , = , ^^ ,^ , or the unit of mass va- 
g r"—^ g{r^yf' 

ries inversely as the square of its distance below the horizontal diame- 
ter of the circle. 
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NOTICE. — This No. completes Vol.^i of The Analyst. We commenced tlie pub- 
lication under the impression that a journal devoted specialh' to the science of mathe- 
matics would not only assist the student who is engaged in the study of mathematics, but 
would tend to promote the cultivation of that science which constitutes the foundation of 
all other sciences. 

We were fully conscious, at the time, of the difficulties that would beset us in at- 
tempting to establish such a journal: The first and most important of which v»asoiir 
inexperience in conducting such an enterprise and our limited mathematical reading and 
information ; secondh', the want of a suitiiblc mathematical library, and thirdly, the want 
of facilities for properly illustrating and printing such a journal. We did not therefore 
anticipate pecuniary success in our undertaking; and^ moreover, we were cautioned by 
our friends whose experience m such matters was greater than ours, that we should not 
expect a large subscription list. Our hope therefore in commencing the enterprise was 
mainly that we might continue the publication a year without very great pecuniary loss, 
and that, within that time, some party more favorably located and better able to conduct 
such an enterprise might be induced to continue the publication; of which however, at 
present, we see no prospect. 

Our list of subscribers comprising college students and common school teachers is 
not as large as we had anticipated, whereas the number of college professors and eminent 
mathematicians throughout the country who have subscribed and paid liberally for our 
publication, is much larger than we had expected; which fact has induced us to believe 
that there is a very general desire among mathematicians to support and encourage even 
a feeble effort to establish a mathematical journal in this country. 

Believing, therefore, that such defects as must necessarily result from the causes 
above enumerated will be generously ovelrooked by mathematicians, and trusting that 
we may receive a larger patronage from students and teachers during the next year than 
heretofore, we have concluded, though at some pecuniary sacrifice, to continue the pub- 
lication another year at least, or until some suitable person can be induced to take it off 
our hands. 

We have concluded to issue Vol. 2 in Nos. of 32 pages each, at intervals of ivjo months^ 
commenciiTg about the 15th of Jan., 1875. 

We hereby specially' request all subscribers for Vol. i who do not intend to subscribe 
for Vol. 2 to nolifv us by letter or postal card before the ist of January; and we hope our 
friends will send us as many new subscribers as they can before that time, also, so that 
we may judge how large an edition we may safely issue. 

We have a limited number of complete sets o\ Vol. i which we will be pleased to 
send to purchasers, post paid, on receipt of $2, per set. 

EDITOR. 
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The Analyst. 



Vol. I. Nov. and Dec, 1874. Nos. 11 and 12. 

THE USE OF IMAGINARY QUANTITIES IN ANALTT 
ICAL GEOMETRY. 



BY WERNER STILLS, MARINE, ILL. 

In works on Anal3rtical Geometry we often find the statement that 
for certain values of the argument x the function y beeomes imaginary 
and hence cannot be constructed. Yet at • the same time we find that 
the fiinction, although imaginary, still varies, still remains a fimction of 
X. For example take the central equation of the ellipse: 

y^^V^^^ (I). 

Here^ becomes imaginary for A?>a, and yet y continues to vary as 
X continues to increase. The question therefore arises whether our no- 
tation is not deficient. If our notation were well adapted to represent 
the relations between the argument and its function, then we should be 
able to construct that function for all values of x. 

By Gauss' interpretation of the imaginary numbers we know that 
when the ^ real " numbers ax e conceived as situate upon a straight linCi 
then the " imaginary " numbers must be taken as situate upon a line 
right-angular to the former and having the point zero in common with 
it. Hence for the purposes of the Analytical Geometry of the Plane, 
it may be well to introduce imaginary numbers. 

Let us see what notation would result from the introduction of these 

numbers and what advantages may be derived from it. An equation 

between x and y^ such as equation (i), states what shall be the relative 

lengths of the abscissa and the ordinate of any point of the curve; but 

nothing is expressed as to the relative directiofis in which x and y shall 
I 
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be counted. Therefore if, according to usage, we tacitly add the con- 
dition that y shall be j>erpendicular upon x^ we need not be surprised if 
occasionally we find a construction impossible. If we wish to have the 
ordinates perpendicular to the abscissas, we should express this in some 
way. This can be conveniently done by the well known formula 

z^x ^t\y , (2), 

z denoting the position of any point of the curve, x its abscissa, y its 
ordinate and i = i/ITi, which symbol expresses that y is perpendicular 
upon X, Now eliminating^ from (i) and (2) we have 

z = x-^i±^^—^ (3V 

Here z is tho position of any point of the curve, x the abscissa and 

— ]/^rzr^ the ordinate standing perpendicular upon the x axis. The 

curve so generated is an ellipse, as is well known. 

Now let us see what becomes of the movable point z when x be- 
comes greater than a. Put ^ = a + /, then 

^ = a-f / + i — 1/— (2a/ -h /^ = « + ^ + ^*— i/iSTf?. 

But #* = — I, hence z = a + / — — \/2at + /• (4)- 

Now Zy which was before of the form !^ ^ /jj, has become a " real " 
number, that is to say, z has entered the x — axis and is still a function 
of X as shown by equation (4), since a* = a + /. The point z moves on 
the X axis. More strictly there are two points ^, as in fact there were 
before x became greater than a. The ambiguity of yzat +, f shows 
that two such points 2r exist; and their rate of motion as depending 
upon / is given by equation (4). 

But since all numbers, real and imaginary, occupy only two dimen- 
sions, there is in space one dimension at our disposal and nothing pre- 
vents us from constructing equation (4) in a plane at right angles to the 
X y plane. 

This equation (4), as we readily see, represents an h3rperbola when 

a + /, as before, is the abscissa and — V2at + /• the ordinate. Now 
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we can construct equation (i) or its equivalent by our present nolalior? 
namely equation (3) 

b 



This equa*^! 
tion gives ar. 
ellipse for 
x<Ca and arl 
hyperbola foil 
x^a. Thtl 
plane i r 
which the hy* 
perbola lies. 
is perpendii- 
ular upon iht- 
plane id 
which the el- 




13 situa- 
ted. Let .vo) 1 
be a perpen- 
dicular plane, x(yv a horizontal plane, then the ellipse lies in the vertical 
plane and the corresponding hyperbola in the horizontal plane. 
The equation of the hyperbola 



r = - , .v« - J 



gives an ellipse for the values o( x lying between + a and — a: and an 
hyperbola for values of .r absolutely greater than a. For, again, 



Z =^ X ± $ —I x^-'ll' 

a 



put A == fl - / 



and we have, similarly to equation '4), 



z =^a — / ± i — 1/' 
a 



2at 



^- fl =^a " t ± /»— y 2ai - 



z = a — / H Vial — /*, 

a 



which is the well known vertex-equation of the ellipse, as is evident 
when recollecting that a — t is the abscissa and — 1/211/ — ~7*^the ordinate. 
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The same figure therefore serves to show the geometrical meaning of 
the two equations J' = — i/^^-T;^, and y = — y ^ZT^. 

In the same manner we find that the equation of the circle 



y = y/a^ _ ^ 

represents an hyperbola for a? > a; and that the equation of the para- 
bola y = \/ax represents another parabola situated in a plane perpen- 
dicular upon the xy plane. 

From what has been said it is evident that our notation will enable us 
at all times to construct the function when the ordinates are imaginary. 
In fact, the geometrical sense 0/ an imaginary number being that it is 
to be counted in a direction perpendicular upon the line of real numbers - 
we see that the symbol 1 may be taken as nothing but a coefficient of di- 
rection. 

By the ordinary method the equation ;t* + y' -(- a* = o 

cannot be constructed; for y = \/—\a^ -|- j^ 

which shows that y is imaginary for all positive and negative values oi 
X. But it is evident that j' is a continuous function of x^ and that there- 
fore we ought to be able to construct corresponding values of x and y 
into some curve. Again employing our notation, 

z = x ±i 1/ - (cf + ^Y = ^. =P Va^'x^, 

which gives an hyperbola. 



After these introductory remarks I proceed to some more general 
considerations. Any curve in the xy plane may be represei.ted by the 
syhibol 

^ = C + '7 {S\ 

Z being a function of x; and rj another function of x. This method is 
preferable to putting ^ = a? + ry, 

where x and y are the coordinates, since by the former method functions 
can often be written in a more tractable form, than by the latter. 

Since f is the abscissa and ifj the length of the ordinate of any point 
of the curve, therefore the tangent at any pdint of the curve will form 
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angle ff with the J'-axis whose trigonometrical tangent will be -^^, / < 



We also see that the well known expressions for the lengths of the 
normal N, the subnormal S». the tangent T, and tlie subtangent S< will 
remain unchanged in form, hence 

In short, all the relations between the differential coefficients and the 
form of the curve are immediately applicable to our present notation. 

We will now discuss the geometrical meaning of some analytical re- 
lations known to exist between real and imaginary functions. A func- 
tion of the iormy(x + iv) we will call (as has become- customary) a 
com flex function; a number of the form a: + ry a complexe number* 

L From the theory ol complex functions we know that 

sin(.;v + iy) == 8injir.cos(fV) +'cos.v.ffln(i3'). 
Or, introducing for oo8(/k; and 8]n(#y) their exponential equivalents, 

sin(Ar + iy) = sin^. (^" ^) + ^''^^^ (^"^ ) (^^• 

Now X and y are independent of each other unless we establish some 
functional relation between these two variables. Hence this equation 
expresses a very general relation and will admit of the construction of 
a very great number of curves. Let us then assign some special value 
to y. At first let j^ be a constant number y ^= a^ then (6) becomes 

sin(.v + ia) = sinAr. f - -"t-^. J -f i.cosa-. L ^—\ (7S 

which for the sake of brevity, we may write thus 

8in(;r + ia) =s A.sin,y -|- j.B.cosAr, 

so that, comparing this with the general formula z = (^ + iijy we see 
that 
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( = A.sin;i;; rj =s Bxosj:. 

Now in order to find what curve is represented by (7) let ur express ; 
as a function of Z- Since 

f* = A».sin*A;; if — B'.cosl'x, we find 



7^ = 3* (i-^), hence 



AY + B'C* = A»B* 



•18). 



This we recognize at once as the central equation of the ellipse. No. 
(7) therefore is the equation of an ellipse whose major axis A 

= — — and whose minor axis B = Let a — oo then B 

2 2 

= A, and the curve becomes a cf'rc/e. For r/ = o the imaginary pan 

vanishes and therefore the ellipse degenerates into a slraiglU lifie. 

These results may be expressed in the following 



Theorem: Th« equation 



2 = sin (a* -|- to) 



represents an ellipse whose major axis is T_ _ and whose minor axis 

2 



d- — ^* 




is 



The canstruciion will be this:! 
Since the argument is ,;i; + iau, th< 
imaginary part of it is constant anc 
X describes a straight line parallel 
to the Asaxis and at a distance | 
from it equal to unity, namely the) 
line in the figure marked i /, i + x. 
argument is i + /, 2 + 1, 3 -f 1, &c. 
ment describes this straight line, the movable point z (the function) de- 
scribes the ellipse. The values of the function belonging to any given 
value of the argument are calculated after reducing the function to the 
form Z + '7' ^" ^^ present case 

z = \{ef* + e~^).sinx + i\(e* — ^").co&«r. 
II. In No. (6) let x be constant, x = a^ while y varies, then 



When X is i, 2, 3, &c., then the 
At the same time that the argu- 
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8in(a + iy) = sinaf — it j + i.cosaf — — \ 

Now in ^ = f + 15 we have ^ = sinaf — 1 j and 

5 = cosa i — — — -) ? hence to express ly as a function of f , 

4 

4 
._ cos^/4C* _ \ 

sin*a.)j* = cos*a.f* — sin'ocos'a (9), 

This is the well known central equation of the hyperbola. For a^^o 
we obtain a straight line parallel to the axis of ordinates whose distance 
from it is \{e — -J). 

For a=zn -^ 2 the curve becomes a similar straight line parallel to 
the ;r-axis. 

Construction r The argument nwves on a line which, is parallel to the 
)}-axis and at a distance from it equal to unity. This straight line passes 
through the intersection of the axes of the hyperbola, which point is in 
the A^axis at the distance = i from the origin of the coordinates* 
The abscissas of the hyperbcda are real, the ordinates imaginary. 

We now have this theorem: 

The formula ir ss sin (a + iy) is the equation of an hyperbola whose 
axes are sina and cosa. 

III. In No. (6) let >^ = *, then 

fm{x ^ix)^mx { f\^^ ) + ^'•co»*(^— ) (»)• 

Now the argument x + ix describes a straight line forming an angle of 
45* with the jvi-axis, while the function describes a curve in the plane of 
these two lines. For at = ;r, 2;r, yt^ &c., the abscissa vanishes, because 

then sin;r = o, while the factor "^ increases very rapidly. For 

2 

X = \n, fff, \itj &c., the ordinate vanishes while the fator in- 
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creases very rapidly. The curve therefore is a kind of spiral. Its on- 
line is in the origine of coordinates. 
Differentiating No. (lo) we have 

drj _ cos;v(^ + e~") — sinAr(g* — r"*) 
d^ ■" sinA<^ —e^)-{- cosx{d' + O' 

When sin.v = o, then the abscissa = o; but for sin^r = o, ^ -^- ^ii^ = i, 
therefore the curve at every intersection with the 37-axis forms an angle 
of 45'' with that axis. Again, for cos^ = o the ordinate = o; but for 
cos^ = o, rfiy -f- rf^ = — I ; therefore the curve at every intersection 
with the f-axis forms with that axis an angle of 45®. 
In order that drj -^ rfi^may be = o, we must have 

cos^t^^?' + r^) —A%x{e' — O = ^\ 



hence 



tauAT = — -. 



The expression on the right hand side of this equation shows that as 
X increases, the value of tan** approaches rapidly to unity. Hence 
dtf H- d^ will become = o for tauA? = i, that is to say for x = J;r, }r, 
J;r, &c. ForA-ss^jithe approximation begins, but for \n^\Tty&c<^ t 
increases very rapidly. 

The construe- 1 
tion is given ir 
the figure. Bui 
the curve soor 
assumes such 
enormous pro- 
portions that 1 
has been tracec | 
only a little be 
yond Ar= iss** 
The argumen 
describes t h ( I 
straight line c 

.V + ix. On the axis of abscissas there are marked the points corres- 
ponding to ^ = 20, ^o, 50, &c., degress. 

We have thus far considered only one complex function, namely 
%\xJ^x + iy\ and wc .scj that it will produce a very great munber of 
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curves, according to the relation which we choose to establish between 
X and y. The same is true of all other complex functions. 

To recapitulate: The introduction of the imaginary numbers into 
Analytical Geometry enables us to construct all functions of the abscis- 
sa, whether real or imaginary. For example the equations 

y + ^ + 4y--2Ar + 8 = o, 

/ + ay* + -^ — S"*" + 10 = o» *c-> &c-» 

without the introduction of imaginary numbers cannot be constructed; 
but when expressing- the condition that y is to be perpendicular upon jr, 
it is easy to construct them. And indeed they must each represent 
some curve since v varies when x does. 



T//B PLANE TRIANGLE AND ITS SIX CIRCLES. 



BY ASHER B. EVANS, A. M., LOCKPORT, N. Y. 

The six circles whose properties are discussed in this artide are the 
circumscribed^ the inscribed^ the nitie-'poifitj and the three escribed circles. 
The first two of these circles are familiar to every student of elementary 
geometry. The nine-point circle in a triangle is that circle whose cir- 
cumference passes through the feet of the three perpendiculars from the 
angles upon the opposite sides, the three middle points of the sides, and 
the three middle points of the segments of the perpendiculars between 
the angles and their common point of meeting. TJie escribed circles are 
three circles situated wholly without the triangle, each 01 which is tan- 
gent to one side of the triangle and to the other two ffldes produced. 

Three points being in general sufficient to determine a circumference, 
it is necessary to show that the nine points enumerated in the definition 
of the nine-point circle are always on the same circumference. To this 
end let ABC (Fig. i) be a triangle, O' the centre of its circumscribed 
arcle, O'a, 0'/9, O'y the perpendiculars from O' to the sides BC, AC, 
AB, respectively. Produce O'a to A', 0')9 to W, O'r to C, making 
oA' = O'a, ^W = O'iS, yC' = O'r; complete the triangle A'B'C, let 
L be the centre of its circumscribed circle, and let a', ^', f be the inter- 
sections of AL, BL, CL with B'C, A'C, A'B'. 
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1. The triangles ABC, A'B'C are 
lequul and their corresponding sides are 
IparalleL 

For J being the middle point of AB and 

l()C\ and/9the middle point of AC and 

|0 IV, the three lines BC, y^, C'B'are par- 

lallel and BC = 2^/9 = C'B'. Similarly 

AC - lya = C'A' and AB = 2^-/ = B'A'. 

2. The triangles a^, a^^Y ^^e equal and 
|lhcir corresponding sides are parallel. . 

Since BO' = BC' = C'A = C'L = L^r 

r^iy the mtcldle point ot C'B'. Similarly fi' and f are the middle points 
of C'A' and A'B'. 

3. L and O' are the intersections of perpendiculars of the triangles 
ABC and A'B'C. 

For AL, BL, CL being perpendicular to C'B', C'A', A'B', are per- 
pendicular to BC, AC, AB (I); and A'O', B'O', CO' being perpendic- 
ular to BC, AC, AB are perpendicular to C'B', C'A', A'B'. 

4. The triangles ABC, A'B'C are reciprocal. 

For O', L and a, a' being homologous points in these two triangles, 
A'O' ■= AL, aO' = «L; and therefore A'a = A«' and Aa' = «'L' 
Similarly 13^9' = ^'L and Cr' = r'L. 

5. If a circumference be described with M the middle point of LO' 
as centre and ^O'C as radius, it will circumscribe the triangles a^, a'^Y 
and pass through pj y, r, the feet of the perpendiculars of the triangle 

ABC. 

A'T TO' 

For the similar triangles O'Ma, O'LA' give ^ = ^^, . • . aM 

= :J.A'L = p'C- Similarly fiU = ^O'C and ^M = ^O'C. Smce oic', 
iipt\ Yf' are diagonals of the parallelograms aLa'O', j9L/9'0', r^r^O', 
they are bisected in M by the common diagonal O'L . • . aM = a'M 
— ^M = /3'M = T-M = r'M = |0'C. Moreover L being the intersec- 
tion of perpendiculars (3), and aa\ ji^\ 77' diameters of the circumfer- 
ence circumscribing a^y and^a'/iYy this circumference passes through p, 

*The engraver has made several mistakes in lettering Fig. i. For 
d and rf' read a and a', for B and B' within the triangle read ^ and ^, 
for A read /, for T and T' read y and f^ and for D read L. — ^Ed. 
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q and r, the feet of the perpendiculars, and is therefore the circumfer- 
ence of the nine-point circle of the triangle ABC. 

6. The circumference of the nine- 
point circle bisects the straight line join- 
ing any point in the circumference of I 
the circumscribing circle and the inter- 
section of the perpendiculars. 

For E (Fig. 2) being any point on the I 
circumference' of the circumscribing cir- 
cle, and MF being drawn parallel to 
O'E and cutting EL in F, 
O'E LE LO' ,, J. 

MF = LF=LM=^ •'•^'^^^^^^^^ 
of the nine-point circle being JO'E, F the middle point of LE, is on the 
circumference of the nine-point circle. 

7. If the perpendiculars A/, B^, Cr, produced, meet the circunrfer- 
ence of the circumscribing circle in A', B', C, the lines LA', LB', LC 
will be bisected by BC, AC, AB, respectively. 

For the circumference of the nine-point circle passes through /, y, r, 
and bisects LA', LB', LC (6). 

8. If the diameter AO'P be drawn, PL and BC will bisect each 
other. 

For D being the middle point of PL, OT> is parallel to AL and hence 
perpendicular to BC. Moreover the foot of the perpendicidar from O' 
upon BC and the middie point of PL are both upon the circumference 
of the nine-point circle; therefore D is on BC and the truth of the the- 
orem is evident. 

9. l^'our circles may be described, each of which shall touch the 
three sides of a plane triangle or those sides produced. If six straight 
lines be drawn joining the centres of these circles, two and two, prove 
that the middle points of these six lines are in the circumference of a 
circle circumscribing the given triangle. 

(The figure can readily be supplied by the student.) 
Let ABC be the triangle; O, Oi, 0„ Og, the centres of the inscribed 
and three escribed circles. Then since O^A, 0,B, OgC are the per- 
pendiculars of the triangle 0^0,0^ and O their intersection, the circle 
circumscribing ABC is the nine-point circle of the triangle OjOjOg; 
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therefore the circumference ol this circle bisects the six lines OO^, OO,, 
00„OiO„0,0„0,0,. 

10. R and r being the radii and O' and O the centres of the circum- 
scribed and inscribed circles, and L the intersection of perpendiculars, 

(0'L)» — 2(OL)* = R» — 4r«. 

Since (Fig. 3) Z O'AL = O'AB — LAB = (B — C) and / O AL 

= OAB — LAB = 1(B — C) the triangles O'AL, OAL give 

(0'L)» = (AO0» + {AL,» — 2AO'.ALcos(B — C) and 

(OL)> = (AO)» + (AL)» — 2AO.ALcosi(B — C); or, since r 

= AOsinJA, AL = 2RcosA(AL=A'0'=20'a=2RcosA as is seen in 
Fig. i) and r = 4Rsin-J^Asin^Bsin'jC (Chauvenet's Trig., Eq. 298), 

(,0'L)» = R* — 4R»[cos(B — C) — cosA]cosA = R« 

— 8R*cosAcosBcosC and 

(0'L)» == .r'^ + 4R«co8»A - 4R^^o?Acos|(B-_C) 
sin -^xV sirifxV 

= 2r« + 4R«cos-A + ^^^^ \ i-*^ sin^AcosiiB- Q } 

= 2r* — 4R'cosA(sinBsinC — cosA) 

= 2r* — 4R*cosAcosBcosC 

. • . (O'L)* - 2(OL)« = R« — 4r«. 

11. R and r^ being the radii and O and Oj. the centres of the cir- 
cumscribed and one of the escribed circles, and L the intersection of 
perpendiculars (0'L)« - 2{0^lSf = R« — ^r\. 

Since (Fig. 3) /O^AL = /OAL = ^(B — C), we have from the 
triangle O^AL, (OiL)» = (AO,)» + iKUf — 2AOi.ALcosi{B - C); 
or, since ri== AO^sin\.A, AL = 2RcosA, and r, = 

4RsiniA.osiBcoslC (Chauvenet's Trig., Eq. 298), 

(0,L)« = -J±-^- + 4R«cos«A - 4Rng^s_ Acosi(B- C) 
^ ^ * sm«^A ^ sm^A 

= ^''^ , + 4R»cos«A - 4RI1COSA rasinAAcosKB -C)] 
I — cosA ^ I— cosA •- a i\ /J 
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=s 2rf — 4R*cosA(8inB8inC — cosA) ' 
= 2r* - 4R-'cosAcosBcosC. 
(O'Ly = R- — 8R*cos AcosBcosC, we have * 
(O'Ly — 2(0^hy = R» — 4rJ. 



Since by (ii) 




12. The nine-point circle is tangent 
to the inscribed circle internally. 

The centre of the nine-point circle 
being at M (Fig. 3) the middle point of I 
LO', the triangle LOO' gives 

2{OLf + 2(00')* = 4(OM)- 4- (O'L)'. 

Since (10) 
(O'L » — 2(OL)- == R* - 4r* and 
(OO7 = R» - 2Rr (Chauvenet's Trig., | 

Eq. 300), 
4(OM)» = R» — 4Rr + 4r , and 
. • . OM = iR -^ r. 

The radius ot the nine-point circle being JR, the truth of the propo- 
sition is evident. 

13. The nine-point circle is tangent to each of the three escribed 
circles externally. 

In this case the triangle LO^O'^ (Fig. 3) gives 

2(OjL)' + 2 O^O')' = 4 O^M)» + {0'L)«. 

Since (II) (0'L)« - 2{0^hy = R« ~- 4^? and (0,07 = R* + 2Rr' 
(Chauvenet's Trig., Eq. 301), 

4(OiM)« = R» f 4Rr, + 4^?, and 

.'. 0|M = ^R + r^. Similarly, r,, r, being the radii 
and O,, O, the centres of the other two escribed circles, 

0,M=iR + r, 
and 03M=iR + r,. 

The distances between the centre of the nine-point circle and the cen- 
tres of the escribed circles show that the nine-point circle is tangent to 
each of the escribed cireles and moreover that the contact is external. 

14. The nine-point circle of the triangle ABC (Fig. i) is tangent to 



Digitized by 



Google 



-194- 

the' thirty-two inscribed and escribed circles of the triangles ABO. 
ALC, BLC, ALB, A'B'C, A'O'C, E'CyC, A'O'B'. 

Since a, /9, y^ a', j9', f^ the middle points of the sides of these eight tri- 
angles, are on the circumference of the nine-point circle of the triangle 
ABC, this nine-pcnnt circle is common to the eight triangles, and it is 
therefore tangent to their eight inscribed and twenty-four escribed cir- 
cles. 

15. The intersection of perpenaicular», the centre €/i the nine-point 
circle, the centre of gravity of the triangle, and the centre of the cir- 
cumscribed circle, are four points in the saane straight line, and their 
distances apart are in a eonstant ratio. 

Let these four points be designated by L, M, G, O' (Fig- 1)- As Aa- 
B^, C;* intersect in the centre of gravity of the triangle ABC, G is the 
centre of similitude of ABC and a^. It 15 evident that M, L are the 
centres of similitude of a^^'f ai.d afty^ ABC and u'^Xt respectively- 
Since G, M, L are the three centres of similitude of the three triangles 
ABC, a^y a'PY whose sides are respectively ]>arallel, these three points 
are on the same straight line (Hackley's Geometry, Appendix 2, p. 2): 
but LM passes through O'; therefore the four points G, M, L, O' are 
colinear. 

I^ and O' being the intersections of perpendiculai s, and G the centre 
of similitude of the triangles ABC, a^y^ we have 

LG: GO'::AB:aj9::2 : i. 

Therefore, since M is the middle point of LO', 

LM _ I MG _ 1 GO' _ r 
ttF~T' TJy-^' LCF^T 

The nine-point circle is celebrated in the history of geometry. Some 
o( its properties were given by a German geometrician as early as 1822, 
Steiner gave the property of contact with the inscribed and escribed 
circles in 1828 in Gerganw^s Annales. The designatibn ^nine-poifU '" 
was first given to this circle by Terquam in 1842, in the NauveUes An- 
nales des Math. This interesting circle began to attract the attention oi' 
£nglish mathematicians about twenty years ago, and its properties have 
been given in various prize questions proposed at the English Universi- 
ties; but I am not aware that any American mathematician has treated 
of its most simple properties. 
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A NEW METHOD OF FINDING DIFFERENTIALS— A 
SUGGESTION FOR MATHEMATICIANS. 



BV PROFESSOR W. D. WII^ON, OF THB CORNELL UNrVERSITY. 

It seems to me that much of the obscurity and uncertainty now at- 
tending the first stages in the study of the Calculus can be avoided by 
means of the following suggestions: 

The Calculus is a method of finding values by means of rates of 
variation, 

A DIFFERENTIAL COEFFICIENT is any number by which it is necessary 
to multiply the rate at which one variable changes in order that it may 
he equal to the rate of variation of another. 

Now suppose we have a variable as x^ which increases uniforndy at 
the rate of one unit of the measure of increase in one unit of the meas- 
ure of time; we write the differential dx. On this supposition x be- 
comes consecutively i, 2, 3, 4, 5, &c.— and dx ^ 1. Now suppose we 
have rfy5= 2. We have another series i, 3, 5, 7, &c., or possibly o, 2, 
4, 6, &c. 

Suppose we have x and y and « = .« 4- y; what is the differential of 
«, the function of a: + ^, or the sum of two variables? 

Suppose dly = I, as in the former case, and rfy r= 2, then we have, 
denoting the successive moments by the letters a, i, c^ etc., 

a^ 6y Cj d. 

etc., successively, and dx^= 1. 
etc., " dy = 2. 



4f=I, 


2, 


3. 


4» 


5» 


:k = i, 


3. 


5. 


7. 


9» 


Sums, 3, 


5. 


8, 


*", 


H. 



Here, we see at once that the differential of the sum, x + y/\s 3, or 
the sum of the differentials i and 2^ or du = dx t dy. Or if we sub- 
tract one series from the other, term for term, we find in the same way 
that the differential of the difference of two variables, is the difference 
of their differentials. 

Or if two horses of unequal strength, one of which can raise a weight 
at the rate of one mile an hour, and the other at the rate of two miles 
an hour, both pulling together they will raise it at the rate of three miles 
an hour. Or if they pull in opposite directions, they will raise it one 
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«, ( 


>, c, a 


f. 


X=I, 


2, 


3» 4. 


5. 


y=i. 


3. 


5. 7. 


9. 


Products = I, 


6, 


i5> 28, 


45. 


Differences = 5, 


9. 


13. 17- 
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mile an hour in the direction of the effort of the strongest horse; we 
have, therefore, d{x + y)=^dx -i- dy and dx — y)^=^ dx — dy. 

Now let us try the product of two variables, x and y; we have « =xy. 
As before, let a, A, r, etc., denote different moments of time, and we have 
moments, 



etc., successively, and dx = i. 
" ** dy = 2. 



If we take the values of one variable, as x at the beginning- and at the 
end of any moment, as rf, for example, add them together and divide the 
sum by two, we get the average oi increase for that moment. If now 
we treat the values of the other variable for that moment in the same 
way, and then multiply the average of each variable by the differential 
of the others and add the sums, we get the same result as before, thus: 

4 + 5=9 divided by 2 = 4}. 
7 + 9 = 16 " by 2 = 8. 
Now, 4^ X 2 = 9 and 8X1 = 8. 

And 8 + 9 = 17, which is the increment of the product of the varia- 
bles for that moment, or the rate is 17 divided by i. 

Nor is it at all necessary that the variables should increase at any 
uniform rate, the result will be the same whatever may be the rate or 
law of increase of the several factors. 

If, in the cases before us^ x =y and dx = rfy, then xdy + ydx becomes 
ixdxy which is the differential expression for .^v*. Or if we have instead, 
three variables, Xy y and Zy equal to each other, and their differentials 
are also respectively equal, we have the differential of a cube, or d(x^ 
= yc'dx. 

After having found the differential of the product of two variables, it 
is a much simpler and easier way to find that of three or more algebra- 
ically. Thus, for xyz let 5 = atj, then sz = xyz^ and differentiating sz 
by the formula for the produst of two variables, we have sdz + zds. 
Substituting for s its value, ajt, and for ds its value, xdy + ydx^ and we 
shall have the result, xydz + zydx + zxdy. 

And in fact with the two already given, namely, the sum and differ- 
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ence and the product of two variables, we can find all the others of any 
kind or order algebraically as in the above example. 

I will however give one more example of reference to series for the 
sake of another fact that it will develop. 

Suppose we have the fraction x-^ y with the desire to find its dififeren- 
tial. Let x equal i, 2, 3, &c., successively, and y equal i, 3, 5, 7, &c., 
.then dx=^i and c/y = 2. Considering them in separate moments as above 

we have, moment «, 3, c, rf, 

• i- A 3_ 4 &c &c 

I' 3' 5' 7'*^"^^- 

Take for example the moment i, and the fraction increases, or rather 
decreases trom -- to 5^, or - . If we take the next moment or c it de- 

creases from — to — or . For the next moment the decrease is J^. 
35 35 35 63 

Here we observe that the numerator of these amounts of decrease 
for each successive moment is uniform,- i. If now we take the frac- 
tion for any moment as 2-^-3 and multiply the differential of the numer- 
ator I by the denominator for the moment 3, and from their product 
= 3 subtract the product of the numerator by the diflferential of the 
denominator 2X2 = 4, we have — i, which is the constant numerator 
found above. , 

Now whenever both the numerator and the denominator of the fraction 
increase or decrease uniformly — that is, each of them have any constant 
for their differential coefficient, we should have the same phenomenon, 
namely, a constant numerator for the amount of the change and this con- 
stant is always the differential of the numerator minus the differential of 
the denominator; that is, when the rate of change is uniform in both the 
members of the fraction, the usual form ydx — xdy is the same as dx 

— dy^ and the coefficients y and x are unnecessary. 

If now we turn to consider the danominators obtained above for the 
successive moments, we shall see that we obtained them by multiplying 
the value at the beginning of a moment as 3 into the value at the end 
of that moment as 5 — giving us 15, 35, 63, &c. Il we are to regard the 

— 1-5-15 as the amount of change — this difference is important. But if 
we are to regard the moment as an indivisible amount of time, and the 

— 1-^15 as the rate of change at that moment rather than the amount 

3 
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of change during any moment or amount of time, the difference be- 
tween y and y'' becomes nothing and y' X y" is the same as y*. Hence 
the formula {ydx — xdy )-«^, and when x and y taken separately change 
uniformly, we have {dx — ^)H-y»for the differential of the fraction x-^y. 
And in all this there is no assumption that the differential is small, or 
that it may be treated as nothing on one side of an equation while we 
use it as something on the other; and there is no need of any such as- 
sumption. For the sake of convenience the unit or moment of time 
should be made the same far all the variables that enter into any 
one equation. . But it may be different for each set of variables between 
which we may have occasion to make an equation. 

The method of finding differentials above suggested is based on the 
principle that ** the amount of change during any moment, considered 
as a quantity of time, is, when divided by the unit of time, the rate of 
'Change at the moment, considered as an indivisible point of time." 
Hence we first find the amount of change in a moment in numbers and 
replace those numbers, factor by factor, with the algebraic symbols rep- 
resenting the variables and the difierentials of each of them. We have 
then a general expression for the rate of diange of the compound vari- 
.^able. 

It may be said that this is after all only experimentaL It is merely a 
numerical computation, and has not the generality and abstraction of 
*form that mathematicians demand. 

Perhaps so. But, then, there is no algebraic method of proving these 
formulae, that has yet fallen under my notice, that does not encounter 
some one or more of the difficulties I mentioned a: the beginning of this 
ipaper. There is no one of them that I know of that does not involve 
an absurdity, and that may not be shown to be false by what is known 
•as the indirect method ol proof as reductio ad absurdum. 

But again. We must accept some things that cannot be proved alge- 
braically or by general formula. The multiplication table cannot be 
Jfroved in that way, that I know of. I do not think that any man has 
•ever yet proved algebraically, or by the use of letters, that 3 X 4 = 12. 
He may say, " let a represent 3 and b 4, and then the product will be 
oi." So indeed we may call it, and so we may write it. But who shall 
prove to us that ab is twelve rather than thirteen or eleven? 

There are doubtless cases in which we must make the unit of in- 
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crease exceedingly small; thus, in the rectification of curves, we can 
measure the chord of an arc, the arc itself we cannot measure; there- 
fore, if we will express the rate of variation of the arc in units of incre- 
ment, which are exceedingly small, we may take the length of its chord, 
which we can measure, for the length oi an arc, which we cannot, and 
we get an approximate value for the circumference of the circle in the 
terms of its radius. But it seems to me we had better leave the expla- 
nation of these cases until they actually occur in the course of the ap- 
plication of the Calculus. 

The necessity for so regarding the differential is not foimd in the na- 
ture of the differential at all,— but it is foimd in the nature of the caset( 
to which we apply the Calculus. 

I take the more interest in this matter because of the great import- 
ance I attach to the Calculus as a means of mental diacipline and cul- 
ture; and this value does not arise at all from its being a difficult study 
— one that requires patience, perseverence and concentration of thought. 
It is rather because it puts the mind into a new .ittitude in regard to all 
things, and enables the man of thought to see them in a new light and 
in new relations. I can hardly regard any one as capable of compre- 
hending the highest, the most general and the most comprehensive 
truths, without the power and the habit of looking at them from the 
point of view to whice the study of the Calculus will, of necessity, carry 
him. 

But I believe that the subject has been very luinecessarily involved in 
metaphysical subtleties — not to say absurdities— and that the difficulty 
of comprehending it, and the consequent disinclination to study it so 
common in all our schools and colleges, has arisen chiefly fi-om this un- 
necessary embarrassment. Adopt the explanation I have now given, 
treat the differential dx as you treat any other factor, and the Calculus 
may be made as intelligible as the multiplication t.vble. It may be ap- 
plied to the simplest operations in arithmetic, or in the proof and solu- 
tion of the simplest problem in geometry — may, in fact, be understood 
by all persons, and be none the less powerful and wonderful as a means 
of science in the attainment of its most recondite facts and laws, on that 
account. 

It will also be observed that the formulae given by my method do not 
differ at all from those in common use. The only difference is in the 
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explanation given to them and the method of finding and proving them. 
Nor will this method, so far as I can see, while making them intelligible 
and bringing them within the easy comprehension of all persons, put 
the learner in any position of disadvantage in reference to the higher 
and more difficult questions that he must encounter in his further pur- 
suit of knowledge or in the practical applications of it to the various 
purposes of life. 



ON THE DIFFERENTIAL E^UA TIONS OF DTNAMICS. 



= o. 



BY G. W. HILL. 

The general formula of dynamics is 

lA the usual treatment of this equation, we have been asked to attribute 
, to the symbols dx^ dy^ 8z, &c., the signification they have in the calculus 
of variations. This however is unnecessarj', except when we wish to 
deduce from it the principle of least action; and the student, unac- 
quainted with this calculus, may regard these symbols as mjiltipliers, 
which, when all the points of the system are free, have any finite values 
we please, but when the coordinates are restrieted to satisfy an equa- 
tion U = o, are subject to the condition 

^^*^+ rfy 'y+ ^^^^^ + &c. = o, 

an equation which, for brevity, we shall write 8\J = o. 

We shall confine our attention to those cases in which the equations 
of condition and the accelerating forces are functions of the coordinates 
and the time only, and in which the latter are equivalent to the partial 
differential coefficients of a single function Si taken with respect to the 
coordinates whose acceleration they express. 

Whenever a function as U involves, in addition to x^ j, z^ &c., their 
first diflferential coefficients with respect to the time, quantities which we 
shall denote by x\ y\ z\ &c., we shall suppose that ^U involves, besides 
the terms written above, the following 
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^ 8.' + ^,- 8y' + .^,- Hz' + &c. 

Moreover as we shall have to differentiate such functions as S\] with 
respect to /, we shall meet with such quantities as , and shall sup- 
pose that the order of the symbols d and d may be inverted, that is, we 
shall have equations such as 

ddx 3. dx ^ J 

dt^^dt^^"^- 

The reader will see in this only a notational assumption, without quan- 
titative significance, serving merely as machinery of demonstration. It 
will be noted that / is a variable not subject to the operation 8. 
We have 

:^{Xdx -h Y/?y + Zdz) = SSJ, 

and for convenience may put 

iv^ldx^ d\^ , dz^ \ rp 

Then it will readily be perceived that the general formula can be writ- 
ten thus 

The coordinates a% v, z^ Ac, can be expressed as functions of the time 
and certain variables y^, independent of each other and whose number is 
equal to that of the variables x^ j, ^, &c. diminished by the number of 
equations of condition. Substituting for x^ y^ z^ &c. theii values in 
terms of the new variables y,-, it is plain that the last equation will take 
the following form, 

We can find the value of /;, without actually making the substitution, 
from this consideration ; since the original equation contains only the 

variations dx, dy, dz, &c. without the variations ^-, 5-/ d f &c., it fol- 

al at at 
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lows that, in its transformed state, it should contain only the variati0ns 
iqi without the variations ^^-• 

Then writing y/ for ^^, the coefficient of iy/ should vanish in the 
equation 

That is, since Q does not contain ^/, 
Thus the general formula becomes 

Because in this equation the variables gi are mdependent, we may 
equate the coefficient of each dqi to zero. Thus 

dt 'dql dqi 

This is Lagrange's canonical form of the differential equations of motion. 
A simpler form may be obtained by substituting the variables fi for 
qi. By adding to and subtracting from the general formula, the term 
^'^kMi\ and writing 

H = JK^^/)-T-i?, 
it becomes 



Mf^'-t^') +'«="• 



Equating the coefficients of each variation iqi and ipi to zero gives the 

equations 

dfi^^_dYi dq^ ^rfH 

dt dq^' (U dpi' 

which are known as Hamilton's canonical form. 

The expression for H can take a simpler shape. From the value of 
T, it is evident that a certain part of it is independent of the variables y<, 
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which may be denoted by T^,, another part T^, involves the first pow- 
ers, and a third T, involves the squares and products of the same; then 
T = T. + T^ + T,. By the theory of homogeneous functions 



Hence, writing 



\dqi 

H = T, — Q', 
GEOMETRICAL PROBLEM. 



BY T. P STOWELL, ROCHESTER, N, V. 

In any triangle whose angles are all known, as also the distances 
from the three angles to any point either within or without the triangle, 
the sides may be found as follows: 

Let ABC be the triangle, and P a point i 
whose distances PA, PB and PC are giv- 
en; revolve the triangle APC over the 
side AC, P will be at F; and APBj-e- 
volved over AB, P will be at D; also BPC I 
revolved over BC, P will be at E; then [ 
join DE, EF and FD. 

The A AFD is known, having two equal I 
sides, AF and AD, and the included angle 
DAF double the angle BAC. Hence DF 
is known. Similarly FE and DE are] 

known, and therefore all the angles of the A DEF are known. Conse- 
quently Z APC = AFD + DFE + CFE, and therefore the sides AC, 
AB and BC are easily found. This question admits of an easy geo- 
metrical construction. 
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Note on the Solution of Quadratic Equations, by Wm. Rock, 
C. E., Eagle Village, N. Y. — The following method of solving Quad- 
ratic Equations does not appear in many excellent books on Algebra. 
The object of the method is to solve any quadratic equation without 
involving fractions. 

Let ax' + 2hx = n , ^i ) 

be any quadratic. Assume x ^=^y -¥■ a^ then will ax^ — = y -5- a, and ibx 
= 26y -^ a. Substitute these values in the given equation and we have 

f. + ^^. = u 2). 

a a 

Multiply (2) by a and we have 

y^ ^ 2by = an (3). 

We have thus removed th e coefficient of X!\ without changjing that 
of X, Solving (3)^by the ordinary rule, we have 

y=z-^h± \/an -iH?' 

Hence 

a a ^ 

which gives the following arithmetical 

Rule: If the coefficient of x is an odd number double the whole equ- 
tion, then multiply the right hand member by the coefficient of .v*, to 
the product add the square of half the coefficient of x^ extract the 
square root of the result, connect this square root with half the coeffic- 
ient of X with its sign changed and divide this result by the coefficient 
of x^\ the quotient is the value of x. 

Numerical Example, — Let hat* — lyjic = 108. 

Since the coefficient of x is odd, double the equation and apply the 
rule to the resulting equation : 

22x^ — 34^ = 216. Then 216 X 22 = 4752, add (iX34)* = 17' = 287, 
and we have 4752 -f 289 = 5041, extracting square root of this sum we 
have 1/5041 = d= 71. Hence 

X T=z L —- '-. = 4 or — 2^. 
22 ^ ^* 
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SOL UTIONS OF PROBLEMS IN NO. 9, 



Solutions of problems in No. 9 have been received as follows: 
From A. L. Baker, 38 & 40; Geo. M. Day, 38 & 39; Prof. A. B. Ev- 
ans, 37, 38, 39 & 40; Henry Gunder, 38 & 39; Henry Heaton, 38, 39 & 
40; Artemas Martin, 37 & 38; Walter Siverly, 38 & 39; E,B. Seitz, 
38 & 40. S. W. Salmon apd R. M. DeFrance each sent an elegant so- 
lution to Werner Stille's quest in Curves of Pursuit* 



37. — ^ Divide unity into three parts such that if each part be increased 
by unity the sums shall be three rational cubes." 

SOLUTION BY ARTBMAS MARTIN, ERIE, PA. 

Let flV — I, f^^ — I and ^V — i be the parts required. 
Then (fx^ — i + b^^ —1+^-^—1 = 1, , 

or («» + i» + ^)^ = 4 = A ( i). 

••• ^ = ?-T^ ^^^• 

Leta« + ^ = /,then*» = ^^ (3). 

Let f — 5 =i r. Then, putting r»A = / — 5», 

A ^ 1 

xV XjL x\. 

by reduction, ^ = ^^. 

_ { 2f*h. + 3* \ _ r»A _ I / r» A — j« \ 

••• ''-Va-.^J' "- t*k + f^~T\^K~T^r 

and <^/ >'*A — 5» \» ., ^(llhlZll\^—i 5' / 2r»A + 5» \» ^ 
r»\r«A + 25»/ ' r>Vr»A + 2sV ' r»\r»A + 2s»y ' 

are the parts required. 
4 



x> = 
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We must now solve the equation t^ + Ifi = t. y^ + z* 

Suppose ^ — yz + z* = m', and y and z prime to each other; then 
im) "^ im) ' ^JK + ^' an** »« general 

— (2« + l)z]. 

When«-o. (Z^)%(2.)' = 2^_. (4), 

He nee we may take a === ^ ^ , bz=:z y^^ and / 2y — -gr. 

Put y = z; -f w, ^ = z; — tt/; then jv*— j)''^ + ^=^-h yt^ = w', 
which is satisfied by 

z^Af^ Zqlt - 3?) - 3?(/ + q\t - q\ 
Take / = ii, ^7 = 2; then y = 1637, z = 233, m = 133 and / = 3041 ; 

But we must have r*K + 5» = 4r' + 5» = /= 3041. 

Let r = <), then 2916 + 5» » 304X> *' = ^25, and 5 = 5. .• . x 

/ 39i8564 y _ J ^ 5743015291812773736 
^3789702^ 54427098504275016408' 

/3961405V _ I ^ 7738158893915488717 
^3789702^ . 54427098504275016408* 

74568867 \* J ^ 40945924318546753 955 
^3789702^ 54427098504275016408' 

Set Mathemattcal MtscellanyyT^^. 1 18-123, whence the substance of 
this solution is taken. 



38.-«Prove that i- - ' + r^ - tzJ)^ = J.; where «is 

|2. l3_ It !^ «' 

the base of Napierian logarithms." 
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SOLUTION BY B. B. SBITZ, GRBBNTILLS, OHIO. 

By a well known theorem, 

€' = ! + — + ^ + ^ + &c. Making a? = — i, we hav^ 

^-'+JL- (-j01_^x__L. Q.E.D. 

\2_ |3L |4_ \JL ^ 



39. — " Two weights are connected by a fine string which passes over 
a pulley; if the weights be <o' and 72 lbs,, determine what stationary 
weight"^th^ string must be able to support, that it may just escape break- 
ing during the motion." 

SOLUTION BY HENRY GUNDBR, GRBBNVILLB, OHIO. 

As illustrated by Attwood's Machine, we have a moving force = 22^, 
and a mass to be moved = 122; hence the velocity acquired in one sec- 
ond is 1%^ = ^^. The 72 pound weight will have acquired this ve- 
locity in one second, but moving freely under the influence of gravity 
its velocity would have been g: . • . there must have been an opposing 
force of f^^, or f f of 72, on the string = $^^^ lbs. 



4a — (See Analyst No. 9.) 

SOLUTION BY PROFESSOR ASHBR B. EVANS, LOCKPORT, N. Y. 

We will take for the axis of y that side of the canal along which A 
walks and for the axis of x Si line perpendicular thereto at an arbitrary 
point, the canal being on A's right hand side and in the direction of x 
positive. 

Let the time / be computed from an arbitrary instant, and let x' and 
y' be the coordinates of B when A is on the axis of ^ at a distance from 
the origin expressed by b -^ «/, b being an arbitrary constant depending 
on the situation of the origin and the instant at which the time / is sup- 
posed to commence. Then the right line joining B and A will have for 

its equation x — x' = ^ _ (y — y (i); from which it 

follows that this line will make with the axes of x and y angles whose 
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cosines are . "^ — and ^ ~ "" ^ _ . Two 

V^' + (/ —b — ntf Vo^ -r (y' ^b — ntf 

constant forces are acting upon B, the force r due to his rowing and 
acting in th^ direction BA, and the force tn due to the current and act- 
ing in the direction opposite to y positive. The components of the force 

r in the direction of x and y are — and 

Vk'^ + {y' ^-b — ntf 

_^y ^ ^ ^^^ Considering that the former of these compo- 

Vx'^-\-{y' — b — nti' ^ ^ 

nents constantly tends to diminish the coordinate x'^ and that the latter 
tends to diminish y' when y'>{b + nt) and to increase it when 
y'<{b + nt\ for the motion of B we shall have, from well known prin- 
ciples of mechanics, on omitting the accents as henceforth useless, 

dx rx r^^A^y riy-'b — ni .y, 

^^ i/at* + (jK — * — «/)' ^* |/a^ + (y—b^fa)* 

To integrate equation (2) put y ■— b — nl = xtSLti^ (3); 

then -^ = — rcos^ and ^ = — rsin^ — m (4), 

Differentiating (3) and dividing by di, we obtain 

I _ « = ^ (ta„i^) + ^^ d(tani^) (5). 

Substituting in (5) the values of -^ and ^J given by (4), 

m »- « = — ^- rf(tanj«i) (6). 

But ^ = — rcos^ = — -- . ^-- (7), 

d^ ^ VI -{■ tanV 

and from (6) and (7) on putting "'"'"" =^ we find 



r 



fdx_ rf(tart^) -g. 

X |/i + tanV ".' 



Integrating (8) log(^)'' = log-{ tanjJ + v'l + tanV h O"" better 
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[yY = tanjj + i/i + tanV (9)» 

-where ^ is an arbitrary constant. To determine this constant, we ob- 
serve that at a certain time the line joining B and A is perpendicular to 
the side of the canal, or to the axis of y. Taking the origin, which we 
have not hitherto completely fixed, at the point where this perpendicular 
meets the axis of y, denoting the width of the canal by c, and taking the 
instant when A is at the origin of coordinates for the origin of /, we 
have when / = o, *:=o,j^ = o and x = c; whence from equation (3) 

tan^ = o, and then from equation (9) (-^) == (-r) "^ ^ ^"^ c^ = c the 

width of the canal. 

Equation (9) now gives tan^J = — | f — j — l—j y ; and therefore 

sindf = ^ ^^__ , cos^ = (10) 

eliminating di from equation (4) 

dx rcosip \ 2r l\c) \ 2r )\c ) ^ ^* 

Integrating equation (11), remembering that .v = ^ when ^ = o, we have 

^-?^{(Tr-!+^i(fr-'}--<-'- 

When j^ = a, A? = o and equation (12) gives a = p-^ — ^^^ y .; and 

therefore c = — fr* — (w + «»'] = the width of the canal. 

Note.— The foregoing general solution includes the problem pro- 
posed by Werner Stille on p. 145 of The Analyst. For putting m 
= o, r = n* and c = the line AB, we have from equation (12) 

^=T[;rT.!(T)"-'}-^i(T)^-'}] 

for the equation oi the curve pursued by the dog. 
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[Messrs. A, L, Baker, of Lafayette College, Easton, Pa., and H, 
Heaton, of Des Moines Public Schools, solved No. 40 by determining 
the Eq. to the curve which represents the trace of the boat in the wa- 
ter, in which case the question may be solved exactly as Mr, Stille's 
question, by substituting m + n for the velocity of the man (x= i in Mr. 
StiUe's quest) and r for «, the velocity of the dog. 

The foregoing elegant solution of No. 40 is all that could be desired 
as a solution to questions of this kind. We add, however, the following 
solution based on geometrical considerations, hoping that it may assist 
the student in comprehending the solution of these questions: 

Put the required dis- 
tance PR = py and pro- 
duce QP to C, making 
PC : PQ ::m : fly then is 
PC = ma -^ n =^ a'. 

Let A and B represent 
contemporaneous positions 
of the two men at the end 
of any time /. Join RC, 
and draw B* parallel to 
RC. Take a point c on 
the line AB infinitely near 
B, and draw b'c parallel to CQ. Put CV' = x and AB = j^. 

As the distance traversed by the boat from B towards A, if not influ- 
enced by the current, would be proportional to the time, we shaU have 
B^ = rdt; but during the time dt the current will carry the boat in the 
direction of the line ^i' a dittance cf^=>mdt^ the resultant of the two 
forces being the curve ^f; . • . Vf = dx. Draw Bi perpendicular to 
b'Cy then is 6'i = mdl^ .* . ci = //^= dx^ andji = dx — mdt. 

If while B describes the curve B/J A advances to A, we shall have AA 

= ndl. Join yA and draw Ag- and ce each perpendicular to /A. Then 

by similar triangles we have. Be : ci::cf: efy or rdt : dxwmdt : tndx 

-^ r =^ef. Also B^ : ciw PJi : gh^ or rdt : dx:: ndt : ndx -^ r -= gh. 

Now the decrement of AB is obviously ef -{- gk — B^, therefore we 

have, dy = — dx + — dx — rdt = ^ + ^ dx — rdt. Putting 
r r r 

{m '\- n) -^ r =^q and integrating we have 
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y = f ^ qx — rt (i), 

f being the constant introduced by integration. 

Because iA = a' + «/ — x^ we have, by similar triangles, v : a' 
+ nt — xiirdl : mdt + dx. Substituting for y from (i) and reducing 
we get 

dl _ f ^ qX'-'rt f ^ qx^ rt .. 

dx {a^r—mf) — (r-^ mq)x + K^ + ^Y f — /^ + r't ^ ^* 

When jyf =s= o, in (i), ;v = a + o', and rt ^ ra -^ n. 

, ra tn + n f , »v ra m + n ^ m + nm ^ 
^ n r ^ ' n r r n 

f^a mn + w' _ ^ + mn a[r^ — (w + nf\ 

rn rn rn rn 

If it were required to determine the length, z, of the curve, because 
cfe» = B/^=:B/* + i7'=B^— ^/» + (ct — cff^r'dfi — dx' + d^ 
— 2mdxdt + nfdfi = r^dfi + nfdf^ — imdxdt^ 

.'.dz = y{f* 4- n^e— 2n(dxdt (s)- 

Because (2) Is reducible to a homogeneous equation it may be inte- 
grated in finite terms^ and hence, by substitution in (3) we have dz in 
fimctions of a single variable, which being integrated will give the 
length of the curve. 

Messrs. S. W. Salmon, of Mt. OBve, N. J., and R. M, DeFrance, of 
Mercer, Pa., each sent an elegant solution of Mr. Stille's question, but 
as either of the above methods applies equally well to that case we re- 
luctantly omit their publication. — Ed.] 



PROBLEMS. 



41. By J. P. Child, Salem, Iowa.— Given a* + ^ = 7 (1), 

^+^ = 11 (2J, 

to find the values of x and y. 
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42. By Philip Hoglan, Newcomerstown, Ohio. — Find two in- 
tegral numbers the difference of whose squares is a cube, and the dif- 
ference of their cubes a square. 

43. By L. Regan, Boonsboro, Iowa. — Let AB and AC be two 
lines intersecting each other at right angles in A, and D, any point 
given in position. Required the position of a line EF through D inter- 
secting the lines AB and AC in E and F, so that (ED)« + (DF)* = m^. 

44. By George L. Dake, Cleveland, Ohio. - If a circle be divided 
into three equal parts by two parallel chords, find the perpendicular dis- 
tance between the chords in terms of the radius. 

45. By Elias Schneider, A. M., Sunbury, Pa. — Required the 
area and sides of an obtuse angled triangle whose angles are to one 
another as 2, 3 and 7 and whose longest side equals i. ^No logarithms 
to be used in the solution. 

46. By Kate R. Mason. — ^The area of the piston of a high-press- 
ure engine is 1200 square inches, the length of stroke SjJ^ ft., the press- 
ure of steam upon the piston 32 lbs. per sq. inch and the number of 
strokes per min. 18. Required the number of cubic feet of water the 
engine will raise from a mine 60 fath. deep, the friction being estimated 
at I lb. per sq. inch, plus the pressure of the atmosphere. 

47. By Henry A. Roland, Troy, N. Y.— What are the forces of 
inertia acting on a given point of mass m in the axis of the connecting 
rod of a steam engine whose crank arm moves with \miform angular 
velocity wf 

48. By Artemas Martin, Erie, Pa. — A cylindrical tower, radius 
r, is surrounded by a walk, width a. Two persons are on the walk; 
what is the probability that they can see each other? 

49. By Prof. D. M. Sensbnig, Millersville, Pa. — How far will 
a man travel in unwinding an inch rope from a frustrum of a cone 
whose upper diameter is 2 ft., lower diameter 15 It., and height 35 ft., 
the rope to be closely wound around the frustrum fi-om top to bottom.'^ 

50. By Prof. A. Hall, Naval Observatory, Washington, D. 
C— Assuming the earth's orbit to be a circle, if a comet move in a par- 
abola aroimd the sun and in the plane of the earth's orbit, show that 
the comet cannot rem^n within the earth's orbit longer than 78 da}rs. 
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A Complete Algebra^ for the use of Schools, Acadefnies and Colleges^ by Joseph Ficklin, 
Ph. D., Professor of Mathematics in the University of the State of Missouri; Ivison, 
Blakeman, Taylor & Co., New York and Chicago, 1874. 

From the partial examination we have been able to give this book, and from our knowl- 
eige of the ability and accuracy of the author, wc have no hesitation in bestowing upon 
it our highest commendation, as a systematic and thorough treatise on Algebra. 

A Treatise on the Principles and Application of Analytic Geometry^ by Henhy T. Eddy, 
C. E., Pii. D., Professor of Mathematics and Astronomy in tlie University of Cincinnati ; 
Philadelphia, Cowperthwait & Co., 1874. 

In the production of this treatise, we think Prof. Eddy has rendered an important ser- 
vice to students. Our limited space will not permit us to mention the various excellen- 
cies thai are manifest on even a cursory examination of the book. We must content 
ourselves therefore, for the present, in quoting a single paragraph from the preface: — 
*' The form of notation adopted is thoroughly systematized and prepares the student to 
read with ease the great modern writers upon analytic geometry. The marked value of 
the ang^ular notation used is a sufficient recommendation for it^ adoption. For it Lam 
happy to acknowledge my indebtedness to Prof. J. M. Peircc, of Harvard University, from 
whose book it is borrowed." 
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Erbata. On page 76, fourth line from bottom, insert the coefficient 2 
before ^'sin \C^ &c., in both numerator and denominator. 

On page 157, line 17, for "Put A,= a;- = \{x + 1) — l]- = (a,- + 1)„" 
read, Because a;^ = [(a; + 1) — 1 J" = {^ + IT? &c. ; and on same page^ line 
19, for "Then" read Therefore. 

On page 158, lines 8 and 9 from bottom should read 



.k[(^^f-(-^-f]' 
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THE ANALYST. 

Vol, 11. jANtJABY. 1876. No. 1. 

ON THE MAXIMA AND MINIMA OF ALGEBRAIC 
POLYNOMIALS. 



BY PROF. DAVID TBOWBRIDGE, 

1. Let w = ^ia:* + -4,a*~'+^8a:*-«-f ... -^ A^.^ipx (1]^ 

The expression (px is read "fiinction of x^\ 

Suppose >ve wish to find a value of x such that if We substitute it in the 
polynomial (1), this polynomial, or tt, will be a maximum, or the greatest 
possible; or a minimum, or the least possible, according to the conditions of 
the problem . To discover such values of oj, — ^for there may be several max- 
ima or minima of different orders, — we shall proceed as follows: 

Suppose a; to be increased or decreased by a small quantity hy so that we 
have, if we accent the u for this case, 

u'==jf(a; + A), oru' = jf(aj — A) (2) 

Let each of these be developed according to the ascending powers of A, 
and let the result be denoted as follows: 

u' = ipx-^ fxh + f'x. ^ + i*'"*- m + • - • (3>^ 

A* A' 

u' = ipx — fxh + J^"«- 172 — f^ • 1:2^ + • • • (4) 

In these equations u = (pXj and if we transpose this term we shall have 

u' — u = fx.h + iP"x.^-^iP'"x,Y^+. . . .(6); 

u' — u = —iP'x.h+f'x.Y^—f''x.^+, . . (6)J 

In these equations ip'xy ip"xy ip'^Xy <&c., are finite quantities; and if we 
take h very small, ip'x.h will be of the 1st order of small quantitieB, or in- 
finitesimals, and ip'^x X (A' -^ 1.2), of the 2nd order, &c., so that ip^xx 
(A« -5-1.2) is infinitely small as compared with fxJiy and jJ'"a?X(A»-i-1.2^) 
is infinitely small as compared with ^''xX(h^ -5- 1.2), &c. (See Prof. Fick- 
lin's Complete AlgAra, p. 129. ) Now if u, or its equal the polynomial, 
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has its greatest value, or is a maximum, then u'^ which is found by increas- 
ing or diminishing rr by a quantity h, no matter how small, is less dian u; 
and if u is the least possible, or a minimum, then u' is greater than u. We 
hence see that the infinitesimal value of h, which we have supposed, is all 
that we need consider in this demonstration. We can easily see, then, that 
when h is thus small, the term ^'x.h will be greater than all the other terms; 
for the number of terms in the second members of (5) and (6), is limited, so 
that their number cannot compensate for their smallness. In the case of a 
maximum u' — u is negative; and in the case of a minimum u' — u is posi- 
tive. But because ^'x,h is greater than all the other terms in the second 
members of (6) and (6), the sign of this term will determine the sign of the 
second member; and from (6) we see that when h is positive, supposing ifi^x 
positive, the second member is positive, and hence u' — u is positive for a 
maximum; and fix)m (6) we see that u' — u is negative if h is n^ative; that 
is, the second member, or u' — u changes sign with h. But if ti is a max- 
imum, whether x be increased or diminished,' tt' — u is negative. To sat- 
isfy all these conditions we Inust make ^'x = 0. For a' minimum we must 
have in all cases, u' — u a positive quantity, and in order to secure this, we 
must also have ^'x =0. * 

The term ^f"a;X(A*-8-1.2), which is greater than all the remaining terms, 
has the same sign whether h be plus or minus. For a nuudmum we see 
further, then, that ^^^x must be Tiegative; and for a minimum, ^^'x must be 
posUive. 

Our conditions, then, are, for a maximum, 

jf'aj = 0, and <>"« n^ative, and - 
^'x = 0, and jf"a? positive, 
for a minimum. 

Now ^x is called the first derived polynomial, or function, and ^'% the 
second derived polynomial, Ac (See Ficklin's Com. Algebra^ p. 400, where 
he uses fx instead of jfer. ) To find what value of x will render u a max- 
imum, put the first derived polynomial equal to 0, and find the value of sc 
from the resulting equation . Substitute these values, in succession, in the 
second derived polynomial, and all the values that give a negative result in* 
dicate so many maxima; and all that give a positive result, indicate so man^ 
minima. If any of the values of x render ^"a; = 0, then, in order that 
such values of x may produce maximum or minimum values of u^ we must 
also have ^J'"a?= 0, for 4^ 'a;X(A'-5-1.2.3) changes sign with A; and to de- 
termine whether we have a maximum or a minimum, we must substitute 
the values of a; in ^""a?, which will be negative for a maximum and positive 



Digitized by 



Google 



— 3 — 

for a minimum . For other cases we proceed in a similar manner with the 
other t^rms. 

This demonstration will apply to any iiinction of x fix)m which we can 
find ^% ip"xj &c. If the stndent masters this demonstration, he will find 
it of great service to him when he takes up the Calculus, which at once fur- 
nishes the means' of finding ip'x^ ip"Xy <&c. 

Hhuiraiive problem: — Divide a in to two such parts that the square of 
the first multiplied by the second shall be a maximum. 

Let X be the first part, then a — a? is the second, and u = x^{a — a?) = 
ax^ — jr' = jfa:istobea maximum . In this case ^x = 2ax — 3a?' = 0, 
^^x = 2a — 6x. 

2ax — 3a?« =aj(2a — 3a?) = 0; . •. a? = 0, and 2o — 3a? = 0, a? = fa, 
Kwe put the value a? = 0, in ^'% we have 2a a positive quantity; and if 
we put the value a? = j(a in jf "a? we have ^''a? = 2o — 4a = — 2a, a n^- 
ative quantity . Therefore, the first is a minimum, and the second a max- 
imum. 

2. The student will see that the difficulty consists mainly in finding 
^x and ^''x, and if we could readily find these we could solve many prob- 
lems in maxi m a and minima without the Calculus. In many cases it is 
unnecessary to find ^'' a;, since we can easily satisfy ourselves whether we 
have a maximum or a minimum. The following process, which I think 
the student of algebra can easily understand, will enable us to find both ^'x 
and ^'^x, and more terms,'if we choose, in algebraic functions, or quantities. 

K ^ be an algebraic fimction of ^x, then by writing x + htor a?, and de- 
veloping the resulting quantity according to the ascending or positive powers 
of A, as fisur as the first and the second power of A, the coefficient of A will be 
^x (Eqs. (3) and (4) ), and that of h^ will be ^''x. This development can 
be effected by the Binomial Theorem, or by Indeterminate Coeffidents. 

Suppose we have 

u = if,x = a?i/(l — a?«)> *^^^~^^ 
** X 

and we wish to find a value of x that will render i* a wiftTiVnnin or a min- 
imum. Put a? = a? +'A, then 

u' = {x -h hy{l—x^ — 2xh — h^) -h ^{l—x — Kjix + h)"^ 
= t* + ^'xh to the first power of h. Then 

+l-a-')>/('-r^.)(>+4r 
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We must now put the coefficient of h equal to 0, and we shall have 
VIA— ar; — ^^j_^ — 2^^^j_^^— ^ —u. 

The solution of this equation will make known the required values of x 
Take the equation u = xe"* , then 

u' = {x + A)e- '+* =(a? + A)e-'' . €-* = c"* (a; + h){l—h + JA') 
= e-'(ic — Aa: + JA'a? + A — A') =u + i&'a?.A + i^''x.h\ 
.'.e-*(l— a;) = 0, a; = 1 . 
Since ^"a? = e~' {^x — 1), the value of a? = 1, givjes ^"a? = 6" ^(J — 1) 
= — i^" ^, a negative quantity, so that this value of x makes w = e~^ , a 
maximum . 

We could easily extend this demonstration to the case of two independent 
variables. 



ON THE SOLUTION OF CUBIC AND BIQUADRATIC 
EQUATIONS. 



BY G. W. HILL. 

In nearly all treatises on algebra the solution of these equations is present- 
ed as accomplished by the aid of analytical artifices, which one seems, by 
some happy hazard, to have stumbled upon. No doubt the processes were 
found in this manner by the original discoverers, Tartaglia, Garden and 
Ferrari. But, for many reasons, it would be better to treat the subject as 
one demanding invention rather than artifice. The equations can, as it 
were, be interrogated and compelled to yield up their secrets, if they have 
any. 

To say that an equation is solvable algebraically, is to ^y that an alge- 
braic expression can be found equivalent to the 'general root, that is, one in- 
volving a finite number of the operations of addition, subtraction, multipli- 
cation, division and the extraction of roots of prime d^ree. If the expres- 
sion does not involve the last mentioned operation, it is called rational, and 
if free from the two last, integral . 
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However complex an algebraic exprefision involving radicals may be, it 

it is evident that there must be at least one radical which is involved in it 

1 
rationally. Supposing this to be denoted by ii" , n being a prime int^er^ 

it is not difficult to convince one's self that, by the proper reductions, the 

expression can be exhibited thus 

where PojPiy^'t <io ^^^ involve the radicaliJ *. With no loss of generality 

we can suppose jpi = 1 ; for ifp^ is not zero, we can multiply the quantity 

1 
under the radical sign by pi, and then take (pi-K) * as the radical ; and in 
in the contrary case, if pjt is one of the quantities p which is not zero, the 
simplification can be accomplished by putting JR' =pll^ . Then 

Po + R~+p^Ii^ + . . . +p^ijB^ 
may be r^arded as the most general form of an algebraic expression • 

Here may be enunciated a general proposition, which, although I am 
not aware that it has ever been proved, is doubfless true, and may be used 
for purposes of discovery . If an algebraic expressi^b exists, equivalent to 
the general root of the equation 

ar+aar-^ +baf^^ + . . . +S' = 0, 
it can be exhibited in the above form, n being equal to one of the prime fac- 
tors of m . Thus the algebraic expression of the root of the general equa- 
tion of the 5* d^ree, if it existed, could be presented in the form 

p, + R^ +p^]^ +p^R^+p^R^, 
and that of the 6* d^ree in either of the two forms 

p^ +R^ + p^B^ , Po+R^. 
Solution of Cubic Equations. 

According to the foregoing proposition, the root of the general cubic 
equation 

a^ -f aa^ + 6a; + o = , 

if it has an algebraic expression, must be presented in the form 

JL JL 

x=p + i2» + p'R^ . 

But since we suppose that this is an irreducible expression involving radi- 
cals, it follows that it must satisfy the given equation, whichever of its three 
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values is attributed to the radical f^R . Thus calling either of the imagin- 
ary cube roots of unity a, the three roots of the cubic equation must be 

x^=p + aR^ + a^'R^ , 

The first method that suggests itself for obtaining equations which shall 
give the values o£p, p' and i2^ is to substitute these expressions in the sym 
metrical functions which are equivalent to the several coefficients o^ 6, o^ viz.^ 

a?2 + a?2 + ^s = — fit , 2?i3?a + JV|3?3 + aJjiCj = ^ > a?!^?,^?^ = o . 
But a simpler proceeding is to employ the three symmetrical functions 2*^^^ 
Z.Q? and Sjif . Since any cube root, as ^-B, is a root of of — R = 0, in 
which the ooeffidents denoted above by a and 6 are each zero, it follows that 
the sum of the three cube roots of any quantity, as well as the sum of their 
squares, is zero. Now it is plain that if the value of a; is raised to the it?" power, 

x^ = A + BR^ ->rCR^, 

where Ji, B and C are free fix)m the radical ^i2, and are consequently the 
same whichever of the three roots x denotes. Thus since £.f^R = 0, 
Zf'i? = , 

Thus, for computing the value of 2'.«*, we need only the part A which is 
firee firom the radical ^R . In this way we obtain and equate to their 
known values in terms of the coefficients a, 6, c, 

2 .X = 3p = — a , 

i:.aj« = 3(p«+ 2p'iJ) = a" — 26, 

2.a?==^+R + 6pp'R+p^B?)=—<f + 3ab — So. 

These equations afibrd the values of p, p' and R ; firom the first two 

a ,p a^ — Sb 

and by substitution of these values in the last , 

a quadratic equation in R ; thus the general cubic admits of solution by 
radicals. 
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For the sake of brevity putting 

, c? — Zb ^ 2a» — 9a6 + 27c 
^ = —9- B^ gj , 

wehave iJ = -B ±: i/(£» — ^*), 

and as we may take at our option either of the two roots, we have choice of 

the two expressions for x y 

x = — ia + lB + i/(^— ^»)]* + ^[5 + V(^ — ^»)]"* 

a, = _ ja + IB-i/iB'-A')']^ + A [i-y^Ci* - A')T^ 

The three values of a; are obtained by attributing in sucoessioh to the single 
cube root appearing in either of these expressions its three values . 
I do not know why almost all algebraists prefer to put the root iu the form 
x = -ia +n-B + ViB*- A')-] + n^- ViB'-A')]. 
It is certainly easier in practice to make a division than an extraction of a 
cube root ; moreover we are troubled, in the last form, with the selection of 
the proper three values out of the nine of which it is susceptible, a difficulty 
which does not occur in the two former expressions . 

Solution of BiQtiADRATicf Equations. 

An algebraic expression for the root of the general equation of the fourth 
d^ree, 

aj* + aaj» + 6ir« + ca? + d = 0, 
if it exists, can be presented in the form P +i/Q. And if this denotes one 
of the roots, another will be P — \/Q\ but since x has four values, it is 
plain that P and Q must receive each two values • This condition will be 
fiilfiled if we suppose that these quantities, in their turn, similarly to 2;, are 
rational functions of a second radical i/JR . Thus we put 

P=p + VR, 

Then we have 

The four values of a? are obtained by giving in succession to the radicals 
\/Q and y/B All the values they are, in combination, susceptible of. Thus 

^i=i> + VR + V{9 + 9'\/R), 

^2=P — 1/R + V{q—qVB)y 

x,= p + VR — V{q + qVR). 
^A= p—i/R — i/{q— qVii) . 
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By aubstituting these in the four symmetrical fiinctions l.Xy S.a?y I'jsf and 
i'.a?*, equations will be found determining p, q, q' R. Here again, in com- 
puting Laf" the radicals all disappear; for whenever a radical is present with 
one sign in any root, there is always another root in which it is present with 
the opposite sign; thus these erpressions in pairs cancel each other . Then' 
in deriving I'.a:*, it is only necessary to preserve the terms which are free 
from radicals . In this way we get 

I,x = 4p = — a , 

2V = 4[>* + g -h R] = + a» — 26 , 

I^ = 4[p» + 3p(g + R) + 3g'R] = — a* + 3a6 — 3c, 
2.0^ = 4[(p> + q+Ry + (4p» + 12pq' + q")R -f 4?(p* + R)] 
= a* — 4a'6 -f- 4ac + 26* — 4d , 
From which we derive 

a ^ 3a*— '86 ,^ a» — 4a6 + 8c 
P = — T' 9 + ^ = 16 ' 9^ = 32 • 

_ 3a* — 86-^ Sa* — 16a»6 + 16ac + 166*— 64d ^ 
R— r6~~^+ 256 ^ 

/ 3a*— 4a6+8o \» _ 
— \ 64 j - 

The last is a cubic equation in R , which , by the foregoing, is solvable by 
radicals ; hence the general equation of the fourth d^ee is so solvable . 

In forming the value of x we may attribute to R either of the three roots 
of this equation . When a = , the case usually treated , the equations 
are simpler, viz . , 

p = 0, g + R = _J6, g'Rrr: — io, 

» + !*'+ Tr^B-w=«- 

If we should attempt to treat the general equation of the 6th d^ree in the 
preceding manner, we would be led to equations of higher d^rees than the 
6th, which must be r^arded as a strong probable argument for the non-ex- 
istence of an algebraic expression equivalent to the root of the general equa^ 
tion of this degree . 



ADDITIONAL FORMULAE IN FINITE DIFFERENCES. 



BY G . W . HILL . 

Tne formulae I have given, (p. 144 of this Journal), give the values of 
the integrakyytfe and j(yctc* for the series of values ofa;,. .a — A, a,a + A,. . 
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It 18 generally preferable to compute them for the values ^ • • • • a — ^h, 
a + J^> « + |Aj .... Formulae for this purpose can be obtained by the 
simple consideration ; that in the scheme on p . 141 ^ it is allowable to treat 
the odd orders of differences as if they were even, and the even as if they 
were odd. 

In this way all the qutuitities c/btained will correspond to the middle of 
the intervals of the former supposition. Thus, calling D'^ and JD^^ in 
this case i)7^ and -Dt'; it is evident we must have 

or, expanded in powoB of J, 

./ J_ 17 1 . 367 ^ 27859 ^ . \ 

i^ _A^J- + 24 "* "5760^ + 967680^ ~464486400^ + '*V' 

Tw, 1./^, 1 a,. 17 _ 367 ^ , 27859 _ \. 

^ =*(^ -24^+1920^-l93536^ + "66356200 ^-•••J- 

The difPerences of the first formulae; although they are of odd orders, are 
to be taken as equivalent to the simple numbers standing in the scheme on 
p . 141 ; while the differences of the second, although of even orders, are all 
the averages of two adjacent numbers of the same scheme 

It is plain we have 



ON THE DISTRIBUTION OF PRIMES. 



BY PBOF. W. W. JOHNSON, 9T. JOHN'S COLLEQE, ANNAFOUB; MARYLAND . 

I received a short time since a letter from Mr. J. W. L. Glaisher of 
Trinity CoU^, Cambridge, Eng., who is engaged in reporting upon the 
subject of Mathematical Tables to the British AfiBociation, a short paper in 
which he gvies a compareson of values of the intq;ral 

loga? ' 

with the actual number of primes counted between x and a/ . The tables 
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employed are Tables of Least Divisors; Burckhardt's Ist three millions 
published 1814-1817, and Dase's 7th, 8th and 9th million, 1862-1865 . 
The gap of 3 millions and the 10th million are said to exist in manuscript 
but have not yet been published . The primes are of course indicated in 
these tables by the absence of a divisor, but no separate list of primes among 
high numbers has been published. 

Mr. Glaisher states that he has had them counted fer the whole 
published 6 millions, and the paper gives the comparison with the 
formula for every interval of 50,000 in the second and also in the ninth 
million; the count in these cases having been executed in duplicate • There 
is but one actual discrepancy between these results and those given by Mr . 
Hill, as far as they admit of comparison . According to Mr. Glaisher the 
number of primes in the 3rd half-million is 35,649, error of formula — 12; 
by Mr. Hill's table it is 35,611, error of formula +24.6 . Mr! Glaisher's 
table hdwever gives a much better showing for the formula than Mr. HilPs; 
for according to the latter there is a cumulative positive error throughout 
the first three millions, while according to the former the errors in the sec- 
ond million, (though indeed for small interval as proportionately large and 
and irregular as Mr .Hill points out,) show a marked tendency to balance 
one another . 

Thus to select an extreme case, errors of — 59 and -h 37 occur in adjacent 
50 thousands; while however the whole error for the 2nd million is only + 9 
and that for the 9th million is — 84 . Mr. Glaisher states that the num- 
bers of primes counted, for the 1st and 3rd millions, differ widely from those 
published by Hargrave in 1854, (who makes the descrepancies much great- 
er than that given above for the 2nd million,) and he purposes soon to pub- 
lish the result, for the other millions, together with a comparison with 
Legendre's formula . 

The general correspondenc of the two formulae toay be seen thus: the 

differential of 

X , Alogx — B — A 

IS Tai o^a — dx . 



Alogx — B '^ {Alogx — B)^ 

When logx is large, and A and B near to unity, we have approximately 

logx — 2 __ dx 

{log xf -^2log X "" logx 

the differential of the int^ral formula . It is therefore to be expected that 
the formula 



A logx — B 
with values of ^ and B empirically determined so as to give the best possible 
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results within the limits of comparison selected^ should within those limits 
give better results than 

notwithstanding ihe fact that the later is the true formula when the value 
of x is unlimited • 



/. 



Prof. Hendrickson U S. Naval Academy proposes the following meth- 
od of obtaining the equation of the tangent in terms of its direction ratio, the 
equation of the curve being in the form y =J{x) * • (1) 

^ '"=S=-^(^) (2) 

Then x and y being implicitly functions of m, let 

y — mx = ip{m) (3) 

The form of the function ^(m) is required • Difierentiate (3), and we 
have dy — mda? — xdm = ^\m)dm • 

Since dy = mdx and dm is not zero, [(1) representing a curve] 

— X = j^'(m) . 
Considering a; as a Auction of m, and int^rating 

^(m) = C — Jocpm. 

To find (p(m) from (4) it is necessary to express x in terms of m from (2), 
perform an integration and determine C . In many cases it is easy to de- 
termine (p{m) directly from (3), which requires us to express x in terms of m 
as before and also to express y in terms of m by elimination from (1) and 
(2) . w hen on the other hand this elimination is inconvenient, ^(m) may 
oflen be determined by (4) . 

The equation of the tangent is then y ^=^ mx + ^{m) • 

EXAPLES. 

1. Given y =s logx, then m = — , whence x = — and y = — logm, 

X 7th 

Henc from (3) — logm — 1= ^{^)f a^d the tangeat i8y = mx — (1 + logm). 

2. Given y = {x' + l){x + 1), then m = SiV^ + 2x+l, and . 

x=-i±y^{im-i) (a) 

Hence from (4)^(m) = C + Jw ^ 2i/(^ — f)»; therefore 

y = mx+C+imT 2>/(Jw — f)». 
To determine C, let x = — 1 ( say ), then y = 0, m = 2; substituting* 
[using the lower sign because, if m = 2 in (a), the upper sign gives x = J,] 
= — 2+ C+§ + ^orC=|4; therefore the tangentsared 
y = two: + J^ i im IF 2i/(Jw — f)«. 
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[Prof . Johnson Says that his intention was, in proposing problm 3S, to 
require an integral equation between x and y referred to rectangular axes. 
The special interest, he remarks, in the problem consists in the avoidance of 
radicals which have not properly the double sign ; and he requests us to 
propose the problem of finding the rectangular coordinates of the double 
point not on the axis of a;, referring to Mr. Stille's figure in No. 9. Ed.] 



FOLIATE CURVES. 



BY PROF . E . W, HYDE, ITHACA, N . Y . 

Prop . The foliate curves represented by the equation p = a oosnd {or 
/o = a fein nd) are hypotrochoids if n* be an int^er, and both hypotrochoids 
and epitroehoids if n be fractional . 

1 . The equations of the hypotrochoid are 

(1) a? = (ri — rj) COS ^ + mr^ cos ^ ~J^ .J*) 

(2) y = (r J — r,) sin ^J — mr^ sin ^-^ — - .(fij , 

in which r^ = radius of fixed circle, 
r J = *^ '' rolling " , 
mr^ = distance of generating point fix)m center of rolling cir- 
cle, and ^ = angle between the axis of x and the radius of the roll- 
ing circle containing the generating point . 

Let ^1 =i^a=2(^l)^ andm=;>— '1. 

Substituting in (1) and (2) we have 

(3) X = ia[cos ^ + cos (p — 1).^] = a cos (Jp.jfr) cos [i(2 —p).(fi'] , 

(4) y = Ms'n ^ — sin (p — 1).^*] r= a cos (^.jJ) sin [J(2 —p).^"] . 
Divide (4) by (3) and we get 

(5) f = "^[K2-pj.'^] = ^ [K2 -P).<g] = tan », where (? equak 
the angle between p and the axis of x . 

. • . J(2— P).^ = 9, whence ^ = gll]) *°* ^^ = i^ ' 
Substituting these values of ^ in equation (3) 

x=:poo8d = gcoso^^-— - . costf, 

* Since n, m, and p are merely numerical muitipliers they are intrineically positive. 
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(6) .-./> = a cos 2^ » 

(7) .* . p = aco&nd where n = ^—i • 

w u 2n , 2r^(j>— 1) r,(n — 1) 
We havep = j^j^-^ and a = — ^ ^ = --^, 

from which the relations of r^, r, and a can be found for any value of n • 
E.ff* Ifn=l, p = 1, /o = acoB<?, anda = 0, 
"n = 2, p = |, /> = aoo62(?, *' a^^^, 
" n = 3, Jp = f, /> = a coe 3^, " a = fr^ ; &c . 
Since cos a = cos ( — a) we have also 

(8) P=<^^^^' 

whence p = 5 and a = ^ ^ . 

.•.ifn = l, j9 = CO, p ^szaooady anda = 2rj9 
*'n=2, p = 4, /> = acos2(?, <* o=|^i, 

"n=3, i> — 3, /> = aco8 3#, " a = fr^y&e. 

Also from (6) and (7) 

*ifn=J, p=|, /!> = aoosJ(?, anda = — r^, 

"n=J, p=Ji /> = acosJtf, " a= — 2r^^&c. 

Thus the proposition is proved for hTpotrochoids • 
2 . The equations of the epitrochoid are 

(9) a? = (rj + r,)cos^ — fiir, cos (^ ^J^ '^ } 
m , = (r. + ,.)™^-»r..i.(tl±r.#.), 

and we have r^ =|>rj = oToXT ^^^ m = p + !• 
Substitutuig in (9) and (10) 

(11) x = Ja[cos ^ — cos ( j> + l)jf] = — a sin J(p + 2)^. sin ( — Jpjfr), 

(12) y = Ja[8in jf — sin {p + l)j^] = ocos J(p + 2)<f. sin ( — ipjf). 

(13) .--y = -tenJ(p + 2)iJ = cot[Jir + Kp + 2)if] = cotj*, 

. * • » + (p + 2)^ = 2* whence 

^ = f^-iPi^=|^=^and Kp + 2)if = K2»-^) = »-J^. 
Substitoiing in (11) x=si p coaO 

= — asin(tf — ^it) sin g/ i, 2\ == ooostf8in(Jjr-r<?) jv o ' 
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(14) 
(15) 



p = a sin ( {in — 0)-^^r^ • Let i;r — ^ = »' 
JL 



In this d^ being the complement of is to be measured from the axis of y . 

Since p is essentially positive, the coefficient p -^ {p '\- ^) must be lees 

be less than unity, and hence n must be a proper fraction . 

w u 2^ , 2ri(p + l) ri (n + 1) 

We have p = , and a = — ^^-^ ■ = ^ ^ - 

^ 1 — n p n 

if n = 1, p^=zQo^ p=:a&in0' =acos^, anda = .2ri, 

jp = 2, /> = a sin i^, 

p = 1, p == a sin iO'y 

&c., thus our demonstration is complete . 









a = 3r 



i> 



a = 4ri, 



DETERMINATION OF ROOT OF N^ DEGREE. 



BY DR. H. EGGERS, MILWAUKE, WISCONSIN. 

1 . I propose to give here an elementary method of extracting the root of 
any degree of a given number by an elementary geometrical process . This 
method is based on the following well known theorem of Ceva : 

"A triangle ABC and an arbitrary point P in its plane are given . If we 
draw fix)m the three vertices A, B, C, of the triangle three transversal lines 
through the point P, then on each side of the triangle two s^ments are 
formed: a and 6; a^ aud 6^ ; aj and b^; which fulfil the relation: 



— . ^ «a ^ 




6i . frj 

This theorem solves immediatei}| 
the problem : 

" To constauct two lines, the ratin 
of which is the product of two givun| 
ratios"; which solution requires no explanation. 

If we make the sides of the triangle equal, we can square a given ratio . 
If a -^ 6 is the given ratio, we construct an isosceles triangle with two sides 
equal to a + 6 . If now we draw two lines from the vertices A and C to 
the dividing points D and E, where AD = BE = a, and DB=:EC=6, of 
the opposite sides, we find the point of intersection P, and the line connect- 
ing B with P marks on AC the point F, which solves the problem . 
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For according to Ceva's theorem we have, 

ja_ ^ ^AV _ A±. 

T'T*" \b) ~ a^ ' 
In order to form the third power of the ratio a -=- 6, we have to construct 
an equilateral triangle with the side (a + 6). After having constructed 
according to above the square (a -r- 6)* = AF -f- CF, we make the segment 
AG = AF and draw the line GC, which meets AE in Pj . The line BPi 
marks on HC the point H, which point divides AC in such a manner, that 

AH_AG BE /a\^ ±^(±\^ 
CU— BG'CE—[b) • 6 ~ U / ' 

Proceeding in the same manner 
with AH as with AK before, we 
arrive at the construction of (a-f-6)^ ' 
After this we can construct the 5th 
powor of a -5- 6 and .so on . To 
form the nth power of a -J- 6, this 
same process has to be repeated 
n — 2 times . 

2 • Let us now proceed to the 
inverse operation, to find the root 
of a given degree of a given ratio 

First let us extract the square root , 
+ n = AF + FC an equilataral (or only an isoscele) triangle ABC, fig. 3, 
divide AB at an arbitrary point O, make BR = AO, draw the transversals 
J.R and CO and through the point of intersectien P, of the two latter we 
draw the line BP . This line BP meets AC in some point S . If S would 
coincide with F then the ratio 

AO a? 

BO- y 
would be the exact square root of m -7- n . But this will in general not be 
the case . To gain an idea of the error committed, we draw BF . This 
line meets AR and CO respectively iu M and N . The triangle PMN we 
will call the triangle of error . It is evident that the siae of this triangle 
depends on the error of the assumed root . The area of the triangle PMN 
will vanish togother with the error and will increase and diminish with the 
error of the root. In order to find the correction of the root we draw AM 
which meets BC in R^ . The distance RR^ may be called the segment of 




We construct on the side AC = m 
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ermty or brlefly,the trror^ and may be d ^i^aatad by g, tht is, BBi =6, 

In order to find a more ap- 
proximate value of the root wt I 
halve RRi in X ; then is 
BX 
CX 
a more approximate value of the I 
square root than the initial value [ 
BR -5- CR . 

We now try this new value I 
by making AY = BX and gain 
another point S^ which will be 
nearei to the point F, than the I 
point S was . Supposing the point S^ to have a measurable distance from 
F, we determine as above by a new point X^ the new error «i, wkich fur- 
nishes a still more approximate value BX^ -^ CX^; this process has to be 
repeated till the point S* coincides in proxi with F • The last found ratio 
Xfc -r- Y* is the square root of AF -h OF as near as eonstruction can flir- 
nish it. 

That this process is always convergent toward the required root needs to 
be demonstrated^ but it would on this occasion require too much space and 
therefore may be left a problem for the reader • It may be stated here^ that 
if the first trial ^value is any approximate value of the root, the next cor- 
rected value is so near the exact root, that the theoretical error of thea Igo- 
rithm is smaller than the error in drawing, so that a continued operation 
would be entirely useless • 

3. From the above method we can immediately deduce the algorithm 
of finding the cube root of a given ratio. Let m -4- n be again the given 
ratio , Then we construct an equilateral triangle on the side m + ^ = AC 
= AF -f FC . Now take an arbitrary approximate value x-^y and con- 
struct the third power 

/a?\» _ AS 

i ) - cs- 

The triangle of error is PMN • Now join AM and mark the point of in- 
tersection R, on BC . Then is again RR^ = e the s^ment of error • 
Fro n this, cut off RjX = JR , R, then is 

BX| x^ 

the correct root . If we now try this new value a? , -*- yi and should find 
that the new point S^ on AC, corresponding to the point S of the first 
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operation be not yet suffidently near to F we have to determine a new b^ 
ment of error XR^, and by trisecting XRj would find a new correcting 
point Xj, 80 that the third approximate value of the cube root would be 
BX| _x. 

^cx;-y/ 

Continued repetition of this f»n- 
struction fumshes a value for the I 
cube root as approximate as re- 
quired. It may be observed 
again, that one single construction | 
will be sufficient ; for then the er- 
ror in drawing will exceed the I 
theoretical error of the algorithm, 
so that in practice this construc- 
tion equals or surpasses any rigor- 
ous construction by means of higher curves, even if these latter could be eas- 
ily drawn. 

Jtemarh This construction of the cube root can be applied to the re- 
nowned Delian problem : To find the side of a cube which shall be the 
double of a given cube. For if a be the side of a given cube, then 

is the side of the required cube, and we have only to esrtract graphically the 
oaberoot of 2, etc. 

Graphical extracHon of the n* root of a given ratio — • 

4. To proceed at once to the general problem to extract the root of the 
n'* degree of a given ratio m h- n, we construct again an equilateral triangle 
with the side m + n^or with the sum of any convenient proportionals of m 
and n . Then take an approximate value x -^-y and form of this the 
n^ power, determine in like manner as above the s^ment of error, e; take the 
n'^ part of e, add this part to the numerator x and subtract it from the de- 
nominator y, or the reverse, as the case may be, so that the next trial value, 
or the corrected root, is 

Xi _ a; -(- (g -7- n) ^ 
Vi "y— (e-r-n)' 
the next corrected value would be 



•«) 



r-Ac. 



^ = ^l + (^1 

The acceleration of this algorithm toward the required root is of quadratio 
order. 
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5 • This geometrical algorithm may easily be translated into an algebra* 
ical algorithm and thus furnish an elementary arithmetical method of ex- 
tracting roots by a method of very rapid convergence • The general algo- 
rithm thus obtained is as follows :. 

yi~nar'^y + ar+ (n— 1)^2* ^^ 

where n denotes d^ree of root, z the given number, the root of which is to 
be found, x-r-y axi arbitrary initial value and Xi -^ y^ the succeeding cor- 
rected value. 

By dividing the right side of (1) by y* and substituting a for a? -t- y, and 
a^ for Xi -H y^ we obtain another form of the same algorithm : 
_ (n — l)a* + g + nag 
^1 "" na-i + or +(w — 1> ^^ •' 

In r^ard to this algorithm the following observation may be allowed # 
There are the two following algorithms of a more simple form, i. e. 

(n — l)a* + « ,^ . - naz ,^ . 

"1- ^ J-i (3,) and a, = ^,^(.^_^^ (4.) 

If a be again an arbitrary approximate value for the n'^root of 2, then the 
corrected value a^ in (8) always fiimishes a value greater than the n^ root 
of z ; and the value in (4) always is smaller than the n** root of z . The ac- 
celeration of both methods is of the same (quadratic ) order . Now by add- 
ng both numerators and dividing by the sum of both denominators we ob- 
tain a mean value between the two in (3) and (4) ; that is, another approxi- 
mate value for the n* root of 2 of at least the same d^ree of approximation* 
But this result exactly coincides with the algorithm under (2), derived from 
geometrical constructions • 



SOLUTION OF A PROBLEM IN SURVEYING . 



BY T. J, liOWBY, U. 8. C. 8. 8AK FBANCI800, CAU 

Problem: — Four points in the same plane being given in position to deter- 
mine the position of any other two intervisible points (or places of observa- 
tion) in reference to these points, having from each place of observation the 
angles included between the other place of observation and each of two of the 
known points, and with the known points so situated thattiie two which are 
visible from the first point of observation are not visible fix>m the second^ 
and vice versa • 
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Let Af Bj Cand JD be the four given points, and AxB, Bxy Oyx and 
OyD be the observed angles. 

In the [s^ABm are given ABy and I 
the Z ABm{ = supplement of the sum 
of the observed Z s AxB and Bxy)y and I 
the ZBmA{= observed Z.AxB\ we I 
can hence %nd Bm. And in A-OCIiTl 
are known CD, and the Z DCK (= sup- 1 
plement of the sum of the observed Zsl 
DyC and Oyx\ and the Z CKD (=ob-| 
served Z Q^D) to find CK. 

Now the Z.8BC— /.ABC— < ^-Bm, and < SCB = < -BCD — < 
DCjBT. • . in A-B^C we have -BCand all the angles to find JJS and SC. 
But tii5= -Bm — B8y and K8= KC— /SCand the < KSm = < J8S(7 
. • . in A SKm are known two sides SKand tnS and the included angle, to 
find angles SmK and SKm. Now in A -B^wa: are given 5m, and the < s 
Bmx and Bonn to get 5a;. And then in A ABx we have Bxy and JJ? and 
the < AxB to determine Ax. Also in A ^0^ are given iTC, and < s 
CKy and Q^iTto find Oy. Then in A ChfD are known Of, CD and the < 
G/D to get Z^. 

Since the < s t£7DCand fcCD are each equal to the compliment of the 
observed < D^Cthe rule for laying down the circle of positon through C 
and D is obviously to lay ofiF fix)m CD at the points C and D the compli- 
ment of the observed < OyD and the point of intersection of the produced 
sides of these < s will be the center of a circle of position . Now about this 
point with radius Oo (or Du^)sweep the circle of position ; and in like man- 
ner lay down the other circle of position through A and B . Then lay off 
firom Cw at the point w twice the observed < Oyx and produce the side wK 
till it intersects the first circle of position in some point as ^^ (which will be 
a point in the line of sight through x and y) : also firom Bv at the point v 
lay off twice the observed angle Bxy and the point m where the side vm 
produced intersects the second circle of position will be another point in the 
line joining x and y. Now through K and m draw a right line and pro- 
duce it each way until it intersects the circle of position and the points of 
intersection x and y will be the required places of observation. 

But with the aid of the ''three arm Protractor'' this problem can be plot- 
ted much more expeditiously (and without laying down circles of position) 
as follows : — ^with the < s ABx, and Basy set off respectively on the left and 
right limbs of the protractor, cause the fiducial edges of the left and middle 
arms to traverse Ay and B, and draw a line along the true edge of its right 
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arm^ then shift the center of the protractor (taking care to keep the tme 
edge of the left and middle arms bisecting the points A and B) and draw 
another line along the tme edge of the right arm and the point of interseo- 
tioQ of the two lines thus drawn will be a point in the line of sight joining 
ar and y. Now with the <8 DjfC and Ofz set off on the right and left 
limbs of the protractor, shift its center till the tme edges of the right, mid- 
dle and left arms traverse D, Cand K, dot the center and we iiave y (one 
of the places of observation) • And again with the < s AxB and Bxy 
on the left and right limbs, place the tme edge of the right hand arm on 
the line Kmy and shift the center along this line till A and B are traversed 
by the true edges of left and middle arms then dot the<»nter and you have 
X (the oth^ place of observation). 

The Hydrographer, the Topographer and the Explorer will each find 
this problem servicable. 



ODD NUMBERS AND EVEN NUMBERS. 



BT ABTEMA8 MABTIN, ERIE, PA. 

All numbers are dther odd or even. An evea number is a number that 
can be divided by 2 without a remainder ; an odd number is one that is not 
divisible by 2 . 1, 3, 6, 7, are (hid numbers ; 2, 4, 6, 8, are tfoen numbers • 

All even numbers are comprised in the formula 2fi, and all odd numbers 
in either of the formulse 2n + 1, 2w — 1. 

PropomHon I. — The sum of two even numbers is even. 

Proof. — Let 2m and 2n represent any two even numbers ; their sum is 
2m + 2n = 2(m + n), which is even. 

Prop. II. — The sum of two odd numbers is even. 

Proof. — Let 2m + 1 and 2n + 1 be any two odd numbers ; their sum 
is2m + l + 2n+l=2m + 2n+2 = 2(m + n + l). 

Prop. III. — The sum of an odd number and an even number is odd. 

Proof. — Let 2m -f 1 be any odd number and 2n any even number* 
then 2m + 1 + 2n = 2(m -t- n) + 1, which is odd. 

Prop. rV. — The difference of two even numbers is even. 

Proo/. — 2m — 2n = 2(m — n). 

Prop. V. — The difference of two odd numbers is even. 

JVoof.— 2m + l— 2n — 1 = 2(m— n). 

Prop. VI. — The difference of an odd number and an even one is odd« 

iVoo/.— 2m+l — 2n = 2(m— n) + L 
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If the even niunber is greater than the odd one, we have 2m — 2n — 1 
s= 2(« — m) — 1, the second form of an odd number. 

Prop. VII. — The smn of any number of even numbers is even ' 

Proof. — Let 2ri, 2r2, 2r,, • • . 2rM be any number of even numbers ; 

then 2r^ + 2r^ +2r^ + _ , + 2r. = 2(ri + r, + r^ + + r,), 

which is even. 

Prop. YIII. — The sum of an even number of odd numbers is even. 

Proof. — Let ir^ + 1, Stj + h Stj + 1, . . . 2r2« + 1 be any even 
number of odd numbers; their sum is 2r^ + 2r^ + 2r^ + • • + ^2» + ^ 
= 2(r^ + r^ +r^+ . . . + r„ + n) an even numb^. 

Prop. IX. — The sum of an odd number of odd numbers is odd. 

Proof— (2ri +. 1) + (2r^ + i) + {2r^ + 1) + . . + (2r,H.i + 1) 
=s 2(ri + rj + rj + . • • + ^'an^i) 4- 1, an odd number. 

Prop. X. — The product of any number of even numbers is even. 

lVoo/.-(2r,)(2r,)(2r.) . . . (2r.) = 2(2*-irir,r, . . . r.). 

Prop. XI. — The product of an odd number and an even number is 
even. 

JVoo/.— 2r X (2» -f 1) = 2(2m + r). 

Prop. XII. — The product of any number of odd numbers is odd. 

Proof.- (2r, + l)(2r, + l)(2r, + I) (2r.+ 1) = 26 + 1, by 

putting 26 for all the terms of the product except 1. 

Some years ago the following problem was proposed in a Medical Alma- 
nac: ^^It is required to put 20 horses in a stable containing 6 stalls, and 
have an odd number of horses in every stall.'' 

Here we have an even number of horses and an odd number of stalls, and 
the sum of an odd number of odd numbers is required to be even, which by 
Pr(^. IX, is im}K)ssible. 

Many persons spent hours of patient study in vainly endeavoring to solve 
this impossible problem. 



ON THE SOLUTION OF QUADRATIC EQUATIONS. 



BY O. D. OATHOUT, BEAD, IOWA. 

All complete quadratic equations can be made to take the form 
(1) oa?' + 6a; = c, 

wherein a, 6 and c are coefficients in the most general sense of the term, and 
the highest exponent of a; is 2. Multiply (1) by 4a and add 6' to each 
memba: and we have 
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(2) 4a V + 4abx + 6' = 4ao + 6*. ExttBctiDg square root of (2) we get 

(3) 2a« + 6 = >/(4ao + **). 

Now equation (3) can always be obtained directly from (1) without using (2) 
by observing the law of its formation, viz.; that the first member of (3) is 
the first derived polynomial of (1). Therefore all complete quadratic equa- 
tions can be solved by the following rule : 

1, Beduoe to the form oo* + fcar == c. 

2. Make the first derived polynomial = ±i/(6* + 4ac), using the 
double sign, and the roots of this equation are those required. 

Examlea. — 1. 3a;* — 27ic = — 42, to find the values of ar. 
The first derived polynomial is 6a? — 27 ; . • . 6a? — 27 = v/(729 — 504) 
= 1: 16 ; . • . a? = 7 or 2. 

2. 3i^a?« — lO^a? = — 3, to find the values of a?. 

Put f^x = y; thai f^a? = y*. Therefore the given equation becomes 
3y' — lOy = — 3, First derived polynomial is 6y — 10, 
...6y— 10 = 1/(100 — 36)= ±S; .•.y = 3or J; .•.a? = 27 or^. 

3. Ja?* + 6a? =: 42, to fiind the value of a?. 

The first derived polynomial is |a? + 6; . • . fa? + 6 = i/(25 + 66) = 
± 9; .-.3? = 6 or — 21. 

It will be seen that if the first derived polynomial is made equal to 0> 
the resulting value of a? is that required for a maximum or a minimum. 

The works of Davies, Robinson, Say and Schuyler do not contain this 
method of solving quadratics. I discovered it last October; but it is probable 
that the method has long been known, though it may never have been pub- 
lished. 



SOLUTION OF A PROBLEM. 



BY THBO. 1.. DE ULSDj WASHINGTON, D. C. 

Supposing the sky, all the way fit)m the zenith to the horizon, to be 
thickly dotted with stars, and that they are equally distributed in every part, 
what would be the mean of all their altitudes? 

Solution. — Let n be the number of stars, h the altitude of any one of 
them, and A its azimuth. 

The area of an elementary portion of the sky is cos KdhdA which must 
be taken as constant. 

Mean altitude = ^i + ^i + ^» + . . . + J^^ 
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Multiplying both numerator and denominator by the above &ctor^ bear- 
ing in mind that the denominator then becomes the whole sky, we have 



I J^hooahdMA 



Mean altitude = s^ 



^J^ hoo&hdh = FAsinA + oosAla 



= J;r— 1. 
^n in angular measure is 90^ ; and 1 is an arc equal to the radius. 

. • . Mean altitude = 90^ — 57° 17' 44.8" = 32° 42' 15.2". 



80LUT0N OF A PROBLEM. 



BY PBOP. C. M. WOOBWABD, ST. LOTTIS,. MO. 

To find in terms of the coordinates of a point (a?',y'you one branch of the 
equilateral hyperbola a^ = m, the length of a normal dropped from (a;',y') 
upon the other branch. 

Let the equation to the normal be 

or a; = oZ + a/ and y == «/ + y. 

Multiplying we have ay = P«5 + V^% + y'c) + arY^ ^^* ajy = m, and 

a?y = m for the intersections, hence P«o + /(»'« + y'c) = 0. 

( neglecting die n^ative sign, as that haa reference only to the direction of 
measorement). 
Now this distance most be a minimum ; so put 

dl 

T3- =-aj'tan deecd — y'cot OoobO =^0. 



dd 



iBx^d=^ tan<? = ^ 



.'.1 = a/^M + y'*\i + y'^M + y*)* = /ar'* + y'*)^ 
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SOLUTION OF A PROBLEM. 



BY ISAAC H. TITRRELL, CUMMIN8VILLE, OHIO. 

Given three circleB touching each other externally ; if another group of 
three be drawn touching each other in like manner, and so situated that 
each circle of either group touches two of the other, to prove that the square 
of the common tangent of any two of the circles, which do not touch each 
other, is equal to twice the product of their diameters. 

Solution. This property is easily proved by means of the following prin- 
ciple, due to Mr. Casey, and found on page 113, Salmon's Conies, Fourth 
Edition : ''If four circles be all touched by the same fifth circle, the lengths 
of their common tangents are connected by the following relation: 
12 . 34^ 14 . 23 ± 13 . 24 =0, where 12 denotes the length of a com- 
mon tangent to the first and second circles, &o.'' 

Denoting the circles of the first group and their radii by a, 6, c, and of 
the second by a?, y, «, there will be three pairs of non-toucfaii^ circles, vizj 
a^y &,y, and o;^?., Let T, T, T' be their common tangents, then as s is 
touched by o^ 6, x^ y, which touch each other consecutively, 

2v/(ai)X2|/(a?y) + 2i/(ay)X2i/(6;r) = T.T, 
or 8i/(a6ajy) = T.T. 

Similarly 8|/(6oy«) = T.T', 
and 8|/(cajM?) = T'.T^ whence, by elimination, 

T* = 8aa? = twice the product of the diameters of a and «• 



Note. — To the Student op Physical Astronomy: When you 
undartake the study of the theory of Perturbations of the planetaiy motions, 
do not take up any extended work on the subject and attempt to master all 
its details at one reading, but try to get the gerieral prmoiples of the subject 
— not the most general methods — and as soon as you have done that;, 
commence to prepare with your own hands a treatise on the subject for your 
own use. Continue to think on the subject till you can explain to another 
all the details so far as you go, and do this in your treatise. By all means 
commence with the Lunar Theory, and I should say the " Variation of Cbfv- 

David Trowbridge. 
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SOL UTION OF PROBLEMS IN NUMBERS 11 AND 12, VOL. 1. 



Solutioiis of problems in Noe. 11 and 12 have been received as follows: 
From R. J. Adoock, 48; A. L. Baker, 44, 45 & 60; G. L, Dake, 41, 

43 & 46; Theo. L. De Land, 41, 44, 46 & 60; A. B. Evans, 48 & 60; 

Henry Gunder, 42, 43, 44, 46 & 46 ; Phil. Hoglan, 41, 42 & 46 Max. 

liporwitz, 41; Artemas Martin, 41, 42, 43, 44, 46 & 48; Walter Siverly, 

43 & 60. 



41.— "Given «« + y = 7 . . . (1), « + y* = H (2), 

to find the values of a; and y." 

SOLUTION BY MAX. LIPORWrrZ, CBE8CEKT CITY, CAL. 

Eliminating ^ in (1) and ^ in (2), we have 

(3) a:* — 14a:« + a? + 38 = 0, and 

(4) y* — 22y« + y + 114 = 0. 

On inspection, one of the roots of (3) is found to be 2; and, in like man- 
ner, one of (4) to be 3. Freeing (3) and (4) of these roots, the equations are 

(5) aj» + 2aj* — 10a? — 19 = 0, and 

(6) »• + 3j^ — 13y — 38 == 0. Now, making 

(7) a? = z — I, and 

(8) y = u — 1, and substituting these values of a; and of 
y in (6) and (6), we obtain 

(9) 2« _ J^2 _ 4^ = 0, and 
10) t4»_16tt— 23 =0. 

Applying the method of circular functions to the solution of (9) and 
of (10), we find the roots of t and of u which latter substituted in (7) and 
(8), furnish the three additional roots of a; and of y, so that 

a? = 2, 3.13J313, — 3.283186, or — 1.848120, 

and y = 3, —2.806118, —3.779095, or 3.684284. 



SOLUTION BY L. REGAN, BOONSBORO, IOWA. 

From (1) we get ar = |/(7 — y); substitute this value for x in (2) and 
we have y* + ^^(7 — y) = ll, or y* — 11= — |/(7 — y). Squaring 
both sides of this equation we gety* — 22 y* + y + 114 = 0, 
or, y* — 13y* + 39y = 9y» + 38y — 114; by adding 3y» to each side and 
fectoring we have y(y» + 3y* — 13y — 38) = 3(y» + 3y* — 13y —38) ; 
dividing by the common ftctor we get y = 3, and from (2) we get ar = 2. 
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42. — "Find two integral numbers the difference of whose squares is a 
cube^ and the difference of their cubes a square." 

SOLUTION BY ABTEMAS MARTIN, ERIE, PA. 

Let oaf -h 6 and aa? — h denote the numbers* 

The difference of their squares i« Aaboi^y which must be a cube, = 8a V, 
then 6 = 2a». 
' The difference of their cubes is %c?ba? + 26', which must be a square, or 
3aj» ^- 4a« = n = (2x»— 2a)\ Whence a? = 8a. 
Take a = 1, then x = 2, 6 = 2, and the numbers are 10 and 6. 



43. — "Let AB and -40 be two lines .intersecting each other at right angles 
in Af and D, any point given in position. Required the position of a line 
EF through D intersecting the lines ABendACinE and F, so that (2>^)* 

SOLtTTION BT E. B. BETTZ, GREENVILLE, O. 

Draw DH perpendicular to AB, and DK to A C Put DII =: //, DK 
= b, jLBEA = #. Then DE=a oosec<>, and DF= h sec/^; 

.•• a« ooflec«« + 5»sec»« = m«, or a»( ^ ^^'^ ) + ^'(1 + te^'tf) = m\ 
or 6* tan*<? — (m* — a* — 6*)tan'<? = — a*, whence 

tanV = ^24? ^^ ^ ^^ 

tsf;n<7=s±'^| |/(m + a — 6)(m — a + 6)±|/(m + a + 6)(m — a — 6) 

which determines the angle that the line EF makes with AB. There are, 
therefore, in general, four positions of the line. 



44. — "If a circle be divided into three equal parts by two parallel chords, 
find the perpendicular distance between the chords in terms of the radius.'' 

SOLTTTION BT PROF. J. SCHEFFER, KENYON COLLEGE, GAKBIER, O. 

Let (7 be the center of the circle and AB a chord which cuts off its third 
part. Denoting the angle ACB by fpy we obtain for the area of the seg- 
ment, the expression ihtip -«- 360 — Jr* sin jf . Hence we have the equation 

' 2^=^, or i> ——smj^— 120=0, 
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an equation which pertains to that class of equations called transcendental 
equations. Such equations can only be eolved by a process of approximsr 
tion. Thus we find ^ = 149° 16' 30". Hence the required distance equals 
SrcosJ^ = .52985r. 



45. — ^'Required the area and sides of an obtuse angled triangle whose 
angles are to one another as 2, 3 and 7 and whose longest side equals 1. No 
logarithms to be used in the solution." 

SOLUTION BY HENRY GUND3ER, GREENVILLE, O. 

We readily find the angles to be 30°, 46°, and 105*^. 

Demitting a perpendicular from the 106° / , and calling it a;, then will 
the other sides and area be 2a:, a: |/ 2 and Ja:. From the two right triangles 
thus formed we get x{\/3 + 1) = 1, . • . a: == i(|/3 — 1). Hence the sides 
are |/3 — 1, and i(|/6 — ^2) and the area is 4(|/3 — !)• 



46. — "The area of the piston of a steam engine is 1200 square inches, the 
length of stroke 8} ft., the pressure of steam upon the piston 32 lbs. per sq. 
inch and the number of strokes per min. 18. Required the number of cu- 
bic feet of water the engine will raise from a mine 60 filth, deep, the friction 
being estimated at 1 lb. per sq. inch plus the pressure of the atmosphere. " 

SOLUTION BY HENRY GUNDER. 

The moving force = 32 — 15.7225 = 16.6776 lbs. per sq. inch. 
Therefore (120OX16.2776X18X8J) -^ (92.418X360) = 133 — cubic feet 
per minute. 

This seems to me to be the common sense view of it, since there is noth- 
ing said about the expansion of the steam during the stroke of the piston, 
nor its cooling. [We inserted this question by special request, though it 
was obvious that the data are insufficient for a practical solution]. 



47. — [No solution of this question has been received.— The inertia of a 
body in motion may be represented by the force that would be required to 
arrest the motion. 

Let AB represent the pis- 1 
ton, BDy B'jy the connecting I 
rod and CD, Ciy the crank 
arm in two different positions. 
Then, if / represents the force acting upon the piston, fl the/ CBD and (p 
the Z BCDy the relative moving f' roc on a point in the axis of the 




Digitized by 



Google 



—28— 



connecting rod will be represnted by the formula fcosOein^. 

The inertia of a point in tlie axis of the connecting rod, and in the line 
of that axis, will therefore be a maximum when cos <7 sin ^ is a maximum. 
The position of the connecting rod which corresponds to its maximum inertia 
in the line of its axis, depends, therefore, upon the relative length of the 
crank arm and the connecting rod. — £d.] 



48. — A cylindrical tower, radius r, is surrounded by a walk, width a. 
Two persons are on the walk ; what is the probability that they can see 
each other?" 

SOLUTION BY ABTEMAS MARTIN, ERIE, PA. 

Let P be the position of one of the per- 
sons. Through P draw the diameter AP 
OBy and from P draw PG, PH tangent to 
the tower at C and D ; then if the other 
person be on the surface AEGCIDHFA 
they can see each other. 

Let OP = Xy then arc EA = arc AF 
= (r + a)co8"*i f — J , arc CT= arc ID 

== r co6-i(^), arc GS = arc FH = {r + a) oog'^(~^, 
OC = DH= |/(2ar + a^); area FOG = area FDH = K** + «)* 
X<^"^ (r^a) ~ ^"^(^^ + «^)> area ^^C/=area AFID= ^r + a)* 
Xcos-i(-j) - ir^ cos-i (^) = i{2ar + a^y^^{^). 

••• P = 
f^ [(r4.a)»cos-i (^) +(2ar+a»)cos-i (~)^ ri/{2ar + a* ]2;nwfe 




7r(2ar + a^)j iitxdx 
2(a + r)gcos-^[r-r-(a -h r)] 



;r(2ar + a«) 



2r 
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49. — "How fiu* will a man travel in unwinding an inch rope fipom a frus- 
trom of a cone whose upper diameter is 2 ft., lower 16 ft. and height 35 ft;, 
the rope to be closely wound around the frustrum from top to bottom?'^ 

Sotution by Prof. J. Soheffiry Gambier, Ohio. 

The area of the snr&oe of the frustnim is ir(i2 •+• r)|/[A* + {B + r)*], 
Ji denoting the radius of the lower base, r that of the upper and k the axis^ 
of the cone. The question arises now ; what must be the length of a rectangu- 
lar strip whose breadth is one inch, in order that its area may be equal to the 
above stated sur&ce? Thus we find for the required distance : 

123r(i2 + r) i/[A« + (ii -h r)»] = 7616.6;r = 23928.3 ft., or nearly 
4^ miles. 

This solution is not mathematically accurate. The line which the rope 
forms is not a curve (spiral or screw line) of double curvature, in fitct it is 
no mathematical curve at all whose length we could find by means of the 
formulas of Calculus. The distance, however, which has been found in the 
above simple and elementary way, will not differ by a great deal from the 
actual one. 

[It will be seen that, in the above solution. Prof. Scheffer has estimated 
approximately, the length of the rope, (or, rather, double the length, as, in 
substituting for R and r he has probably used the diameters of the bases in- 
stead of their radii,) but he has not attempted the more difficult part of the 
question, viz ; to find the length of the involute curve traced on tlie ground 
in unwinding the rope. 

Let r represent the distance from the apex of the cone to any point P, on 
its 8urfiu)e where the distance between the centers of two consecutive coils is 
z ; and let represent the angle traversed by the radius vector r in describ- 
ing that part of the curve which lies above the point P, then is r = fdoAd 
the polar equation of the curve. If x were constant this equation would 
represent the Spiral of Archimedes. For the given frustrum x is nearly 
constant and nearly equal to one inch, but not quite. 

Determine -x in functions of ; then is r = /d.ilf{ff) (1) 

Fro n (1) determine the length of the curve between the limits r = A and 
r = k, {h representing the slant height of the complete cone and k the dis- 
tance, on the slant side, from the apex of the cone to any point P, to which 
the rope may have been unwound). Let L represent the length between 
the above named limits and let p represent the perpendicular height of the 
point P; then will |/(i* +P^) = the radius of curvature of the involute 
curve, fix>m which its length may be found. 

As a first step in the actual solution of prob. 49 we propose the question: 
To find the equation between x and as involved in (1) above. — Ed.] 
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—so- 
so. — "Assuming the earth^s orbit to be a circle, if a comet move in a jjar- 
abola around the sun and in the plane of the earth's orbit, show that the 
comet cannot remain within the earth's orbit longer than 78 days." 

SoliHon by Prof. A. B. EvaniSy Lockport, N. Y. 

Let MAN be the orbit of a comet whose time within the earth's orbit 
BEDF is a maximum. Let A be the comet's 
position when nearest the sun S, and C any 
other position of the comet in its orbit. 

Put SE ^ r, 8A = a, 8C = p, ZA8C\ 
ss d : then the equation of the parabola is 

P = l+cos# = ^S5p' ^^^ *^^ ^^^^ 

= a^tan Jtf + ia^tan^O. ... (1) 

Since oos^iO = «-5-/>, the area of A8D is found by putting cos Jtf 
c= i/(a-f-r), or tan i^ = i/[(r — a) -^ a], in (1). The area of A8D is 
therefore equal to a»i/[(r — a) -^ a] + ^a^yl{r — af -^ a»] 
— iVaX(r + 2a)i/{r — a) ; and the area of BSA + A8D = 2A8D 

= lv/aX(r -r- 2a)i/(r—a). ... . (2) 

Now the areas described about a common center of force by two bodies 
moving in different orbits being in the subduplicate ratio of the parameters 
of those orbits, and the parameters of the orbits in this case being 2r and 4a, 
we have V(2r) : ^{4a):: rrr^ : ni/r^x y{2a) = the area described by the 
comet in one year. As the comet describes equal areas in equal times, we 
have, denoting the number of days in the year by T, 

7t Vr^ i/(2a) : §i/a.(r + 2a)|/(r — a) :: T : T the number of days the 
comet is within the earth's orbit 

(r + 2a)v /(2 r — 2a) 

:y 1 

The only variable in the value of T being a, T will be a maximum when 
(r + 2a) V 2r — 2a) is a maximum. Differentiating this axpression with 
respect to x and placing the differential coefficient equal to zero, we find 
2|/(2r — 2a) — (r + 2a) -r- ]/ (2r — 2a) = ; whence r = 2a. This val- 
ue of r substituted in (3) gives 



I,^ \rT^IV,^-^l r....(3) 
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PROBLEMS. 



51. By Dr. N. R. Oliver, Saeaion, Arizona. — Givea 

(a:»+y2)y = 39, (1) 

a^+y* = 97, (2) 

to find X and y by quadratics. 

62. By J. M, Ourtisj Omdy Mich. — A hare starts 10 rods north of a 
hound and runs at an angle of 45° with the meridian. The hound pursues 
in a straight line and in such a direction that he. will intercept the hare 
without changing .his course. Supposing the hound to run n times as fast 
as the hare, how fiir will he run before he catches the hare? 

43, By request of A. W, Mason. — If a ball of 6 in. diameter is dis- 
charged from a canon at the rate of 1 mile in 7 seconds, how much greater 
force will be required to throw a ball of double the weight with the same 
velocity, taking into account the resistance of the air and the diameters of 
the balls? — SUUman^s Phydcsy page 108. 

64. By Prof J. 8eheffery Gambler, O. — Let ABC represent a spherical 
triangle and M the centre of the sphere. Find the three distances of the 
oentre of gravity of the spherical triangle ABC from the three planes 
ABMy ACM and BCM. 

55. By request of Walter Siverly. — A very small bar of matter is move- 
able about one extremity which is fixed halfway between two centers of force 
attracting inversely as the square of the distance; if i be the length of the 
bar, and 2a the distance between the centera of force, prove that there will 
be two positions of equilibrium for the bar, or four, according as the ratio of 
the absolute intensity of the more powerful force to that of the less powerful 
is or is not greater than (a + 2/) -5- (a — 21): and distinguish between the 
stable and unstable positions. — Oambridffe Froblema, 1845. 

. 56. By G. W. iEffi.— Find the real value of (/— 1)^""^ . 

67. By Prof. £. W. Hyde. — Find the nature of the curve represented 
by the equation 

462(a?2 4.y2)[(a._ct)2 +ya _6a]_a»y«[(a:— a)' +y*]=0, 
and show that when a certain relation exists between a and 6, the locus re- 
duces to a right line perpendicular to the axis of a?, and a 3rd degree curve 
which is a trisectrix. 

68. By Prof W. W. JbArwon.— Eeferring to prob. 33, and Mr. Stille's 
figure in No. 9, find the rect. coordinates of the doub. pt. not on the axis of x. 
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ERRATA. 



YAOX. 


ux% 


• 






3 


10 


from bottom, foi 


■ V'*" read ii^"« 




4 




first line " 


iv/(l-«')r««i 


\v{i-')- 


M. 


4 


M 


a' 


x^ 




V^(l-x«) 


V\l-x^)' • 


M 


7 


« 


(a: + A)«— <^ " 


{x + hy^. 


6 


9 


M 


ajjajjir, = o ** 


XyX^X^ as — 0. 


« 


3 


from bottoA, " 


o»3 + 6 « 


a« —36. 


7 


3 A 7 « 


A^ « 


^». 


8 




last line, '< 




dDi^ 
— ^ dJ • 


9 


9 


from bottom, « 


.9 


6 


from bottom, " 


defe "a letter". 




10 


7 


« 


"them" read 


die primes. 


(( 


26 


« 


Hargrave ** 


Hargreave. 


11 


17 


M 


C—fxpm. » 


C—Jxdn, . 


13 




first line " 


2 — q « 


2 -p. 


« 


3 


from bottom, " 


d(ff — 2/?) « 


p(r-2<?). 


14 


8 


« 


W 


^'. 


16 


16 


« 


"proxi" " 


practice. 


(( 


7 


firom bottom, « 


H* " 


(f)* . 



. (4) 



We regret that, owing to a njew arrangement for printing the Analyd and 
a new compoBitor, and other sufficient reasons which need not be explained, 
the present No. appears with an unusually large number of typographical 
errors. We apologise to the authors for the appearance of their articles and 
hope to be able to bestow such personal attention to the proof reading, in the 
future, as will obviate the necessity of a like apology hereafter. 

In the above errata we have, with two or three exceptions, given only the 
corrections of erroneous formulas that have been observed, without noticing 
the errors in spelling and punctuation which are very numerous : the read- 
er, however, will correct these at a glance, and the authors will pardon our 
apparent inattention in this matter, we hope, for once at least. — Ed. 
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PERFECT CUBES. 



BY PBOF. W. D. HENKLE, SALElt, OHIO. 

In my first article on this subject (See Analyst Vol. I. No. 6.) I ex- 
plained how the tens' figure of the root of a perfect cube can be obtained 
from the tens' figure of the cube. In this article I shall extend the discus- 
sion to the hundreds' figure of the root. In order not to use too much space 
in the Analyst I adopt a brief mode of indicating the facts, which may be 
readily comprehended by a reference to the former article. The figures after 
the braces are the endings of the perfect cubes and the subs the endings of 
the roots^ The figures in the upper rows before the braces represent the 
hundreds of the cube and those in the lower rows the corresponding hund- 
reds of the root. The direction after each brace refers to the mode of ob- 
taining any figure in the lower from the corresponding figure in the upper 
row. (I use for brevity the word figwt instead of nwmber repreaemked by the 
fgure). In each case of multiplication or of multiplication and addition the 
tens are to be cast out or the left-hand digit is to be rejected from the prod- 
uct or sum. 



12 3 4 6 

7 4 18 6 

12 3 4 6 

4 18 6 2 

12 3 4 6 

6 3 7 4 

12 3 4 6 

9 6 3 7 

12 3 4 6 

6 2 9 6 3 

12 3 4 6 

3 7 4 1 



7 8 9 01 
9 6 3 OJ 



01 



01 



8 9 
3 



8 9 

6 2 

8 9 

8 6 

8 9 
4 

8 9 

2 9 



"121" 

9 0\ 

1 8/ 

2} 



81 



51 



multiply by 7 and cast out the tene. 

mult, by If add 7^ and cast out the tens. 

mult, by 7, add 9, and cast out the tens, 
mult, by 7y add 2, and cast out the tens, 
mult, by 7^ add 8, and cast out the tens, 
mult, by 7, add 6, and cast out the tens. 
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2 9 6 3 7 4 18 l}'^^^^' ^ ^^ ^' ^^^ 5, and cast out the tens. 

8 5 2 9 6 3 7 4 ij^lsiJ X by 7, add 1, and cast out tl« tens. 

8 ?! 7 3 6 9 2 5J33;;' X by ^' ^^ ''^^^ cast out the tens. 
6 9 2 5 8 14 7 sJ^^it; X by 3, add 3, and cast out the tens. 

9 2 5 8 14 7 3 l}^^*^' ^ ^^ ^' "^^ ^' *°^ cast out the tens. 
4 7 3 6 9 2 5 8 ij^^o^; X by 3, add 1, and cast out the tens. 

581470369 ^V^'^' ^ ^^ ^' ^^ 2, and cast out the tens. 

) 83 J 7 

258147036 9}^^^^' ^ ^^ ^' ^^ ^' and cast out the tens. 

036925814 ij^^i^^' X by 3, add 7, and cast out the tens. 

8 14 7 3 6 9 25}^^"' X by 3, add 5, and dist out the tens. 

12 3 4 5 6 7 8 9 0^ ^-''8 



3 6 9 2 5 8 14 7 r^»»' ^ ^ ^' ^^ ^' *°d ««*«"* ^^^^ *«"«• 

J 47 J 8 

6 9 2 5 8 14 7 sj^^ssJ X by 3, add 3, and cast out the tens. 

4 7 3 6 9 2 5 8 ij^^s? X ^^ ^' "^^ ^' and cast out the tens. 
J 3 6 9 2 5 8 ? 4 ?}9?r3' >< ^7 '% add 7, and cast out the ten.. 
9 2 5 8 14 7 3 e}'^^"^ X by 3, add 6, and cast out the ten.s. 
25814 7036 Sj^^ssJ X by 3, add 9, and cast out the tens. 

296 307418 sj^^e^' ^ by 7, add 5, and cast out the tens. 

}19 

79'; ; X by 7, add 9, and cast out the tens. 
8829 
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12 3 4 5 6 
8 5 2 9 6 3 



7 4 l}2^09; X by 7, add 1, and cast out the tens. 

741852 963 o}^^^'' ^ ^y''^' ^"^ ^' and cast out the tens. 

529630-7 41 sl^^^S' ^ ^^ ^' "^^ ^' and cast out the tens. 

18529 6 307 Jl^^i*' ^ ^^ ^' ^<* "*' and cast out the tens. 

4185296307 f^^8 9r X by 7, add 7, and cast out the tens. 

.3 07418529 el^^o^' ^ ^^ '^' *^^ ^' and cast out the tens. 



or 



13 5 7 9) 12o8 

3 9 5 17 >5278; X by 3, add or 5, and cast out the tens, 

or 8 4 6 2 j 92^, 

1 3 5 7 9), 9 

5 17 3 9 >Q9 *; X by 3, add 2 or 7, and cast out the tens, 
or 6 2 8 4 j ^^^'^ 

2 4 6 8 0) „„ 

7 3 9 6 1 y^gi"; X by 3, add 1 or 6, and oast out the tens. 
or 2 8 4 6J '''^ 

2 4 6 8 0) „„ 

9 5 17 3 >798» ; X by 3, add 3 or 8, and cast out the tens, 

or • 4 6 2 8J '^«' 

13 6 7 9) 

6 2 8 4 >52,8; X by 3, add 3 or 8, and cast out the t€ns. 
or 1 7 3 9 6J 

13 5 7 9) 

6 4 8 2 >0484; X by 2, add 4 or 9, and cast out the tens, 

or 1 5 9 3 7j 

13.579)., 

3 7 15 9 yiT** ; X by 2, add 1 or 6, and cast out the tens, 
or 8 2 6 4J **i* 

2 4 6 8 0) 

8 2 6 4 > 2424 ; X by 2, add 4 or 9, and cast out the tens, 
or 3 7 1 5 9J 

2 4 6 8 0^ 

5 9 3 7 1 > 24^4 5 X by 2, add 1 or 6, and cast out the tens, 

or 4 8 2 6J 

13 5 7 



5 9 3 7 1 \tt^*', X by 2, add 3 or 8, and cast out the tens, 
4 8 2 6 1 **<< 
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2 4 6 8 0"! 

4 8 2 6 64o4; x by 2, add or 6, and cast oattheteoB. 
or 9 3 7 1 6j 

2 4 6 8 0"] 

6 4 8 2 6454,- X by 2, add 2 or 7, and cast outthetois. 
or 1 5 9 3 7 J , 

1 3 5 7 9-j 

2 6 4 8 8494, X by 2, add or 5, and east outthetens. 
or 7 1 6 9 3 J 

2 4 6 8 0-] 

5 9 3 7 1 16o6; x by 2, add 1 or 6, and cast out the tens, 
or 4 8 2 ej 

2 4 6 8 0-|jg 

7 15 9 3 Lfi*®; X by 2, add 3 or 8, and cast out the tens, 
or 2 6 4 8j^**8« 

13 6 7 9"] 

6 4 8 2 864^; X by 2, add 4 or 9, and cast out the tens, 
or 1 5 9 3 7j 

13 5 7 9" 

3 7 15 9 13698; X by 2, add 1 or 6, and cast out the tens, 
or 8 2 6 ~ 



7 9-1 

5 9 3698; 

4j 

6 8 0-|.„ 
2 6 ^^8«; 

7 1 5j*'*'»« 



2 4 6 8 0" 

4 8. 2 6 IqJ^*"; X by 2, add or 6, and cast out the tens, 

or 9 3 ~ ' 

13 5 7 9"] 

2 6 4 8 76jg; X by 2, add or 5, and cast out the tens, 

or 7 . 1 6 9 3 J 

13 6 7 9- 

4 8 2 6 1767 e; X bv 2, add 2 or 7, and cast outthetens. 

or 9 3 7 

2 4 6 8 0" 

6 4 8 2 1968 6; X by 2, add 2 or 7, and cast outthetens. 

or 1 5 9 3 ^ 



or 



7 9"! 

6 767,; 

1 5j 

on 

2 968 6; 

2 4 6 8 0-|Qg 

6 2 8 4 "°0 3; X by 3, add or 5, and cast out the tais. 

17 3 9 5J'*''" 



2 4 6 8 OnOSfi, 

8 4 6 2 48,,; X by 3, add 2 or 7, and cast out the tens, 

or 3 9 5 1 7J889J 

13 5 7 9-]„ 

7 3 9 5 1 fto*"; X by 3, add 4 or 9, and cast outthetens. 

or 2 8 4 6 !''''»» 



Digitized by 



Google 



or 



or 



1 


3 


5 


7 


9 


4 





6 


2 


8 


9 


5 


1 


7 


3 


2 


4 


6 


8 


0- 





6 


2 


8 


4 


5 


1 


7 


3 


9 




-69— 
by 3, add 1 or 6^ and oast out the tens. 

by 3^ add 4 or 9, and cast out the tens. 



Instead of adding a number its complement (10 — N) may be subtracted. 
Instead of the odd numbers 1, 3, 5, 7, 9, put O, and instead of the even 
numbers 2, 4, 6, 8^ put E. We have then for cubes ending in 5 and their 
roots the following facts 



L 6ll^\ 1 6l25a5. 3 f\ll\' 3 sllj 



126^5 . 3 81J^l^ 



E O |^^^«^ O E\25:V' E O |;^««^ O E^lbW' 



It would be trespassing too much upon the limited space of the Analyst 
to mention the beautiful harmonies displayed in these facts. I leave them 
for the reader to observe, hoping that some one may have the time and in- 
genuity to connect them in a mnemonic formula. 

By means of the series preceding 32^ g I detected An error in the table of 
cubes in Button's Mathematical Dictionary, Vol. 2. He gives 10,360,282 
as the cube of 218 instead of 10,360,232. 



Note on the sound heard in connection with conchs and other 
8HEi.L£, BY GARVIN SHAW, Kemble, Ont., Canada. — When a conch, or any 
other shell of a similar construction is applied to the ear, a sound is gener- 
ally heard resembling that of the waves at the sea shore. This phenome- 
non is produced by the successive reverberations of external sounds against 
the interior side of the conch. The external sound enters the conch, and is 
reflected from side to side until it has reached the extrmity of the winding 
cavity, and the noise which is heard is merely the continued echo. 

That this explanation is true is manifest from the circumstance that the 
intensity of the sound in the conch varies with that of the external sound. 
If there be no noise whatever connected with the surrounding objects, there 
will be none in the conch, but if the external noise be great, the internal 
will also be considerable; nor is this eflect connected solely with conchs or 
other shells of similar construction. If any hollow vessel be applied to the 
ear while there is an external sound, a continued noise will appear to issue 
from the vessel. The explanation therefore is true, and that it is also suffi- 
cient to explain the phenomenon is obvious. 
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NOTE ON THE SIGNIFICANCE OF THE SIGNS + AND 
BEFORE THE RADICAL |/. 



BY PROP. C H. JUD80N, FURMAN UNIVERSITY, OREENYILL, S. C. 

It is usual with Algebraists to write the roots of the quadratic 
a^ — 2px = qin this form; x =p dz \/{q +p^) : whence it is inferred that 
the sign + before the radical indicates that the positive root only is to be 
taken, whilst the sign — indicates that the negative root only is to be taken. 
This is the express teaching of the ablest Algebraists. See Wood's Algebra 
by Lund, Cambridge, Eng., page 113 — Todhunter's Algebra, page 170 — 
Peacock's Symbolical Algebra, Vol. II, page 106 — Hackley's Algebra, N. 
Y., page 214. 

Wood and Todhunter give the following example: 

X -j- x/{5x + 10) = 8, (1) 

or] '(5a; +10) = 8— a:; i2) whence 5a; + 10 = 64— 16a? + ar* or a?— 21a; 
= — 54, whence a; = 18 or 3. "But," they say, "it appears on trial that 18 
does not satisfy the original equation, (1), but it belongs to the equation 
X — i/{5x + 10) = 8." Is this doctrine defensible? Let us examhie it. 

Equation (2) shows that if a; = 3 then i/{dx + 10) = 8 — 3, or + 5 
and (1) becomes 3 + [5] = 8, and the equation is verified. 

I{x= 18, then (2) gives y'{dx + 10)= 8 — 18 = — 10, and (1) is also 
verified, thus 18 + [— 10] = 8. 

Hence we infer that the + »ign before the radical indicates that the true 
root is to be taken with its proper sign; whilst the — sign indicates that the true 
root is to be taken with its sign changed. 

If the original equation had been x — \/{bx -f 10) = 8 (1) 

or a; — 8 = v'(5a; + 10), (2) we should still have had a;* — 21a? = — 54 
and a; = 3 or 18, as before. But now we have j/(5a; + 10) = 3 — 8= — 6 
and (1) is verified; 3 — [— 5] = 8 : also ^/{bx + 10) = 18 — 8 = 10, and 
(1) becomes 18 — [10] = 8. 

This last case shows conclusively that the — sign before the radical does 
not indicate that the n^ative root only is to be taken, but that the true root 
is to be taken with its sign changed. 

If we take the equation x + b\/x = — 6, we have \/x = — ^ d: J = 
— 3, or — 2, and a; = 9 or 4. But the solution shows that the negative 
root is to be taken in both instances. If we take x — 6|/a; =s — 6 we have 
l/a? = f±J = 3or2 and a; = 9 or 4; but now tiie positive roots only are 
to be taken, notwithstanding the — sign before the radical. 
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Aooording to the received doctrine, the foregoing equations have absolute- 
ly no roots, real or imaginary. And this is maintained by the writers named. 
Thus also Young (Theory and Solution of Equations of Higher Orders, 
page 26,) says, "no expression, real or imaginary, can satisfy the equation 
2a? — 5 -h i/{o^ — 7) = 0." But why should the + sign before the radical 
indicate that the positive root is taken, any more than the -|- sign understood 
before tha 2x indicates that the positive value only of a; is to be taken? The 
foregoing examples and reasoning appear to be concltmve; and if the oppo- 
site doctrine — that generally received— can be maintained on any other 
ground than that of high authority, I should be glad to see it presented 
in the Analyst. 

A DEMONSTRATION OF THE BINOMIAL THEOREM 
FOR NEGATIVE EXPONENTS. 

BY DAVID TROWBRIDGE A. M., WATEBBURGH, NEW TORK. 

Let (1 + «)"• =^0 + -*!« + ^3^^ + -^sa^ + • (1) 

{l + zf^^Ao+Aix'+AjX^+A^x"-!: (2) 

Put «-" = (!+«)"", «i— =(! + «')"■, 

then u' = l+x, u^* =^ 1 + x' , w" — «i" = a; — x'. ...;...(.'}) 
Subtract (2) fifom (1), then 

„-»_„j-= ^^^^^A.ix-x') + A.i^^-x'*) + A,{a?-x'% . 

Divide the second member by u* — w'", and the third member by .r — a:', 
Eq. (3). Then 

= A^-\- A^(x + X*) + A^(x^ + xx' -h ar") + . . . 
Let x' = a;, then u = u\ and 

Multiply both members by (1 + x\ and both members of (1) by wi -^ n, 
then, since 4^ = 1, 

= =(1 + ^^a? + A^^ + . . . + 4^ + . . .) -r (1 + ^){Ax + 2^2^ + 

ZA^x'^ + . . . + (p + l)4^iaj' + . . .] 



i 
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•■■U, + pA + ip+ i^H-i = (" +p)A + ip + '^)A^i = 0; 

and Aj^i =— " ■ ^ .-A,. Putp =0, 1, 2, Ac., then Ai = — — , A^=s 

— 2 .^i— j2 '^3 1.2.3 ^^ 

This demonstration is just as easy as that for positive fractional exponents. 



Note.— F. W. D. Holbrook, Wakefield, Mass., writes— "Would it be 
asking too much to iitouest of some of your contributors the equation of a 
right solid the base of which is an ellipse and the surface of which is gene- 
rated by a straight line generatrix, moving on the perimeter of the ellipse 
and also on a straight line parallel to and symmetrical with said ellipse — 
The solid would be called I presume a conical wedge. The fact.is that sec- 
tions of the solid parallel to its elliptical base are concentric with the ellipse 
but still are not ellipses. / 

Or, in other words, can I obtain a demonstration that no two ellipses can 
be parallel? This inquiry grew out of the designing of a bridge pier of el- 
liptical base where it became necessary to draw diagrams of every course with 
the size and position of the stone to be ased marked thereon. 

If the altitude of this wedge were infinite I suppose the base would ap- 
proach indefinitely near to a circle " 



GEOMETRICAL PROBLEM AND SOLUTION. 



BY ISAAC H. TURRELL, CUMMINSVILLE, OHIO. 

Problem. — A given circle Sf touches a straight line at T, and a series of 
circles F, Y^ &c. are drawn tangent to each other consecutively and also 
touching 8 and its tangent; then if the ratio of any one of the series as Y 
to /8 be represented by a', the ratio of F^ to /S will be (i/a ±: n)* according 
as Fm is nearer to, or farther from T than F is. (The positive sign may be 
regarded as showing the standard case). 

As a particular example, if any one of the series becomes equal to 8, 
the square roots of their radii are inversely as the natural numbers 1, 
2, 3, 4, &c. 
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Solution, — Let P, a point in the tangent line, be the external renter of 
si militude of the oin^les 8 and Y (radii Xy y\ 
then Oiy the center of Fj will be found by 
laying off PR = PAj drawing RM perpen- 
dicular to PTand equal to the radius y, as in 
the Figure, joining OM which will bisect 
RF in F. (P being the point of contact of | 
circle Fand the tangent). A perpendicular 
to Oif at Fwill meet i2Jf in O^. 

Since g, q^ are anti-homologous points on 8 and F, Pq X Pq^ = PA^ = 
PPfy r . Rv&ike point of tangency of Y^ and the tangent/ and as 00 ^M 
is an isosceles triangle, it is evident that OiR=Oiqi. A similar construc- 
tion will show that F^ touches & 

Again, by drawing OH parallel to the tangent, and remembering tlmt 
TF= 2i/{xy\ it is easily found from the similar triangles HSOy TSP, that 

X — y X — y ' 

but Fy Ty being anti homologous points PFX PI — PL\ 

In the right triangle Oi FJf, VB* = BMX OiR or OiR ( = y, ) 

_ .t/Tx — i/J Tyyf 
~ {x—xf ' 

If the ratio of (S to F is a*, oy = a; and 

y^ = (i/a + 1 )* '"■ * = yi^*"'" + ^)*- 

By putting (|/a + 1)* fi>r a in the last expression, x^=y^{\/a -f 2)', and 
by induction x = y«(i/a + lif) .",8= F^(|/a + n)*. 

The radii y, y^ &c. are to each other, inversely as the quantities a^ 
{\/a + \fy {i/a + 2)*, Ac Hence, if a = 1, the square roots of these quan- 
tities form the natural series 1, 2, 3, 4, &c. 



GEOMETRICAL PROBLEM AND 80LUTI0K 



BY T, P, 8TOWELL, ROCHESTER, N. Y, 

Problem. — ^To divide a square 'into any number of equal squares. — Or to 
construct a square which shall equal any fractional pert of a given square. 
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8oluHor,.—liet AB be the side of any given square^ upon whidi describe 
a semicircle, and on each radiuf i 
AC and f -B, describe other semi- j 
circles as shown in the diagram. 

From B as centre and radius I 
BC describe the arc Cg. Join Ag \ 
cutting the radius CD in E. 
Then, assuming AB= 1^ we have | 
by similar triangles Ag^ : AB^ J 
AC: AE^ or 1—^: 1 :: ir^l 
Hence the square described on ^£ | 
= J the square on AB. 

Again, from A as centre and I 
radius AC describe the arc Cte' — | 
Aa^ being perpendicular to AB. 
Join Ba' cutting the semicircle on I 
CB in a. Then because £a'* 
AB^ :: CW : Be?, therefore 1 +i I 
: 1 :: J : ^; or the square de-| 
sribed on Ba = I the square on^ B, 
In a similar manner, JS6 = ^, | 
Be = I, JBd = ^, Am=^^, An = -^9 Ao=i^y Ap=^^ &c., of the square 
on AB; and there is a regular law governing the construction as shown in 
the diagram. 

Again, suppose we wanted to construct a square =1^ of a given square. 
From the above construction we know that JB«* = -^^ of AB^ and JBc*= f 
of AB^. With radius Bs describe the arc «A cutting Be in A. Join Ac and 
draw through h a line parallel with Ac cutting AB in k; then B1f=^^ of 
AB^. Because by similar triangles JBc* : BA^ :: Bh^^B^ : Bify or, mul- 
tiplying the antecedents by 7, 75o* : BA^ :: IBh? : BJf, But by construc- 
tion 7BcF=:BA'; . • . 7-BA» = 5P, and hecAuae Bh? = -^ of BA' .'. Bi^ 
= -j^ of BA', and similarly for any other fractional part. 

It is evident that a circle, or any regular figure, may be divided in sim- 
ilar fractional parts by the same construction. 

SOL UTION OF A PROBLEM. 




BY £. B. SEITZ, GBEENVILLE, OHIO. 

To determine the radii of three circles inscribed in a triangle whose sides 
are a, by o, each cir. touching the other two, and also two sides of the triangle. 
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Sohitiim. — Let ABC be the triangle, Jf, N^ 0, the centers of the oiiclw, 
2), E, F, O, H, Ky the points often- 1 
geocy. 

Put MD^x, NE^r^^x, ^O^^^^^^^^^ 
= r^^Xj and let r = the radius of t!jo ^^^^I^^^B^^SHRJ^I 
inscribed circle of the triangle. Th^^i i ^^^^^H|BH|Sl^flffl| 
AD = AK=:xoot^A, BE = £ F^^^K^S^^ KMSL 

= r^^xootiBy CO = CH = ^i'-'^^KBKSKSBBm 
X cot JC, DE=%^^Xy HK = 2r^j; ^^^ ' 

F0^2r'^r^Xj and we obtain the fol- 
lowing equations. 

a?coti^ + 2r^x + r^^xcot^B = c, , (1) 

a;cotJ^ + 2rja?4-r2"a-cotJC=6, (2^ 

ry^xoot^B + 2r^r^x + r^^xcot^C=a (3) 

By Trigonometry we have 6(cot ^^ ^^ tan J-B) = c(oot J-4 — tan JC), . (4) 
ari*(ootJfi — tanJ-4) = cri»(ootJ5 — tanJC), (6) 

8in|J8co6|J 8 in|Cco 6|C ,. sin |^ cos |^ sin ^C cos ^C .^. 
J « e »-(6) ^^ = i -(0 

Dividing (1) by (2) and (3)^ and clearing of fractions, we have 

b{oot^A + 2ri + Y^'cot J-B) = c(cot J-4 + 2r, + r^'cot JC), . . • (8) 
a{oot^A + 2ri + r^'cot JjB) = o(ri«cot JJ? + 2r^r^ + r,«oot JC).(9) 
Subtracting (4) fixwn (8) and (6) from (9), we have 

6(tan JJ5 + 2ri + r^'cot J5) = c(tan J(7+ 2r^ + fj'cotiC), . . . (10) 

a(cot JA H- 2ri + r^^tan ^A) = c(ri*tan JC+ 2rj^r^ + r^'cot JC). (11) 

Multiplying (10) by (6) and (11) by (7), and extracting the square root, we 

have sin JS + r^ cosJ-B = sin JC+rjCosJC, (12) 

cos J-1 + r| sin J-l = Tj sin JC + r^ cos JG (13) 

Subtracting (13) from (12), we find 

sin|C+oo6^^— sin^Jg _ sin^C + sin jCcos ^2B + C) 
*■» ~ sin \C— sin \A+cor\B~ An\C + sin iCoos 1^2A + C) 

_ oo6iC+co6^(2J?^ C) _ cosjJBcQsK^ — 2I) _ 1 -f tan jA 
■" co8iC+oo8t(2A + C) "•oo8tAcosi(;r — JB)~ 1 i- tan^B' 

Similarly we find 

_ cos iC<x»^7: — A) _ 1 + tan |A 
''^"ooeiAcosK^r— C)""i + tan ^C^ 
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From (3) we have x = i ^ i t> , o ^ ; s tt^ 



a&m\B»\n^C 



r,*co8^jB8iniC+ 2r^r^8in^BBin^C + r^^in^BcosiC 

^ rcog^^oo8^;r— J?)ooe^(;r— a) ^ .^(l + tanj-Jg)(l+tanj-C) 
■ 2oo8|;rco8^J5oo8:J-Ceo8Kr — A) 1+tan^^ 

r «^- Ml+taDJ:^)(l-f tan^(7) lr(l +tanj:^)(l +taDlJg) 



soi crr/ojv' of ifB. churcits problem. 



BY PROF. E. W. HYDE, ITHACA, N. Y. 

"Given fbar paints [no one point lying within the triangle formed bj the 
other three] to construct geometrically the axis and focus of the parabola 
passing through them. 

Solution. — Let the four points Ix 
af^y 6, c, cP. Regard them as lying 
in the horizontal plane of projec- 
tion, and draw a ground line GL I 
through two of them as b and c. 
Take some point p [marked pV] 
in the second angle, and draw the 
right lines pd and pa piercing the 
vertical plane in d^ and a^. b and 
c are in OL and therefore in both 
the horizontal and vertical planes 
of projection. 

Draw in the vertical plane a hor- I 
ijBontal line i* through p\ Now 
if an ellipse be drawn passing 
through the four pcrints a^j, 6, c, 
and c?| , and also tangent to the line | 
X*, and if p be taken as the vertex of the projecting cone, the ellipse a\ 6 
cdf^f will be projected into the required parabola, upon the horizontal 
plane. For by the construction b and c are their own projections, a^i is 
projected into a«, and df^ into e?, and f^ is projected to infinity. It follows 
therefore that p* ^ is a diameter of the parabola. It is not necessary to con- 
struct the ellipse. Draw by PascaFs theorem a tangent to the ellipse at 
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either of the given points as 6. In the figure 6 ^ is the tangent. Project it 
upon the horizontal plane into L*^^ the tangent to the parabola at 6. Having 
now the tangent and dii^meter at &^ other tangents as those at c and c^ can 
be drawn at once, and the carve can be coostracted, and its Axis and focus 
found. 

It only remains to show how to find the point f at which the ellipse 
through fl^i, by e, df^ is tangent to If. 

Suppose f to have been found, and consider c^j & ccPj ^ as an inscribed 
hexagon with the side at f reduced to a point; then by Pascal's theorem the 
intersections of the three pairs of lines cP, f and 5 a*,, a*, f and od?y^ b o 
and L^ must lie in the same straight line. But as the last two are parallel, 
the line through the three intersections will de parallel to 6 o, or GL. 

If therefore we draw a series of lines ^jCj, Jge, etc. parallel to Gri, and 

draw also the lines <?x^i, (fj^^ ®^- *"^^ ^"^i^i y ^^1^2 ®*^-> *1^®" ^^ locus ot 
the intersections a, )9, y, etc. of these last lines will cut L^ at the required 
point of contact if. 

This locus is a conic section with its center at k the middle point of af^d?-^ 
which is a diameter. It has a pair of conjugate diameters parallel to c dP^ 
and bcf^f and its equation referred to these diameters is 



: + 






\a{a ± aj) ^ \b(b ± 61) 
in which a is the distance from the intersetion of cdf^ and b a^^ to the point 
c^i ; a^ that frcHU the same intersection to C; 6 that from the int^*sectioD 
to a\ ; and &j that from the intersection ioij; the lines o^^ (^and ij cP^ be- 
ing parallel to GL. 

If the upper signs of a^ and ftj be taken the curve is an ellipse, if the 
lower, it is an hyperbola. The first correspfmds to the case where the lines 
'1 ^19 ^2 '2 ^^* ^'•^ drawn across the other angle between the lines odPi and 
6a*i , i. e. so as to cut one of them on the same side of their intersection on 
which a\ and d*, are ntoated, and the other on the other nde^ while the 
second is the case in the figure. If a^i and (P^ are equally distant from GL, 
or if 6fl^i and ocPj are parallel the locus reduces to two intersecting right lines. 



Q UADRATURE OF THE CIBCLE. 



BY PBOF. AUGUST ZIELIKSKI, AUGUSTA, GEOBGIA. 

The Grecxnefcas of Antiquity used to distinguish, in the solution of math- 
ematical problems, the geometrical solutions and the mechanical ones-rthe 
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former being executed by means of the ruler and tlie dividers only, the lat^ 
ter by any other more complicated means. 

The solution of the problem of the quadrature of the circle which I am 
going to give i 
is a mechani- | 
cal one. | 

If NMN'\ 
iT is the giv- | 
en circle and 
We let it roll 

on a straight line XX' which is a tangent to the circumference at JV, each 
point of the circumference will describe' a cycloid, and the bases of all these 
cycloids will be equal. Let NQN' be the cycloid described by the point N 
of the circumference, and N'T the next cycloid described by this point; if 
PP' is parallel to XX y then NN' = PP. But, as N^ is the point on the 
tangent XX' where the point N of the circumference oomes when the circle 
NMN'M' has made a complete revolution, we have, if r = ONj the radius 
of the generating circle, JV!2V = 2r;r. If we make Nn^=\NN^ =r;r, we 
will have rectangle ONnO^ = r*r. If we make Nm = On £= r, and on mn 
as diameter describe the semi-circle mn'riy it will cut the perpendicular NNf 
in By and we shall have mN : NB :: NB : iVn, whence (NBY = Nn.mh j 
that is, c?='{NEf = r.r7: = r*7r or a=NB is one side of a square NBAC, 
whose area is equal to that of the given circle NMN'W. 

If we adapt to a small heavy disc of brass or anyother material, whose 
radius £^ is i 
known, 
pencil a, and 
putting it on 
a plane with 
the point of 
the pencil 

downward, we apply a ruler ^ to its circumference; if then by means of an- 
other ruler B pressed against the opposite point of its circumferonce, and 
moved quickly in a horizontal direction, parallel with the stationaiy ruler, 
we produce a rotation and progressive motion of the disc, the point of the 
pencil a, will draw on the plane a cycloid aba^^ whose base will be parallel 
to the edge of the ruler; then, if 663^ is parallel oaj, 661 = 2ifer. 

If c6 = JB = Ooy and we want the circumference of a circle of radius R^ = 
cNy we draw the straight line cN^ through b^ making NN^ parallel to Wj, 
then isc6 : oNiibby : NN^y or RiRji: 2fi;r : AA^; . '• NVj = 222^^. 
Hence by means of a single cycloid we can transform any clrc. into a square. 
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RECENT MATHEMATICAL PUBLICATIONS. 



COMMnriCATSD BY G. W, HILL. 

Aknales P£ l'Ob8ebyatoir£ d£ Pakis, publiees par U. J. Lk Yerbibr, 
Directs ur de I'Or>i«ervatoire. M6moireB. Tomo X. Gauthibb- 
V1LLAB8. Paris, 1874. 4to. 422pp. 27 fr. 

In this voLume the author treats the mutual perturbations of Jupiter and Saturn, 
rvploying the same method as that which in previous Yolumes he has applied to the 
theories of the inferior planets^ viz: the method of variation of the elements. A 
whole volume has not sufficed to complete the subject. At the end is a memoir by 
M. M. Wolf and Andre, ^^ On the singular appearances which have frequently accom- 
panied the observation of the contacts of Mercury and Venus with the Sun^s limb.** 

ApEB^U HiSTORTQUE bur l'OrIGTNR ET lb DiVRLOPEMENT DE8 MeTHODS 
EN GiOM:feTRlE, PARTICULIEREMENT DB CELLE8 QUI 8E RAPPORTENT A 
LA GiOBIETRIK MODERNS, 8U1VI d'uN MeMOIKE 1)£ GeOMETRIE SUR 
DEUX PRINCIPES oiiNERAUX DE LA SciENCE. LA DuALITE ET l'HoMO- 

ORAPHiE. 2d £clitH»n, conf.»nne & la premiere. Par. M. Ghasles. 
Gauthier-Villars. Paris. 1875. 4to. 850pp. Price for subscri- 
I erPj 25 tr. 

The house of Oauthisr-Villarb has undertaken to pritit this rare and much 
sought-after volume. It Is to b3 hoped that they will continue the g«)od work, and 
put again within the reach of students the equally rare Gbombtbub Supxbieubb of 
the same author. 

Journal de l'£colb Polttbchniquk. 44th Cahier. Gauthibr- 
YiLLARB. Paris, 1874. 4to. 

This number contains six memoirs by M. Maximilien Marie on the elementary 
theory of integrals, single, double, and of any order, and on their residuals and 
periods, together >» ith an extension of Cauchy 's method to double integrals, and a 
ultipsification of the integrals which express the quadrature of algebraic curves; a 
note by M. Badoureau on the problem of resolutions applied to chess and similar 
games; a new determination of the velocity of light, by M. Cornu; and a memoir by 
M. Hermite on certain definite integrals. 

ESBAI BUB UNE MaNIERE DE EePB^BENTER LEB QuaNTIT^B IMAOINAIBES 
DANS LBS CONBTRUOnONB Gix)METBIQUE8. PaR R. ArQAND. 2(i 

Edition pr^cM^ d'une Preface par M. Houel. Gauthier-Villarb. 
Paris, 1874. 8vo, 6 fr. 

Exposition de* la Methode dbb £qujpollence8, pab G. Bellavitis.. 
Tradnit de l'itali«n par C. A. Laibant. Gautuier-Yillarb. Paris, 
1874. 8vo. 4ifr. 
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THi:OBIE DE8 FONCTIONS DK8 VARIABLES IlIAGINAIBES. ToiXlC I. Noa- 

velle G6oin6trie Analytiquc ou Extension des m^thodcs de la G6om- 
^trie de Descartes a l'6tude des co'urbes et surfaces qui peuvent etre 
representees ]>ar les solutions imai^inaires des Equations a deux on 
trois variables. Par Maximilieh Marie. Gauthier-Villars. 
Paris, 1874. 8vo. 

Exposition elehentaikr des divekses theories de la Geometrik 
MODBBNE. Pab M. Lejntheric. Gauthieb-Villabs. Paris, 1874. 
4to. 6i fr. 

8UB LES 8CBFACE8 TBAJECT0IBE8 DES POINTS dVnE FIGUBE DE FORMK 
INVABIABLK DONT LE DEPLAOBMENT EST ASSUJETTI A QUATBE CONDI- 
TIONS. Pab a. Mannheim. Gadthieb-Yillars. Paris, 1874:. 
4to. li tr. 

Exposition de la m^thode de Hansen relative au caloul des per- 

TUBBATI0N8 DES PETITE8 PLANETE8. PaB L. DuPDY. Paris, 1874:. 

8vo. 

TUEOBIE DEB PLANETEN^YoBUBEBOANakS VOB DBR SONNENSOHBIBE. YoN 

Db. Kabl Fbibsach. Engeimann. Leipzig, 1874. 8vo. ^ th. 

Atlas DBS sudlighbn oi'Stibuten Himmels. Darstellung der zwischen 
dem siidpol und dein 20 Grad siidliclier Abweichung mit hlossen 
Augen sichtbaren Sterne nach ihreii wahren, uninittelbar von Him- 
niei cntnointnenen Grosseii. Nebst i inf-ni Stern- Yerxeichnisse. 
Yon Dr. Cabl Behbhann. Brockhans. Leipzig, 1874, «6vo. and 
obK ng 4to. 3| th. 

BEOBAGH'rUNGEN DEB SoNNENFLECKEN ZU AnOLAH. YoN PrOF. G. 

Spobeb (Publication der Astronoinischen Gesellschaft.) Leipzig, 

1874. 5 th. 

Astronomical and Metburologtcal Observations made during the 
TEAR 1872, at the U. S. Naval Observatory. Washington, 1874, 4to. 

Astronomical and Meteorological Observations Made during thr 
TEAR 1872, at the Bojal Observatory of Greenwich. London, 1874. 
4ta. 
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A NEW THEORY OF THE RULE OF SIGNS. 



Prof. De Morgan has remarked that Sturm's Theorem "is the complete 
theoretical solution of a difficulty upon which energies of every order have 
been employed since the time of Descartes." But the amount of labor which 
It often requires, has turned back the attention of Algebraists to shorter 
methods. Accordingly the design of the present article will be to fix upon 
one central principle, easy of recollection and application, strictly demonstra- 
ted, and approaching progressively toward the completeness of Sturm's Theo- 
rem by the shortest modes of inspection. A first advance of mine in the 
Investigation of a particular case of this kind was inserted in the Mathe- 
matical Monthly for 1858. 

I. In every equation, wrote Descartes, there may be as many positive 
roots as there are changes of sign or passages from the sign + to the sign 
— , or the contrary ; and as many n^^tive roots as there are successions of 
the same sign. In this equation for example, a? — 17a:^ + 79aj — 63 = 0, 
there are three changes of sign, and the three roots are pasitive, namely 1, 7? 
9. Let us multiply it by a? + 4; we shall have this result a^ — lSa? + llx^ 
+ 25Sx — 252 == 0; where there are actually three changes of sign, which 
indicate the three positive roots, with a succession of the same sign by reason 
pf the negative root. 

The general statement, being left by Descartes incomplet^and without 
demonstration, encountered much opposition, according to Montucla, from 
whose history the above extract is translated ; but improvments have fol- 
lowed slowly and surely. In entering this field of investigation, let us first 
consider a new and important extension. 

II. Order of signs and magnitude of the Roots. In multiplying the first 
equation from Descartes by a? + 4, the inquiry arose in the mind of the wri- 
ter, where will the new permanence enter among the three former variations^ 
Denoting a permanence of sign by jp, and a variation of sign by r, it was 
interesting to observe, it had located in the order wpv corresponding with 
the roots 9, 7, — 4, 1, arranged in descending order of magnitude. 

Applying this clue to equations of the second degree, it was readily proved 
that the right hand variation or permanence defines the sign of the least root, 
and the next defines the sign of the gr^fest root. For illustration, the 
quadratic a^ — 4a: — 21 = 0, indicates vp; and the corresponding roots are 
7, — 3, in descending magnitude, as before. Again take the biquadratic 
equation a;* + llMSa? — 65.341a:* + 36.5087a? + 2.1576 = 0. 
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Scale, pwp, or h -\ . Now the four roots are actually, a; = — 

20.87, + 2.50, + 0.768, — 0.0538. All of which correspond with Ue 
scale both in sign and in order of magnitude. 

From induction of numerous resolved examples, this double correspondence, 
suggested as above described, is generally true. As such it will be presently 
indicated in the new Rule. In the only exception yet found, the two roots 
+ .76, — .73, border upon equal roots, where transposition is admissible. 

Before proceeding further, let us multiply the first equation /rom Descartes 
by a factor having imaginary roots, as by a:* + 20a? + 110; the product will 
be, afi + S3i* — 151a^ — 353a?" + 7430a? — 6930 = 0. 

Scale, pvpw, or 1 1 — |-. 

It should be observed that the two imaginary roots are accounted n^- 
ative ; they do not enter adjacent to each other, but are alike. If we had 
multiplied by a?' + 2a? + 10, the product would have given the scale + + 
H — h + ; here the two imaginary roots enter &s positive, but still alike 
Therefore the factor representing two imaginary roots should generally have 
the form of a^ ± oa? + 6, where b is positive. 

By way of corollary, in the case of equal roots, with or without contrary 
signs, the corresponding signs of the scale may be indiflFerently transposed, 
since there is no advance in value. And in the only other instance known 
at present, of an inverted order, the t\yo roots + .764, — .732 were riearly 
equal. Thus with the occasional exception of roots approximately equal, the 
double correspondence of the scale has so far been found entirely applicable.' 

III. Demonstration of Descartes^ rule. The common method consists 
chiefly in proving that the introduction of one more positive root into an 
equation, is always accompanied by at least one more variation of sign. 
Thus let a denote any positive root, to be introduced into the following 
equation : 

(1) a?"»"i + ^a?«»-2 + BaT-^ + . . . Jb + U=0. 

Multiplying by a? — a to introduce the root a, we have the equation, 



(2) or -^A 
— a 



a?"-i + B 
— aA 



oT'^ + C 
—aB 



a?^8 . . . + Ux 
—aT 



aU=0. 



When each term containing a? in equation (2) has the same sign as its up- 
per letter, the order of signs will evidently be the same as in (1), with the 
gain of one variation at the end, where — all has a sign contrary to that of 
the preceding term determined bjL U. 

But more generally the equatRn (2) commences on the left, with a com- 
partment of one or more terms having the same signs as in (1) or the upper 
letters; then comes a reverse compartment of terms with signs opposite to 
those of (1), and which consequently give the same permutations as in (1), 
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and 80 on alternately; thus, 

(2)* Original sign or signs. Reverse. Original. Reverse. . . . Reverse. 

(2) ORORORORO...B. 

Let n + 1 denote the number of left hand junctions of the reverse with 
original signs, in the order (0 i2), at each of which a variation is always 
gained; then will n evidently denote the number of right hand junctions in 
the onder {R 0\ at each of which a variation may be either lost or gained; 
which results are thus proved: 

Let A and {B — a A) respectively denote the signs of the last coefficient 
of an original and the first of the next reverse compartment. In order that 
the part or product — aX-4 may have a sign opposite to that of B^ as well 
as exceed By it is evident that A and B must have like signs, and so give a 
permanence in (1), while the corresponding terms in (2) give a variation. 
Thus at the left hand junction of every reverse compartment (0 i2), a vari- 
ation is gained. 

Again let — Cand (D — a C) respectively denote the signs of the last 
of a reverse, and the first of the next original compartment. At this right 
hjnd junction, the signs in (1) will evidently be those of C, D; the signs in 
(2) will be those of — C, Z). If the former denote a permanence, the latter 
will denote a variation, and conversely. 

Thus at the n 4- 1 left hand junctions of reverse compartments, n + 1 
variations are always gained in (2) over (1), while at the n right hand junc- 
tions only n variations can be lost. Hence the introduction of a positive 
root is always attended by the net gain of at least one variation in (2) over 
the previous number in (1). 

The nature of the results may also be exhibited as follows : 

At 71 + 1 left hand 1 in (1^ Ay By permanence only, 
junctions, {OR),.. J in (2) j4, — jB, variation only. 

At n right hand 1 in H^ C, D, variation or permanence, 
junctions, (jR O)... J in (2) — C, D, permanence or variation. 

The result is entirely conclusive, that the number of real positive roots 
cannot exceed the variations of sign. And in like manner, the multiplica- 
tion by a; -f 6 to introduce a negative root, would necessarily give at least 
one more permanence of signs; whence a similar conclusion follows. 

In the next place, let us suppose the signs of the first and last terms of 
equation (1) to be alike; then must the number of variations along its terms, 
be zero or an even number; while the first and last terms of (2) being than 
unlike, thenumber of variations in (2) must be an odd number. Again, let 
us suppose the first and last terms of (1) to have unlike signs, which must 
indicate in total, an odd number of variations; while the first and last terms 
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of (2) being then alike, must indicate an even number in (2). • Thus in ev- 
ery case, the gain of variations in (2) over the previous number in (1), being 
the difference between an odd and an even number, is always an odd num- 
ber 

IV. Incomplete Equations. We are at liberty to supply the place of de- 
ficient terms with zero terms or infinitesimals, having such signs as to render 
the number of variations a minimum; and so of the permanences. Now if 
the inserted zeros have the same sign as the preceding term, as in -*- a:* + 
+ — a^, they can evidently give no new variation ; and their insertion 
is superfluous, in respect to positive roots. 

In respect to negative roots, an even number of zero terms whose signs al- 
ternate with the preceding, as in — ar^ 4-0 — + ic*, can give no new per- 
manence; since the last zero has the same sign as the preceding real term 
Consequently the insertion of zero terms is superfluous, when the difference 
of the including exponents is an odd number, or the number of vacant terms 
is even. 

But when the difference is an even number, between the two including 
exponents, let \xb first suppose the two including signs to be uulike, as in 
+ 3a;** — -h — — 5ar*. Here the alternating signs admit of no per- 
manence except at the junction of the last zero with the next real term; 
which invariably gives one permanence. As the terms + Safi — 6z^ have 
previously indicated one variation, and now are made by the inserted zero 
to indicate one permanence, the total result will be rendered by simply cop- 
ying both the given signs -j- and — , into the scale of roots, as described in 
the new Rule. 

Lastly, the difference of the two including exponents being still an even 
number, let us secondly suppose the signs of the two including terms to be 
alike, as in + x* — + 2a^, In this, and all such cases, the alternate signs 
admit not of any permanence. And the previous like signs gave no va- 
riation. Hence the two corresponding roots are not real but imaginary; 
and the correct result will be rendered by temporarily omitting either of the 
like signs, or by remembering to regard the succession in + a:* + 2a^, and 
such terms, as a permanence of imaginary roots only, and omitting it from 
the scale of the new Rule. 

Thus the effect of zero or vac&at terms can be generalized into the Rule, 
so that their further insertion is no longer needed. Nor does it appear ne- 
cessary here to give separate precepts for the corresponding imaginary roots; 
since the number of signs or roots of the scale, positive and negative, sub- 
tracted from the degree of the equation will give the even excess of imaginary 
roots, beyond any pair or pairs of real roots noted in the scale. 

The invention ot Fluxions or the Calculus has opened the way to the next 
simple criterion of imaginary roots; to which let us now proceed. 
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V. The Qnadraiic Type. This name is here suggested for any three 
terms of an equation, where the three exponents are in the series of natural 
numbers, and the first and third terms, or extremes, have like signs ; what- 
ever may be the sign of the mean or middle term ; such as, — ISa^ -f 10a; 
— 49, or Par^ dz §a^ + Ra?. 

The leading idea is, that, when the final differential coefficient, placed 
equal to zero, has imaginay roots, the original equation must have at least an 
equal number of them. Let it here be observed, that the types to give inde- 
pendent indications of imaginary roots, can only be contiguous; that is, the 
middle term of one must not occur in the next, but the last term of one type 
may be taken as the first of the next type. Let it also be remembered, to 
guard against a common mistake, that if all the types in an aquation give 
real roots, we cannot infer conversely that the roots of the original equation 
are all real; for imaginary roots are still possible, with certain exceptions. 

Let the original equation be denoted by, 

u = Aar + . . . + Pa?~ + QaT-^ + Rx"^^ + . . . = 0. 

Differentiating n — 2 times, we then substitute the reciprocal of y in place 
of a;. Multiplying by y"~"^^, and differeutiating m — n times with respect 
to y, then restoring the value of y, and omitting common factors, we obtain 
the isolated type, 

n{n—l)Px^ + 2{n—l){m—n+l)Qx + {m—n + 2){m—n+l)R==0. 
Besolving this quadratic, 

(m — n + 2)n 

If thie quantity under the radical sign be negative, the two roots of the last 
derivative are imaginary, and consequently two roots of the original equation 
are imaginary. This is rendered very evident by tracing the curve of any 
equation and its derivatives, after the manner of Rolle, of which some ele- 
gant examples are given in Montucla. 

It will be noticed that the value of/ is the ratio of two consecutive fectors 
of the general binomial coefficient. When the degree of the equation m is 
an odd number, the middle or minimum value of/ is 

— ; — ^j being always greater than unity. And when m is an even number, 

the middle or minimum value of / is ( — — — j . Equi-distaut from the 
middle, the values of/ are equal to each other. Thus, 
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When the quadratic type begins with the first term, or ends with the last 
term oi an e<iuation, we nave n = my and / = y — iZTTS • 

When the type begins with the r^ular second term, or ends with the 
usual last term but one, then will n = m — 1, and/= S — qv - 

When the type begins with the normal third term, counted in from either 

4(m 2) 

extremity of an equation, n = m — 2, and / = ^ — ny 

To recapitulate, — In the common qaadraJtic equation' two imaginary roots 
exist when Q^ — APR is n^ative. 

In any equation of the third degree, two roots are imaginary, if §* — ZPR 
is negative. 

In any equation oi^he fourth d^ee, the n^ative type of two imaginary 
roots, is Q^ — t-P-R; that is, if P denotes the first term or R the last term 
of the equation. And in the middle part the type is Q^ — f PjB. 

In any equation of the/i/?A degree the values of /are,/ = 4; 2, ^. Yet 
the general formula may be preferable; thus, to find f] — 

The highest exponent of the type is one factor off and the cUfference between 
the hyioest exponent of the type and the degree of the whole equoMon, is the other 
factor of the numerator. Subtracting unity from each, gives the ticofadors of 
the denominator. 

The quadratic type occurs, for example, in the last three terms of, 
x' — af^—lSx* + lQx — 4S = 0. 

Here/ = f , and Q^ —fPR = (16)» — f X 13 X 48 = — 1408. This 
result being negative, it follows that two roots are imaginary. 

The quadratic type occurs in the first three terms of the equation, 
a^ +3x^ + 7a? + 4 = 0. 

Here 3* — 3X1X7 being negative, two roots are imaginary. 

It may be remarked that if the. first and last terms of the type had unlike 
signs, no calculation were needed to show that since — PR is then positive, 
the criterion would be positive and indecisive. 

VI. The Cubic Type, By this term we designate any three or four terms 
of an equation, which terms divided by their lowest power of x would give 
the form of the common cubic equation. For exanple, 
+ Pa?** + Qa?**-! + Rx""-^ + SxT-^. 

Let us suppose the given equation to be first divided by P, and let Q -r 
P = §', etc., then, 

A'x"^ + . . .-{-af + Q'oT-^ + P'a:"-3 + ,9V-=> + . . . =0. 

Difierentiating n — 3 times, and dividing by (n — 3) . . . 3.2.1, 
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...... H- ^^^^p^^ + (n-l Xn-2) ^^ _^ n-2^,^ 

+ S' = 0. 
Dividing throi^h by af^-*+9 ^ then sabstituting y in place of the reciprocal 
of X, differentiating m — n times with respect to y, then restoring x and di - 
Tiding by the left hand coefficient, 

3(m-n + l) 3(m-n + lXm--n + 2) 

^ n ^ ^ n(n — 1) 

I (m— n + 1) . . . (m— n + 3) ^ _ 
+ n(n — l)(n — 2) ^ -"• 

If this final derivative has two imaginary roots, to be ascertained present- 
ly by solution or by Sturm's theorem, then must the preceding derivative, 
and consequently the original equation, have two such roots, as previously 
described. Causing the second term to disappear by making 

The general equation 2" + g2 + r = 0, is proved in Algebra to have two 
imaginary roots whenever — (J^)' — (Jr)* is negative. Substituting and di- 
vidir^^by §'•, which cannot alter the sign, the criterion becomes, 

\ ~ QV ~ \ 2^' '^2{m — n + l)(n-2)- QV ~'^' 
Or multiplying and dividing the last term by (/R' -5- Q'*)* denoted by 
/^, and introducing ^' to be presently described, the criterion is, 
(1 —ff — (1 — if + ifgy = negaUve. 
Expanding and multiplying by 4 -^f^j which cannot alter the sign, the 
criterion becomes symmetrical ; thus, 
(C) S-i{f+g') + 6fg^ - {fgj-^ neg. 

Now to fiwjilitate the practical application, let us suppose this criterion to 
be the ordinate, and g* the abscissa of a continuous curve. When g' is in- 
finite positive or negative, the criterion is evidently negative in both branches 
of the curve; while the intermediate portion between the two roots of g\ is 
positive. Thus when the criterion is placed equal to zero, the two roots ^j, 
g^ will be limits; outside of, and not between which, the actual value of g' 
must fiiU to indicate two imaginary roots. We find, 

3/-2-2(l-/)i 
9i— m • 
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3/ — 2 + 2(1 -/H 



These formulas will next be tabulated; the d^ree of the given equation 

being m; the cubic type, Pa^ + Qx»-i + Rj?-^ + <Sr*-8, 

7t(m— n + 2) P^ , n— 1 »i — n + S Q-S 

•^ (n — IXm — » + !)• §«' S'— n — 2'ni — w + 2-i?"* 

Here the first factors are formed alike from the exponents of P, 72 and 
§, S, by the simple precept before given under the quadratic type. 

Outline Table of the Limits. 



/ 



-rl.OO* 
0.90 
0.80 
0.76 
0.70 
0.60 
0.50 
0.40 
0.30 
0.20 

+0.10 



3\ 



+ 1.000 
-L 0.786 
+0.346 

0.000 
—0.467 
—1.961 

4.828 
—10.81 
—26.24 

•70.78 
—340.7 



g2 il / 



+1.0001 
0.942 
0.904 
0.889 
0.875 
0.850 
0.8281 
0.810 
0.793 
0.778 

+0.766 



9\ 



0.0 

—0.1 —460.7 
—0.2—130.7 
—0.3—66.16 
—0.4—40.71 
—0.5—28.70 
—0.6!— 21.80 
—0.7!— 17.41 
—0,81—14.42 
—0.91—12.27 
—1.0;— 10.66 



fl'2 



/ 



9\ 



91 



+0.760 
0.738 
0.726 
0.716 
0.706 
0.6971 
0.688| 
O.68O1 
0.6721 
0.6641 

+0.657 



—5.000 



7.000—1.385 



—9.000 



—40.00 
—60.00 



r2.000— 4.598 
—3.000—3.000 



—1.855 



-1.139 



—20.00—0.636 



—0.404 
—0.316 



80.00—0.266 



-100.0 



—0.233 



I— 1000.!— 0.066 



+0.598 
0.556 
0.496 
0.446 
0.423 
0.326 
0.252 
0.214 
0.190 
0.173 

+0.060 



In re«pect to vacant terms, if either P or /S is zero then/ or g' is zero; 
and by the table, the other g' or f must equal or exceed 0.75 to indicate two 
imaginary roots. That is, simply, 0.76 — f = negaiive. 

When § = 0; we multiply the criterion by ^B^ and then make §=0, 
reducing the criterion to — 4P^ — JlgPSf. When P and R have like 
signs, this is negative, so that two roots are imaginary, as under the quad- 
ratic type. When P and R have unlike signs, — PR is positive, and the 
criterion is, 

R? f(f ^ , n— Im — n + 3 

B — "^.^^neg., where 0= 5. ,-s. 

P 4 ^' " n — 2m — n + z 



(C) 

In like manner^ when R 

(C) 



= 0, the criterion is, 

-fT — *-Y • P* = negative. 

{To be continued,) 



*This first value indicates generally two imaginary roots, otherwise two equal roots. 
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PHOTOGRAPHIC OBSERVATIONS OF THE 
* TRANSIT OF VENUS. 



by prof. asafh hall, katal observatory, if ajbhingtok, d. a 

Editor Analyst: 

I was so busy during my absence, besides being cat off from the 
mail, that I failed to keep my promise to write 70a. Let me try to make 
amends now by giving you a short account of the photographic operations. 

The plan adopted by the American Commission for making photographs 
of the Transit of Venus is now pretty well understood. It consists simply 
of a lens of 38 to 40 feet focal length, so placed that its axis lies in the me^ 
ridian, and is nnde horizontal by means of a* spirit level. This lens is 
mounted on an iron pier firmly set in the ground, and sooth of this lens, 
at its focus, is fixed the plate holder, also mounted on an iron pier* The 
plate holder carries the sensitive plate, and directly in front of this plate a 
plumb line of fine silver wire. In front o£ the plumb line is firmly fixed to 
the plate holder a well made plate of clear glass, on which are finely etched 
two sets of straight lines, the lines being half an inch apart and the sets at 
right angles to each other. The distance from the north surfiice of the ruled 
glass plate to the surface of the sensitive plate is half an inch. On every 
phot(^raph we have theie&re traces of the ruled or etched lines and of t&e 
plumb line. North of the lens is placed a heliostat which moves a plane ^ 
glass minor so that the sun's rays are reflected through the lens to the sen- 
sitive plate. The wfacrfe apparatus is simple, it is firmly mounted, and it 
gives the means of determining accurately the polar coordinates of a pcHnt 
on the photograph with respect to an assumed point. 

First we have a photograph ef the sun, very nearly a circle four inches in 
diameter, and we note and record the mstant of local time when the slide 
passes and admits the sod's rays and this photograph is made. For this in- 
stant we can compute for the known latitude of the station the position o 
the sun in the heavens, and hence the angular distance from the bottom or 
top of tha photograph to the north point of the sun's image. The trace of 
the plumb line furnishes a known direction to which the measurement of the 
angles may be referred. If therefore we assume a pmnt as the sun's cente? 
we can determine by measuring the photograph with a position micrometer 
the positi(Hi angle of any other point, as the center of venus, with respect to 
the plumb line, or to a declination circle passing from the pole of the heav- 
ens through the center of the sun. This position angle can be found^ I 
think, with much greater accuracy than it can be with an equatorial telescope^ 
and here is one advantage of the American method. Secondly we must have 
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the means of converting any distance, say an inch, on the photograph verj* 
exactly into arc; so that if we measure the distance betf^een the tw^o points 
and convert it in to arc we have the second polar coordinate. This conver- 
sion can he made if we know the distance from the surface of the lens to 
the surface of the sensitive plate, just as we find the angular value of a mic- 
rometer screw by measuring the focal distance of the objective and counting 
the number of threads of the screw to an inch. The distance between the 
surfaces has been measured with an accuracy that seems much within the 
limits required. We have therefore the second polar coordinate and the so- 
lution is theoretically complete. 

But in order to establish the UvScfulness of the photographic method it re- 
mains to be shown that the photographs can be made in distant places 
transported thousands of miles through great change of temperature, that 
the collodion film is subjec^t to no contraction or change except such as can 
be fully accounted for in the measurement and calculation, and finally that 
their linear measurement can be made with the required accuracj\ We may 
eiisily «5ot some idea of the accuracy required in the measurements of the pho- 
tojrraphs. The sun's diameter is about 32 minutes of arc, and the photo- 
t;iaphs beeng 4 inches in diameter we shall have y^^ of an inch equal to 
0".48, and ^^^^ of an inch equal to 0''.06. The photographs to be meas- 
ured are the negatives on the glass plates, and on these Yenus appears as a 
round vacant spot ^ of an inch in diameter. As this spot is a symmetrical 
one, and generally well defined it is probable that the pointings on this s}»ot 
C4m be made with sufficient accuracy. The difficulty will be in fixing the 
lK)sition of the sun's center. This can be done only by proceeding from the 
edge of the photograph, and the edge, or limb, of the sun is a very difficult 
thing to deal with, on account of its inequalities. Here perhaps some assist- 
ance may be derived from the systems of ruled lines, which are designed to 
control any contraction of the collodion film, and which may be used as a 
system of rectangular coordinates to which the centers of the sun and 
Venus may be referred. 

We have now at the Xaval Observatory a number of photographs from 
diffi^rent stations, and shall probably soon know with what accuracy they 
can be measured. 
♦ 

SOLUTIONS OF PROBLEMS. 



Solutions of problems in No. 2 have been received as follows: 

From J. M. Arnold, 63; A. L. Baker, 61 & 65; W. W. Beman, 59, 60, 
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61, 63, 65 <& 66; Marcus Baker, 59, 60, 61, 65, 66 & 67; Prof. P. E. Chase, 
59, 60, 61 & 65; Geo. M. Day, 59, 60, 61, 63, 64, & 65; Dr. H. Eggers, 
62 & 63; E. S. Farrow, 59, 60, 61, 63, 64, 65, 66 & 67; Henry Gunder, 
59, 60, 61, 63, 64, 65 & 66 ; Wm. Hoover, 59, 60, 61, 63, 65 & 66 ; G. W. 
Hill, 67; Artemas Martin, 59, 60, 61, 63, 64, 65 & 66; J. B. Mott, 61 ; F. 
P. Matz, 59 & 60; E. P. Norton, 63^; O. D. Oathout, 59, 60 & 65; L. 
Regan, 59, 60, 61, 62 & 63; E. B. Seitz, 59, 60, 61, 63, 64 & 65; Walter 
Siverly, 59, 60, 61, 62 & 65; E. T. T., 59 & 60; J. S. Mays, 59 to 66. 



59. — "Find a number, consisting of two places of figures, whose half 
squared will equal the number inverted." 

SOLUTION AY PRES. E. T. TAPPAN, KENYON COLLEGE, GAMBIER, OHIO. 

Problem 59 gives this equation [J(10ir + y)f = lOy + ;r, . • . y = 20 — 
lOx ± v'(400 — 396). Evidently the only integral value of a: is 1. Then 

y=8. 

SOLUTION BY PROF. PLINY EARLE CHASE, PHILADELPHIA, PA. 

Ijet 2x be the number sought. Then, in accordance with the Arabic sys- 
tem of numeration, a^ — 2x ^^ x{x — 2) =^ 9y. Since x, the larger factor, 
, can contain only one figure, if 2ir, is an int^er y must be the smaller factor. 
. • . .T = 9 ; y = 7 ; 2a: = 18. If 2x is decimal, its right-hand digit must be 
0, and the square of half the tenths digit must be one tenth of the digit. 
.\x'^.2x', a: = .20; y = — 1.8; 2x = .40. 

[Because the same digits that represent 2x also represent ic^; therefore the 
excess of 9's contained in the sum of the digits is the same in both cases; 
consequently the excess of 9^8 in a:* — 2a? is zero. . • . a;^ — 2a; is a multiple 
of 9, equal 9y say.— Ed.] 



60. — "Find a value for a; that will make — -o rrxc^A a whole number." 

XT — 1024 

SOLUTION BY PRB8. E. T. TAPPAN. 

62 
The given expression reduces to - - r^n ? which is a whole number when 

a; — 32 is a measure of 62. Hence x may be 94, 63, 52f , 47^, &c.; 35, 33 Ac. 



61. — "What will be the value of each letter of the alphabet if the product 
of all but a is 1, all but 6 is 2, all bnt c is 3, and so on to all but z is 26.'^ 
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SOLUTION BY PBOF, P. E. CHASE. 

Let p = the product Then 

a-2b-Si 267- ^-^--26 -3c-.... 26^-2-^-^— 2g. 

a=*^(2.3.4....26) = 11.59375; 6 = 5.79688; c=3.86469; &c 



62.f— ^^Oiven four lines in a plane: To inscribe a parallelogram within 
them with given direction of sides.'^ 

SOLUTION BY BR. H. EGGEBS, MILWAUKEE, WISCONSIN. 

The four given right lines may be named OybyCfdy and the two given 
directions p and q^ 

Take on the line a an arbitrary point P, draw fiT>m P a line parallel to 
Pj till it intersects line b in Q; fiT>m Q draw a line parallel to 9, intersect* 
ing line c in i2; from R draw a line parallel to j^, intersecting line d in ^; 
from 8 draw a line parallel to q intersecting line a in a point Jf. Now if 
the points P and if should coincide, the problem would be solved. But as 
this circumstance in general will not occur, take on the line a another arbi- 
trary point P' and proceed exactly as above, till a second point If results on 
line Oy analogous to point M: Now take a third arbitrary point P" on line 
a and proceeding in the same manner, construct a third point IP' on line cu 
The two systems of points on line a, viz; P, P', P" and My iT, W will 
form two homographic systems of points on line a. Find now the two co- 
incident points of these two systems of points, which can be done by one 
fixed arbitrary circle and the rukr alone. These two points may be X and 
Y; then every one will furnish one solution of the problem. For we have 
only to repeat the above trial construction, beginning with point X or Yt 
instead "of the arbitraiy point P; then the fourth line connecting d with a 
will pass through point .^or F respectively. 

If The succession of the four lines a, 6, c, d, is fixed, the number of solu- 
tions will be in geneml two. But if all possible combinations of the four 
given lines are admissible, we find 12 different combinations, consequently 
12 X 2 = 24 solutions. 

[Mr Siverly's solution of this question is by Analytical Geometry, and is 
brief and el^ant, Mr. J. S. Hays, of Hodgenville, ty., sent a very inge- 
nious and elegant geometrioed costruction and demonstration ; his dii^ram is 
larger however than we can, consistently, admit to our pages; and we exact 
of correspondents, when diagrams are necessary to illustrate their subjects, that 
'they be correctly drawn, suitable for the engraver to copy, and not to exceed 
three inches in their largest dimension ; and always less when practicable.] 



Digitized by 



Google 



—sa- 
cs. — ^Given the sides ABy AC and BCy and the angles a and )9, (see dia- 
gram below), to find the sides ADy BD and CD. 

SOLUTION BY W. W. BEMAK, trNIVBBSITY OP MICH., ANN ARBOR, MICH. 

Ckmctrwdtion. ODnstnict the triangle ABC. Upon AB oonstract a s^- 
ment containing an angle of 24^, and upon BC a segment containing an an- 
gle of 16°. The intersection of these arcs will determine the point /), the 
distance of which from Ay B and Ccan now be measured. 

It is evident that there will be two solutions, one when j^ and D arc on 
the same side of ACy and Another when they are on opposite sides. 

Trigwumdrical Computation^ Designate the aneles and sides as in the 
figure. 

Then u+fi + x + y + jB = 360° 
X + y = 360° — (« + ^ + £)• From 

AJ^Dy BD = ^^5^: from BDCy BL 
^ ' sm« ' * 

asinjf ^ csinx _ asiny 

"" "sin^' '*• sm«" ^ lin^^ 

sin a? asinc ^ , x ' 

~ = — s — 7) = tan c^ (say). 

sm y e sin ^ r \ j i 

Then ^^"^"^^^"^ — ^^^^^"^^^ 
sin a? — siny tan^(4i; — y) 

tan <^ + 1 , . , V 

Hence we can find x and y. 

T.XX csina; ,^^^ .^ din An u a^xw DHC 

BD= ~. = !«.«& AD^ -. =- = 23.65 CD = ^' 

sm« ^ sin a ^.o.uu, i^x/ — ^.^^^ 

= 15.17 ms. 

When B mnd D ture on the same side of .4C, a: + y =i 5 (« + 5), but 

the remainder of the work is the same* 

This method of computation is known as Delambre's« 




64.— ^Tind the maximum value of T- j without the aid of the Cilcu W. 

80IA7TION BY ARTBMAS MABTIN, ERIE, PA. 

The givea function will be a maximum when its Napierian logarithm is 
a maximum. ,•, « = a;loga — a?logj?, 
and tt'=(« + A)loga — (x + A) log(« + A) 

=X^ + A)loga-(a; + A)loga:- (re + a)(*) + |(^ + A J(^^^ 

The coefficient of A is log a — log a; — 1, which put = and we have 

« = - ; . • . the maximum value of the given function is e* . 
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[This question may be salved by a simpler process as Tollows: 
The given expression in logarithms is a? log a — a? log x=a max.,==a;log m. 
Dividing by x, log a — log a: = log m; whence x = a-^m, and the original 

a 1 -I 

expression becomes m"* = a max., or a . -^— — = a max. But -^^ is a 

m m 

maximum when m is the base of the system. Therefore m = e, and the 
required maximum is a.— ^^^— = e* . — Ed.] 



65.— "The corner of a page is turned down, and in every position the area 
of the triangle is two square inches; find the locus of the angular point.'* 

SOLUTION BY WALTER SIVERLY^ OIL CITY, PA. 

Let r and be the polar coordinates of the locus referred to the comer 
before it is turned down and one edge of the leaf. The double area of the 
triangle = ir(tan tf + cot ^) = 4, or r* = 16 sin tf cos tf = 8 sin 20 is the 
polar equation of the curve, which is therefore the lemniscate. 



66. — ^^A speakfe the truth 6 times out of a; B^d times out of c; and C, n 
times out of w. 

Cbsljb that B told him that A said a certain event transpired. Required 
the probability that the event occurred.'' 

[Artemas Martin gets for answer to this question, 

^+'('-o)('-3+'('-h)(>-3+I('-!)('-$^ 

and for authority he refers to Todhunter's History of the Theory of Proba- 
bility, p. 462; and Todhunter's Algebra, 4th edition, p. 464. E. S. Farrow 
gets the same result as Mr. Martin. All the other correspondents give for 
the required chance bdn -- acm. 

If we assume that all the witnesses did ad;ually testify in rdatian to the 
everUy then we think there is no doubt that Mr Martin's result is correct: 

For, let it be assumed that the event did in fact occur; and suppose, in a 
given statement, that (7 tells the truth, and that B, in informing C, told a 
lie. Then B must have told Cthat A said the event occurred, therefore, 
because B lied, A must have told B that the event did not occur; but by 
hypothesis the event did occur, therefore A lied. Hence if C asserts that 
an event has occurred, and if his statement is based on the fact that B has 
testified to him in relation to the event, whose testimony in turn is based on 
A'b statement in relation to the event; then it follows that, if any two in 
making their statements tell a lie and the other one tells the truth, the event 
must have occurred. 
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We contend, however, that the question, as announced, ddes not warrant 
the inference that all three necessarily testified in relation to the event; and 
that when C says that B said that A said a certain thing, if C lies, he may 
either lie in relation to the character of the staftement which he reports, or 
he may lie in the aflBrmation that B made a statement; and there is no rea- 
son assigned from which we can infer that he would be more likely to lie in 
respect to the character of the statement than in relation to the fact of the 
statement. But if we admit that C lied in attributing a statement to By 
when no statement of any kind in relation to the event was made by B ; 
uid that B in like manner lied in attributing a statement to A, when no 
statement was made by A ; then it is clear that the chance in favor of the 
event resulting from the concurrence of C and £ in a lie with A in the truth, 
is only one fourth what is assigned to that contingency above -4nd, for 
the same reason, the chance resulting from the concurrence of C and A, and 
B and A respectively in telling a lie, with the other one in telling the truth, 
is one half what is assigned to that contingency above. To warrant Mr. 
Martin's result we claim therefore that the statement of the question must 
be modified. 

Mr. Martin has appended to his solution of 66, a note correcting a mis- 
' print in Todhunter's History of the Theory of Probability, which we give 
below.— Ed.] 

Note, by Artemas Martin. — The denominator of the formula for 
traditional testimony given in Todhunter^s Histm^y of the Theory of Proba- 
bility y p. 462, third paragraph, is wrong — a misprint probably. I will 
quote a portion of the second and third paragraphs: 

"Suppose a witness to speak truth m times and falsehood n times out of 
m '\- n times; let m' and n' have similar meanings for a second witness. 
Then if they agree in an assertion the probability' of its truth is 

1!^ * * * * 

mm* -f nn'' 

Using the same notation as before if one witness reports a statement from 

the report of another the probability of its truth is 

mm^ -{- nn. 

(m + m')[n + n') ' 

for the statement is true if they both tell the truth or if they both tell a 

falsehood." — ^The latter formula should be 

mm' + ^^' 

(wi + n)(m'-|-n')' 

[We are compelled, for want of room, to defer publishing the solution of 
problem 67 until the issue of the July No.] 
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PROBLEMS. 



69. By E. p. Norton, Ajxes, Mich.— Given a!»,+ y*== 793, . . . (1) 

f'(«»*) + f(^) = 30,....(2) 
to find X and y bj quadratics. 

70. By F. p. Matz, B. E., Ed. Math. Dep. "National Educator'V 
KuTZTOWN, Pa.— Given y» + a* = 2500, . . . (1), a? = [130 — (a? + 07 
X 1600, . . . (2), 2y = O30-(ar + 01 • • • (3), ?=y» + (z-40)» . (4) 
to find Xj y and z, 

71. By William Hoover, Bellefoktaine, O. — Given the rides a, 
6, c of* a spherical triangle ABC to find the radii, -B, r, of the circumscribed 
and inscribed circles. 

72. By a. W. Mason, Cedar Falls, Iowa. — Rnd the maximnm 
cylinder that can be cot from a given, oblate q)heroid, whose semi-axes are 
a and h. 

73. By Qhristine Ladd^ Chelsea, Mass. — ^Find the whole number 
of sets of three integers having a constant sam. 

74. By Prof. W. W. Hendrictkson, U. S. Naval Acad. Annapo- 
lis, Md. — Find the equation of the locus of the middle point of a chord to 
the hyperbola si? — y^ = 2a% the chord being of constant length and equal 
to seven times the transverse axis. 

Query, By Prof. A. Hall. — Into how many parts can m planes di- 
vide space. 

Query, By K T. T. Gamker, O.— Is 65537 (= 2»+ 1) a iwimc? 



ErraiM. On page 8, line 16, for ^^Zcf^^ which occurs in the nvmerator of 
the fraction, read cf) and on page 58, line 4, and lines 4 and 6 from bot*- 
tom, for ^If'^ in the numerator of the left member of the equaticm, reftd L 
Also, on page 59, line 10, multiply the left member of the equation by sin 0. 

[Note. Several correqxmdents have found fault with Mr. Farrow's sch 
lution of 53, but no other solution has been off^^. 

It is evident that the formula used by Mr. Farrow to estimate (^ efiect 
of the atmospheric resistance, does not apply in calculating the velocity gen- 
erated while the ball is passing from the breech to the muzzle of the gun, 
which is the case to be considered; for during that time the only pressure 
on the rear of the ball is that of the gas generated. The result obtained by 
Mr. Farrow cannot, therefore, be correct.] 
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Ijon till about the first of August. 



Digitized by 



Google 



THE ANALYST. 



Vol. II. July, 1875. No. 4. 



A NEW THEORY OF THE RULE OF SIGNS. 



BY LEVI W. MEECH A. M., HARTFORD, CONN. 

{Continv/ed from page 88.) 

For all equations of the third d^ree, the cubic type is decisive; if it does 
not indicate imaginary roots, there are none; as appears from comparison 
with Sturm's theorem. For the fourth and higher d^rees, it is decisive 
only so far as it indicates two ims^inary or equal roots; leaving the ques- 
tion of more of them, yet to be decided. 

Example. ar^ + 2a:* — 23a; — 70 = 0. 

/ = — 3x23-i-2» = — 17.26,^' = — 3X2X70-T-23? = — .794. 

Since g' and f are interchangeable, we enter the foregoing Table with 
— 0.8 nearest value of g'^ and there find that f must negatively exceed 
— 14.42, which it doe?, being — 17.25, and indicating two imaginary roots. 

Example. ar' — 6a:* + 2a: + 12 = 0. 

/=-f 6-^5* = .24,^' = — 180-^2«= — 45. 

Entering the table with f = 0.20 and interpolating for .04, we find for 
/' = 0.24, gi = — 52.56. As g' is witkin this limit, the roots are aU realj 
and accord with the Rule of signs. The result is confirmed by computing 
the criterion (C) with the respective values oi f and g^ ] and the compara- 
tive smallness of (C), being + 0.6, indicates two roots to be nearly equal. 

VII. The Biquadratic Type^ or five consecutive terms : 
ar + .... IPaf" + §af-i 4- RoT-^ + Sa^-s + Tx""-^^ + ....= 0. 

Differentiating w — 4 times and proceeding as with former types, also 
making m — n = m', the final derivative takes the form of 
^^ 4K + l) 6K + l)K + 2) ^.^ 4(m- + l) K + 3) ^^ 

• n ^ ' mn — 1) ' n..(n — 2) 



n(n— 1) ^^-^T ,^_(^_2) 

m' + l 



(m^ + l)...(m^+4) _ 
^ n...(n— 3) ^ ~ . • 



Or making x == — ?^V'~' ^)^ ^^^ reducing, 
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Here §'=§^P; A=^.^5;44, and A' = ^. 

For convenience, we may name the similar quantities,/^, g'^ h',....i!npk 
ratios, 

A decisive criterion is now given by Descartes' or Eider's well known 
solution of the equation 21* + 62* + cz + d = 0, by means of the aoxiliaiy 
cubic, y* -f- 2by^ H- (6* — 4d)y — c* = 0. This cubic, by substituting y = 
y' — |6, becomes, y'^ — (ib + 4d)y' — ^6» + |Ad — c» = a 

The well known criterion of y'* + gy' + r = 0, being — ( J^)* — ( Jr)* = 
a negative quantity, we substitute from the above equation of 2^ and find the 
criterion of two imaginary roots in the cubic of Euler's soluticm to be, after 
reduction, 

(1 -|«7' + y9"hy-[l-2g'+g%r + k' -f¥)J=neg. Or, 
{S?-%gQ8 + ifg'hPTy-[_{Ii?-gQ8)'-g\Q'-/PB)(S*-hRT)J.IP 

ssznegaHoe. 
When the middle coefficient R is zero, the criterion is simplj, 
\fghPT—qa=.neg. 
And when the given equation is a biquadratic, \fgh is 4. 

When the second coefficient Q is zero, we can at once applf i^e cubic 
type to the auxiliary cubic of Euler's solution above. 

Thus, / = j(— ^— j = 5— g^;i,=-p^. 

And the foregoing Table fo Limits will now determine the presence or the 
absence of two imaginary roots in the cubic. As shown in Algebra, the 
roots of the biquadratic will be all real, all imaginary, or only two imagin- 
ary, according as the cubic equation has three positive, two n^ative, or two 
imaginary roots, respectively. 

VIII. General Principle and Rule of Signs. From the nature of the 
preceding demonstrations, it is evident that they are but particular cases un- 
der the following general principle: 

ITie consecutive portions of a given eqaaJdany including oontiguofua terms, 
may form minor equations to be placed equal to zero; and each or Us (2ertoa- 
Hve, resolved so far as to find the signs or nature of its roots. The total 
number of imaginary roots so foimd, wSl he an inferior limitj and the total 
number of positive and of negative real roots vnU be superior Umits to the re- 
spective numbers of roots in the original equation. 
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I 

Example. a:^ — 2x* + 2aj»— 2aj^ + 2a: — 1=0. 

Assume Xi^ — 2a?j* + 2iCi» =.- 0, 2x^^ — 2x^'^=0^—2x^^-\-^^—l=(i. 
X, = ±|/[1 ±i/(- 1)1 x^ = + , 0:3 =i zbi/(-i). 
Thus of the seven roots, six must be imaginary, and one positive. The 
general precept evidently admits the application of all compatible rules of so- 
lution or of previous differentiation. But in general practice, it will be most 
convenient to suppose the equation resolved first into binomials then into 
trinomial^, cubic types, and so on, and the completed results given by in- 
spection according to fhe following 

Oenerai Rule. Where the decrement is an odd number as 1, 3, or b^frmn 
one exponent to the next, if there be NO change from the former sign to the lat- 
tery vmte the negative sign; hut otherwise, the positive sign, in the scale of 
roots. 

Where the decrement is an even number, as 2, 4, 6, from one eooponent to the 
nead, compare the two signs, and if there be NO change m^ke NO entry, but 
otherwise enter both the unlike signs -\ in the scale of roots. 

The number of positive roots in the scale, descending by 2, if possible, will 
be the alternative number of real positive roots in the given equation. And so 
with the number of negative roots. An odd number here proves the certain 
existence of one root of the species. 

Note 1. The same scale of signs generally exhibits the detailed order of 
magnitude of the roots, descending from the greatest to the least, in the same 
way with the exponents of the equation. 

Note 2. If the preceding method of quadratic type indicates two imagi- 
nary roots in any part of the equation, make out the two corresponding signs 
of the scale of roots. That is, if 1 — f be negative; also if J — f be neg^ 
ative, when the type has a vacant term on either side, according to the nor- 
mal terms of the equation. 

Note 3. Sometimes the first and third coefficient of the quadratic type, 
having like signs, are numerically equal to, or greater than, the middle coef- 
ficient; a pair of imaginary roots is then indicated. And to prepare for this 
comparison, the first and third coefficient may be, the one multiplied, and 
the other divided by the same assumed number. 

Note 4. If a cubic type within the equation indicates two imaginary 
roots, mark out two corresponding signs of the scale, which are alike, leav- 
ing one sign contrary to that of the last term of the type. 

The signs corresponding to a Biquadratic type may be similarly adjusted. 

ExampU. «» — 2aj* + re* — 0.2 = 0. 

Scale, + + -^ ''-*;' that is^ one n^ative, and one or three positive roots. 



Digitized by 



Google 



—100— 

Example, a? — 1.12a;^ + 2.54iB« — 2.85aj« — 7.37ic^ -f 4.0aB» — 0.65a^ 

+ 2.47rc — .0387 = 0. 

By inspection with Note 3, the first three terms form one quadratic type^ 
and the 6th 7th and 8th terms form another independent type, each indica- 
ting a pair of imaginary roots^ or four in all. The remaining terms hy the 

Rule give the scale H 1 — |- ; and the corresponding real roots, found 

by trial, are -f 1.65, — 1.25, + 0.83, + 0,Q15. The attention of Algebrar^ 
ists is again invited to the double correspondence of the scale with the signs, 
and with the order of magnitude of the real roots. 

It may be useful for future reference, to observe briefly, that the criteria 
of the preceding types, when placed equal to zero, coincide with the equa- 
tions of condition, otherwise found, for two equal roots. And what appears 
more remarkable, the quantity 1 — f is identical in sign with the first coef- 
ficient in the third function of Sturm's Theorem, and with the sum of the 
squares of the roote of the given equation, first determined by Newton; it 
occurs essentially in his rule of signs in a depaident, order of similar ele- 
ments, which might also have been taken independently* 

When the ratios /, gr, . . . . in a complete equation are all positive, the 
Quadratic type at once excludes each pair of consecutive ratios, where one 
of them exceeds 1, as pertaining to imaginary roots; and the Cubic type 
excludes most of the remaining pairs, where the greater triple ratio lies be- 
tween 0.75 and 1. Preparatory to such considerations, we may ei^ploy the 
well-known transformation into the equation of the squares of the roots, 
where all permanences of sign indicate so many imaginary roots, which will 
aid the complete examination. Or we may substitute Z + z, or — / + 2 in 
place of the unknown x) where I denotes the greatest limit of positive or 
negatve roots; and the former would render all the roots z n^ative, and 
the latter, positive. If the greatest coeflBcient of the equation be denoted by 
m, then / may be any convenient number greater than m + 1. In either 
result, the triple ratios/, gr', . . . . will be all popitive. 

In the particular case of an equation having only one variation of signs, 
or one positive root, our method of sub-equations will giVe its limits. The 
equation is first separated into two or more portions, placed equal to zero, 
having the first part or highest power of x positive, and only one variation 
of signs. The greatest and least of the positive roots so found, will be limits, 
between which lies the true positive root. And their mean will be its ap- 
proximate value. For example, «^ + 3a?* — 6a? — 8 = 0. 

Let a?i* — 6x1 = 0, Zx^^ — 8 =0; hence x^ = 2.45, a?2 = 1.53; between 
these limits is found the true positive root 2. The mean of ^e limits is 1.99. 
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For a second example^ ar* — 3rc* -^ 4a; — 3 = 0. 

Let ix^' — 3xi^=^0; ix^* — 4x^=0; ix^* — S=0', 

. ari=3, a:, = 2.290, a?3 = 1.732. 
The mean of these is 2.34; the true positive root is 2.302. In these in- 
staneeS; the results have not differed very widely from each other. 



Appendix. A New Method of Approximation. — ^The present con- 
tribution has extended to greater length than was first contemplated, but an 
important extension suggested since the commencement of writing, may still 
merit attention. 

I. Preliminary. Let us premise that the double correspondence discov- 
ered in our rule of signs, will be useful in guiding the choice of the greatest, 
least, or special root to be found. For illustration, to commence on the 
right hand side of the equation, as? — ba^ — ex — d = 0, as in reversion of 
series, or in Lagrange's Theorem, would give the least root, but it is n^a- 
tive. To divide through first by cue", so as to commence on the other side, 
would lead to the determination of the reciprocal of the greatest root, which 
by inversion is the root itself. The scale of signs indicates the latter course, 
if the positive root is to be found. 

Having chosen which root of the scale is to be computed, we next inquire 
which of the following approximations will be the shortest. 

If the last two terms of the equation placed equal to zero, would give a 
small fraction of unity as the root, the approximation below for the least 
root will probably be rapid and easy. 

If the first two terms of the equation, placed equal to zero, would give a 
root materially greater than unity, the process below for the greatest root 
will probably be the shortest. For the only positive root or the only n^- 
ative root, or the two least roots or the two greatest roots, or two imaginary 
roots, either of the last methods can be applied, according to circumstances. 

II. The Least Hoot Having transposed all the terms to one side, and 
divided through by the known term, let r denote the least root, and . . .p, g 
the other roots, then by the well known property of equations, 

l + bx-\'ex' + da?+.... = A{x — r){x — q){x—p)....=zO, 

Developing each reciprocal fiictor in series, 

1 1 x^ x^ 

x — q~ q~ q'~'^~"' 



Digitized by 



Google 



—102— 

When X represents the least root r, this series will evidently converge. 
Hence the divisor of A{x — r) will be the product of convergent series and 
itself converge the more rapidly as r is relatively smaller than the other 
roots. The form and convergence of the divisor being known^ we acooid- 
ingly assume, 

When 6' is thus determined, the equation 1 — 6'a: = 0, as above shown, 
will give the least root. Clearing of fractions, and equating the coefficients 
of equal pawers af a:, ^ 

= b + b' + c^, ^ = ^'=6'^c'- 

= c + 6c' + d'y 
O^d + co^ + bd' + e', 



In successive approximations, suppose first that c'x and the following 
terms are Omitted, then 6' = — 6. Next suppose that only dV and the 
following terms are omitted; then 6' = — 6 + c -h 6. Next suppose that 
only e'a? and following terms are omitted; and so on, to determine by elim- 
ination, the value of b' more and more accurately. Let arj, a?^, a?3, a?^, .... 
denote the corresponding values approaching the true value of x; also let 
i)j, D^y J?8> • • • denote the corresponding denominators: 

—1 
Di=6; ^i=~b~' 

D^=bD^—c; 0^2 = -j^ = ITZZ-c 

2)3 = bD^ - cDi + c?; 0:3 - '^ = 53^26^- 

D^ = bl)^ — cD^ + di)i — €; x^ = ^~ • 

D^ =bD^ —cD^ H- dD^ — eD^ +/; x^ = ~j^ ^. etc. 

With remarkable simplicity, the values of D are computed one from an- 
other after the manner of recurring series; and with changed sign, the ratio 
of two consecutive values of D gives the approximate value of x. Such is 
the approximation for the least root. 

III. The Greatest Root. The preceding analysis shows we have only to 
commence on the other side of the equation, divided by the term containing 
the highest power of a?. The derivation of D will be the same as before, 
and for x we must take ihe reciprocal of the former value. Thus, given the 
equation, of + boT^^ + caT-^ + =0. 
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D^r=b; D^=hD^ 



c(6' — c) 



•c; etc., as above. 

o5 — r/ 



«s = — * + 



6»— c' 



aJo = 



x^— — b + 
2), 



eft + c 



D, 



6(6«— c)- 

8 - D, ^ 



x^ = 



.c6 



«A = - 






Example. Find the greatest or only positive root of the equation, 
2a? _ ^^Za? — 234a? — 711 = 0, 
dividing by 2 a^ — 236,5ar^ — 117a? — 355.5 = 0. 

Here x^ = — ft = + 236.5, a:2= — ft + c-^6 = 237.00003. The ex- 
act root found by the longer process of Homer is 237. 

When a vacancy occurs after the first term, the equation may still be 
adapted to this method, by transposing all terms after the first, expanding 
the proper root of both sides, and tran<<posing again. 

When the number of vacant terms is large, as in the noted problem solv- 
ed by Baily, De Morgan and others, for finding the rate of interest of an 
annuity, (Jones on annuities, p. 42), successive substitution is oft«n the 
shortest method. The formula referred to is, 



1 

a? = -• 



1 



Let a?i = — , 



a?« =- — 



1 



etc. 



>(i + xY ^^ '^^-f^^^p ~p(i + x{r' 

If w = 98 and p = 21.924788; x^ = .04561047, x^ = .045034, a?3 = 
.0450017, etc. The true root is .045. 

IV. The two Lead Roots, or two Imaginary Roots. Recurring to the 
analysis of article II, let another term be added to the assumed number, 
making it 1 — ft'a? — ft'V. Equating coefficients, we find the conditional 
equations the same as before, except the second, which is now = c + ft'' 
+ be' + d'. Thus changed, the first two equations give ft', ft'', in terms of 
e', d'; which latter are found from the remaining equations, by the aid of 
modem determinants. Thus ft', ft", being known, the two least roots, real 
or imaginary, are found by the quadratic. 



\—h'x — h"a? = 0) a? = - 



■2ft"~\L(2ft"/ +ft"J- 



b' 


=—6 


-«', 


b 


" = 0- 


-be' — 


d'. 


Ohio.. 




dblO.. 




eblO.. 




dolO.. 


debl.. 




eeb 1 . . 




dobl.. 




edbl.. 


edob . , 


o'= — 


fdeb .. 




ede b . . 


d'= + 


fee b . . 


fede.. 




g ed . . 




fedo.. 




gfd 0. . 
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c\ =0, d\ = 0; c\ = --, d\ =0; 0^3 = ^3^, d\ =--^z:M'" 

The process will be materially simplified by any deficient terms, as when 
d = 0. 

To find the two greaiest roots, we have only to divide by the term contain- 
ing the highest power of a? so as to bring the equation into the following 
form, and then apply the last process: 



THE APPLICATION OF THE EXPONENTIAL POLYGON 
TO THE HESSIAN. 



BY PROF. H. T. EDDY, UNIV. OP CINCINNATI, CINCINNATI, OHIO. 

1°. The second diiferential coefficient of any curve whose equation is 

« = ^{x, y) = ia 

/d^wwduv* I d^u \ /du\/du\ /d^u\/du\^ 
d^y _ U^Ji%) ~^[d^l VdxjVdyl + [djJ^JKdi) 
dx^ — ~ idM\^ W 

\dy} 

(Todhunter's Differ 3ntial Calculus, art. 180). The vanishing of (a) is the. 
condition that the first differential coefficient is a maximum or a minimum, 
i. e. that the point of tangency is a point of infiection. 
The condition then is 

/d^Mx /(iM\2 / d'^u \fdu\ du\ id^ut/dux^ 

\dx^)\i(^) ~^\db^d^)[di)id^) + Wf\di) =^ W 

which is a function of x and y and is the equation of the curve called the 
Hessian, which may be written H = 0. The Hessian passes through all 
points of inflection of w = 0. 

2°. At a double point of the curve w = 0, the first differential coeffici- 
ent is indeterminate 

% /du\ fdu\ 

di — ~\^)'^[dy) — W 

Evaluate this vanishing fraction 
(Todhunter's Differential CalculoB, art. 190). 
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Eliminate ^ by ^* {^) and clear of firactioDs and we again obtain JETasO. 

. * . the Heasian also passes through the doable points of the curve u ss 0. 

A triple point is the superposition of three doable points and any multiple 
point of the order k is the superposition of k double points. 

3^ Let us move the origin of u =" to a double point and make the 

two tangents at the point the coordinate axes. Then u = has no (xmstant 

term or terms of the first degree, and no terms of the second degree except 

one containing xy, (Eddy's Anal. Geom. arts. 468, 463, 424), and may be 

written in the form aasy +1 ^ = 0, (e) 

ii>2 ^ ' 

in which t signifies ^terms of higher degree than the second," 
Now compute the Hessian of {e) 

'. • , subetituting, JBr= iefxy + t «= 0, which also faaa the axes both 

tangent to it for the same reason as eq. (e). Hence ^at a multiple point of 
u = the tangent of each branch is also tangent to a branch of the Hessian, 
and a multiple point of the order ib in the curve u = is a multiple point 
of the same order in jBT =s 0. 

' 4^. Let us move the origin of li sss to a cusp and make the axis of m 
the double tangent at the cusp. Then there is no constant term in the 
equation, or terms of the first degree, and no term of the second degree except 
that containing y^; as appears from considerations like those used in obtain- 
ing eq. (e). It may be written ai^ + t = (/) 

Compute the Hessian of (/) 

. ' . 11= t —0, which has in it no terms of the sero, first or second de- 

grees, therefore it has three branches through the cusp. (Eddy's Anal. Geom* 
etry, art. 468). Hence at a cusp of « sbs there is a triple point of f s^O, 
and two branches of the Hessian have a common tangent with the cusp. 

6^. Similarly move the origin to a }K)int of inflection and « = becomes, 
when the axis of a? is tangent at the point, 
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ay + ft«y + <5y» + e ss 0, (yl 

which does not contain o?. (Anal. Geom. art 425). Compute the Hes. of {g)^ 

. * . f = i ^ ^ =0: and since there is do constant term the Hesrian pasaeB 

n>0 ^ 

through the point of inflection tm before stated. 

This method may be applied in a similar manner to the ^galarities of 
higher orders which^ as has been shown by Cayley^ are merely the superpo- 
sition or coincidence of several of these simple singularities. 



BIPOLAR EQUATIONS - CARTJEBIAN OVALB. 



9T PBOF. WH. WQOLSET JOHNSON, ST. JOHN's GOLLEOE, AKKAPOLIB, ICB. 

Every system of co-ordinates is specially adapted to the expression of 
some particular properties of thoise curves which admit of simple equations 
in that system. The object of this paper is to discuss the Bipolar system of 
point-coordinates and particularly the Cartesian Ovals, (the loci of Bipolar 
equations of the first degree). 

t Let the fixed points Ay and A^ be taken as poles, and denote by a the 
distance between the poles; then pi and p^, denoting the distances of any 
point fix)m the poles, are the bipolar coordinates of that point. We observe 
that any two points symmetrically situated with respect to the line AyA^ 
have the same pair of ooordinate^^^ hence the locus of every equation in bi- 
polar coordinates is symmetrical with respect to the axis Jij^,. 

The equations of transformation to rectangular and to polar coordinates^ 
taking A^ for origin or pole and A^ A, for axis of a; or initial line, are 

i»f =«* + »* = p* I • rn 

pl^rra? + f — %ax + a* ^ pi' — 2apooB0 + a* j ^v 

The values of pi and p^ in terms of ;i; and y being square roots, we observe 
that the rational rectangular equation obtained by transformation from any 
bipolar equation will always include the several lod which result from giv* 
ing to pi and p^ the ambiguous sign. Thus ± />i ±: /^^ ss iia . • . .(3) 
will be included in a single rectangular equation. We shall thereforf 
regard the resists of different selections of the signs as the equations of 
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diflbrent bmiQbeB of the same carve. These brancheB are not all possible at 
onoe^ thns in (2) if n>l, Pi-^p^^^nais the only possible branch, (since for 
every point we must have p^ ^ p^ <a) and represents an ellipse; wKile if 
ti<l, this branch is impossible and we h^ve pi — p^'==i±na representing 
the two branches of an hyperbola. Thus (2) is the general equation of a 
conic with Iboi at the poles. 

Bipolar wjnations may sometimes be rendered homogeneous by the intro- 
dnction of a third cootdinate^ />3, representing the distance of the point^from 
B third pde A^^ takm on the axis A^A^ ; thus forming a redundant system 
of coordinates analogous to the trilinear system. To deduce the relation 
which must always e:iist between p^, /»„ and />,, denote in Fig. 1 the dist- 
ance between Ai and A^ by o,, between A^ and A^ by a^, between A^ 
and ii| by a| ; for the sake of symmetry so taking the signs of these quan- 
tities that • a^ +a^ + a^^O (3) 

(In the figure a, is regarded as B^^^^^^^^^^^^^^^^^h^h 
^egative.) Denote the projection ^^^^^^^^^^^^^^^I^Rj^^l 
of p, upon the axis by x; Uien ^^H^^^^R^|^^^&Sfiffl| 

(a, + ^7 — ^^^^I^^^mHHSH 

Eliminating x, Oi/>i* — ^iPz* + ^i P2* — ^«rt* ^ aiOj* + <i%<^i% 
or since a^ 4- «2 =5— a^ 

^iPi* + ttj/'j* + 03/^8* + ajaja, =0 (4) 

By means of this relation we may eliminate the absolute term from a bi- 
polar equation. We may use it also to eliminate one of the variables, for 
instance />,, from a bipolar equation thus obtaining the bipolar equation of 
the same locus referred to the poles A^ and A^. 

The general equation of the first d^ree may be written in the form 

±:mpi ± Ip^ ±na=fi, (6) 

in which we regard each of the symbols as denoting |a positive quantity. 
The locus of (6) consists of two branches, (except when the equation becomes 
that of an ellipse,) and two only. For in the first place it is obvious that 
the terms can not all have the same sign, we may therefore write two of the 
terms with the positive and one with the n^ative sign ; now since />i, p^ and 
a fi>rm the sides of a triangle, of which one side can not exceed the sum of 
the other two, it is impossible that the negative term, which must in abso- 
lute value equal the sum of the other two, should have the least of the three 
coefficients, m, ly and n. We therefore obtain the equations of the real branch- 
?Bl»y giving to one or the other of the two greater ooefficievUs the negaHc mgn* 
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Infiiiite values of p^ and p^y it is evident^ can nwo* satisfy tbe «qnatioft 
unless'the <x)effici6iite m and 2 are equal and have opposite signs, in irhidi 
case the ciirv€ beoomes an hyperbola. In all other cases therafofretbe locos 
consists of two closed branches which are called Cartesian Ovals. 

One pole at least is within both ovals* For since either the sum or the 
difference of mpi and Ip^ is constant we have for. any two points JP and JF^ 
of the same branch, Mp\ '^P'l) '^ ^« '^P'a)' 

Now let P and P' be tiie pmnts in which the oval cnta the axis. If the 
pole Ai is outside of the oval, the differe^pe pi — p\ beoomes the axis of 
the oval, if it is within it beoomes the difference between two segments of the 
axis of the oval^ and will be the less the nearer the pole is to the middle 
point of this axis, Sow if mr>l, the differenoei px^p\ will be less than 
p^'^p'% ; hence A^ will be within the oval, and will be nearer than ^^ is t^ 
.'the middle point, in case the latter also is within the oval. That ia> 
fiarretponding to ihegreaier o/ the^oqfimenU m and 2, we have a pole tohich 
^mihin eaeh oval. 

Supposing m>2, if n>2 the equations ^of the branches will be 

•^/'j + ^P« — «« = 0, 1 fg. 

;In the first mp^ is always less than the <»nstaiit na, in ihe second it is al- 
"Ways greater than na; therefore sinoe Ai froni whieb p^ is measured is 
within both branches, the first branch lies entirely within the Other. If 
however m^i^n, the branches will meet in the single point -4, whose coor- 
dinates (a, 0) satisfy both equations. 
If m > 2 > 9», the equations will be 

^Pi — 2/>, + «a = 0, r ,^v 

—^Pi + 2/0, + na = 0. / • • ^'^ 

In this case the pole A^ toill be oiUdde o/ eaeh oval. For, at any point bo- 
. tween A^ and A^ we have pi + p^ = a^ combining this with equations (7) 

^hxve />! — S^«- • (8) 

Each of these values is positive and less than a; therefore the branches out 
AiA^ between the poles, and A^ being within, A^ must be outside of each 
ovaL The greater value of p^ in (8) is derived from the second equatioD 
in (7), therefore that equation belongs to the outer branch. In both the cases 
(7) and (8), the outer bramh ie thai in which the greater cw^icierU hoe ths 
negative sign. 

We will now show that the Cartesian 

mp^ ±lp^ ±na^=0 (») 
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admitB of a homogeneous Iripdar eqpntioa of tbe first degree. Transpoedng 
ftti4.iqt]aruig (9) m*/?,* ± Sn^t^i/'s + Pp%^ = ^^t*. 
This equatioD is renderedJhomogeBeous by multiplyiiig by 

1__ Pi^ _ Pi* _ P>' 
derived flrom (4^ whidi gives 

[m* + n>^)p,'±2mlprp, + {P + «^V,*--n»^/,.*...(lQ) 

This equation will reduce to one of the first d^ree when the first manber lA 
a square^ that is^ when 



(-'+'^)(*+»t)=-'' 



or Pa^ + m^a^ + v?a^ = (11) 

The values of a^ and a^ must also satisfy (3), a^ + ^2 + ag = 0, 

henoe W3 derive a^ sss 4 ^ Og and a, = ^ZTp^l (^^ 

To reduce equation (10) most symtnetrically^ multiply by aia^, 

ai(fii*a, + n^ttg) ifc 2nUaia^pip^ + a^(pa^ + ^*o,^)p^^ = —n*a^*p^\ . 
substilQtbgfinom (ll^ — P^i*P\* ± 2mlaia^PiP2—n?(i^^2*^ — w^^aVs** 

Henoe ^iPi hF ^"^tPt ± **^8Pa ~ *^ (13) 

The three poles in this equation constitute three foci of the Cartesian, 
with respect to any pair of which the curve has similar properties. For, 
eliminating /o, between (13) and (9) [observing that in the first ambiguous 
signs of these equations, the upper signs correspond], we have 

(?«! + w**^j)Pi ± mna^a^ ± nla^p^ = 0, 
or by (11) • -^fAi^pi ± mna^a^ ± «&»/»$ = 

or ± npi ± ma^ ± Ip^ = 0. 

The three bipolar and the tripolar equation are therefore as fi)llow»- 

Jr m/>i ± Ip^ ± na^ =0^ 

± np^±ma^ ± Ipt ^Ol .... 

± fai =fc f^^ i: m/Oj =0| ^^^ 

± la^p^ ±ma^t±M^p^= 0^ 

Since the three bipolar equations have the same coefficients their ord^r 
only being changed, we see that the distinction between the cases (6) and 
(7) is not a distinction between varieties of the curve, but is due solely to 
the relative position of the foci which are taken as poles. Let the order of 
magnitude of the coefficients be n'^^'tn'^l; the first equation shows that A^^ 
is within the ovals and nearer to the middle than A^ ,while the third equa- 
tion, in which the coefficient of the absolute term is the least, (as in eq. (7),) 
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shows that A^ is within and A^ outside of Ae cwrwh, We may ciU j1|, in 
this case^ the first feons, A^ tiie seoond, and A^ tbetliinl fiima. 

When mssly the Cartesian mp^ ±: Ip^ ±: na, ss becomes a oonic^ and 
(12) shows that the pole J. 3 is at infinity. The properties expressed in the sec- 
ond and third bipolar equations of (14) then beeome the property of a foous 
and directnz. This may be proved as follows — ^Writing the equation in 
the form ^Px ~ ^P% ±: c^$ *= 

the second equation of (14) becomes 

/>! ± ec'a ± ep3 = or Pi^ ±: ^«'a2 ^ Pt)* 

When e>l and e^ near to 1, the two branches take the forms 

Pi = ± e(e'a, ^p^) (16) 

If €<1 and f' near to 1, the inner branch will tiJce one of the forms in (15). 
Now efa^ — />3 expresses the distance of a point from the circnmferenoe of 
a cirde whose centre isA^y and (15) expresses that the distance of any point 
of the curve from ^^ is in the fixed ratio « to its distance from tjiis circnun- 
ference. When e^ sss 1/this circumference becomes a straight line and e is 
the excentrictty of the conic, which consists of two branches or one acoord- 
ing as e>l or e<l. 

' Transforming to polar coordinates by (1) after squaring the equation 

fnpi dt na^ = =p Ip^ 

we obtain />» + ,;?Z^P<^« =*= ^^fZI^ + ^rzr^as* = 0> • • • (16) 

the polar equation of the Cartesian referred to one of its foci and the axis. 
If n = /, (16) reduces to p =-0 and 

P + ii?Z^<^«±7i?Z^ = <> (17) 

This last is the equation of the Limagon of Pascal or curve generated by 
increasing and diminishing the radius vector of a circle (pole in the circum- 
Iprence) by the same constant. The bipolar equation 

I m/>jL ±: /jO, ± fa, = (18) 

tiierefore represents the limagon accompanied by its node, leaking n = / 
in (12) we see that A^ coincides with the node at Ai. If m > ^ the first 
and second foci coincide at an acnode or conjugate point, A^ (0, a^) being 
the only point which satisfies the equation mp^ ± Hjf^ — a,) = while 
-^ ^Pi -¥ ^Pi + fas ^= represents the continuous curve. J£ m<^lj A^ 
satisfies both branches, the second and third foci ooiuciding at a crunode or 
double point. 

> If n = 0, the first bipolar equation becomes mpi — ^^ = • . . (19) 
and the distances of the diird pole firom A i and A^ are, making n=0 in (12), 
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«« = i;?ii:?«« *^^ ^i= ffl* — ^ > (20) 

Both the second and lihird bipolar equations of (14) now reduce to 

ml 
P% = ^ ^iFZjF''^' 
£q. (19) therefore represents a drole the third pole now coinciding with the 
centre, and the radius being a mean proportional between the distances (20) 
of the poles from the centre. 

This point we shall designate by C; a^ and a, being of opposite signs, 
Ccannot be between the poles ii^ and A^y for in a^ + a, + Og =0 the 
distance betwe^ the extreme points diffisrs in sign fnim each of the other 
distances. We may therefore denote the absolute values of CA^ and CA^ 
by Po and m*e^ -^i-^t «» (•»' — ?)<5> Md from (12) we see that for any Car- 
tesian the distances a^ a, and a^ are vfo — wfc^ m*o = — Pc and Po — n*c, 
thus it appears that Cis a definite point for a given Cartesian being on the 
same side of all three poles and at distances from them proportional to PyHaf 
and n'; the coefficients being associated with the poles a& they are in the tri- 
polar equation of (14). The first foeus is therefore the nearest to, and the 
third farthest from C 

Cis the centre of the primitive circle of the limagon (17), for using the 
notation ju»t introduced the equation of that circle is 

p -r ^oco&d = 
the distance of its (^ntre from A^ is therefore — Po, but this is the value of 
the distance C^i and the n^ative sign shows that it is measured in the di- 
rection toward C since we have taken the direction from C to either of the 
poles as positive. 

The Cartesians 2p^ ^ Pi ± na =s 

may be constructed by a method analogous to that for constructing an ellipse 
or hyperbola with a thread (The thread passing from the pencil, to which it 
is attached by means of a hole drilled in the lead, around the needle si A^ 
and back to the pencil). The curves in the accompanying diagram have 
been constructed in this manner for various values of n. The poles Ai and 
A, 2 and the values of / and m, being common to the whole series the point 
C is also common. In No. 1 ft > 2 the third pole is on the left of A^ and 
is the third focus. When n s 2, the third pole coincides with A^ and we 
have No. 2, the crunodal limagon. (This curve does not generally pass 
through C). In No. 3 2 > n > 1, the third pole has passed to the right of 
A^ and is the second fixsus. When n=s 1, it coincides with A^ and we have 
No. 4 the acnodal limagon, the inner branch having contracted to the oonjo- 
gate point Ai. In No. 5, n < 1, the third pole has passed to the r^ht of 
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A I and is the first focus. Finally when nssO, both branches coincide with 
the circle No. 61 
and the third pole I 
coincides with C. 

It will be ob-l 
served that the I 
conic and the lim- 1 
aQon fulfil the I 
same condition as | 
to the relatve val- 
ues of thedistances I 
from Clo the three I 
poles^ but in the I 
case of the conic | 
the absolute val- 
ues of these dis-| 
tances become in- 
finite. According- 1 
Ij we see in the I 

inner branches of 3 and 6 an approximation to the elliptic form^ and in 1 
we have an approximation to the form of an hyperbola in the neighborhood 
of the second and third foci. 

If « denote the arc of the Cartesian and i^i denote the angle the curve 




makes with p^y evidently 






&C. 



whence 



Differentiating the bipolar equation mdp ± M/>) •= 0, 

.mcos^ ± loQBip^ =0. 
Thus the direction of the curve makes angles with the focal distances whose 
cosines are inversely as the coefficients in the Upolar equation or directly as 
the coefficients in the tripolar equation. When applied to the focus at in- 
finity in the case of the conic we have the property that the cosine of the 
angle between the tangent and focal radius vector equals the product of the 
eccentricity by the cosine of the angle between the tangent and axis. 

Inttbe polar equation (16) a single value of corresponds to four values 
of py denoting these by p' and p" corresponding to the upper, and p'" and 
/>"" to the lower sign we have 

(21) 



//," = /V'" = Sf^«* 



— 2o 



P' + />"=i;?ir?(^«»<^ + «»)./'"' + /"'=^;?I^(^«»<^— '«)-(22) 
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Now since p'p" == p'"p'"' it is evident that for a pole within the ovals />' 
and /t>" must belong to different branches while for a pole outside of the 
ovals they must belong to the same branch. Since p'p" is constant the in- 
verse of the curve described by p' is similar to that described by p^'. Thus 
the inverse of a Cartesian with respect to either focus is a similar curve^ the 
inner inverting into an outer branch if the focus is the first or second, but 
into an inner branch if it is the third focus. Thus the inverse of the acno- 
dal limagon with respect to the double focus is an ellipse similar to that which 
vanishes at that point, but its inverse with respect to the single focus is sim- 
ilar to itself. The inverse of the crunodal limagon with respect to the doub- 
le point which is at onc« on each branch consists of the two branches of an 
hyperbola with asymptotes parallel to the tangents at the double point. 
From (21) we also see that for the third focus the product of a secant and 
its external segment is constant, and the four tangents to the curve from 
this point are equal. 

From (22) we have /+/>" — /"—/?'"' = a constant (23) 

Now when ^^ is the first focus I is the least of the three coefficients and by 
(21) /)' and p" have the same sign, while the pole being within the ovals p"' 
and /t>"" are of the opposite sign. Let p''^ belong to the same branch as />', 
then p' —p"^ and p" — /»''" will denote the parts of a straight line passing 
through J. 2 intercepted by the ovals and will have the same sign. There- 
fore (23) expresses that the sura of the intercepts of the ovals upon a line 
passing through the jirat focus is constant. If ^ ^ is the second focus, I is 
the middle coefficient and p' and p" have opposite signs. Therefore (23) 
expresses that the difference of the intercepts upon a line passing through the 
second focus is constant. It A^ is the third focus p' — p'" and p^' — p"" 
will be the intercepts between the branches, and will be of opposite signs 
since p' and p" now belong to the same branch ; therefore (21) will express 
that for a line passing through the third focus the difference of the intercepts 
between the two branches is constant. 

The bipolar equation of the Cartesian takes a simple form also when re- 
ferred to a focus and the point C as poles. To transform to ^^ and any 
other point of the axis, combine the equation with the general relation (4) 
so as to eliminate p^. Thus, squaring, we have 

v^px d: 2mna^pi + ^*^8* = ^p2*f 
multiplying by a^ and substituting from (4), 

(m^a^ H- Pcti)pi* ± 2mna2a^pi + ^<^zPz + '^(^^^z + l^a^a^a^ = 0. 
This is referred to the focus A^^ and any other point A^y giving to a^ and 
O] the values in (20) ^3 coincides with (7. Since a^ is here the distance 
between the poles, we substitute from (20) 
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ttg = — p — a^ and a^ = — "«^3 

giving p^*±-jra^Pi + [^-7* ( p" + TrjJ V = (24) 

a relation involving the square of one coordinate with the first power of 
the other. 

If in this equation we suppose n = or m = we obtain the equation 
of a circle as before. If n = i, (24) becomes 

/^8» ± 2ya2/>i — a,» = 0, . (26) 

this is therefore the bipolar equation of the limaQon referred to its node and 
the centre of the primitive circle. If m < ^ we have the crunodal limagon ; 
if m > Z, the lower sign gives the acnodal limagon, the upper sign giving an 
equation satisfied only hy Ay, the point (0, a^). If in (25) we make m=l 

we have p^^ — 2a^p^ _ a,* = (26) 

the bipolar equation of the intermediate case, the Cardioid, which is therefore 
a Cartesian whose three foci coincide at the cusp. Since in (26) p^ is the 
distance of a point from the centre of the primitive circle, p^^ — a^^ is the 
square of the tangent upon this circle; and (26) expresses that the square of 
the tangent from any point of the Cardioid to the primitive circle is a mean 
proportional to the diameter and the distance of the point from the cusp. 

We may now find the polar equation of the Cartesian referred to C by 
transformation from (24), making, see (l)yp^=zp and py*r=ip^ — 2a2/>co60 
+ tfj^ For the sake of abridgement we put for the present 

mn . frt? V? 

-jpr^p and -^ + -^ = «, 

(22) then becomes />g* ± 2pa,/0i + (jf — s)a^* = 0. 
Transforming by the above 

0" + {f — ^y^J = ^p'a^\p*—2a^poo8d + a,*) 
expanding />* — 2(« +p^^y + 8p'a^^pooad + [(/— «)*— 4jp*]a3* = 0. 
By adding and subtracting (s+jp^a^* we may write this equation in the fi)rm 

In rectangular coordinates 

[^ + y* — (« + p>,7 + 8p*a,»[a: — K« + 1)^2] = 0. 
In this equation a, = Pc the value of the distance CA^ ; substituting and 
restoring the values of jp and s, 

[aj' + y*— (ft»* + »»W + n*P)(^ + 8PmVo«[a?— Kw*+»*+?c)]=0...(27) 
an equation of the form 8^+li?L=0 where £^=0 is the equation of a circle 
whose centre is at C,and Z=0 is the equation of a straight line perpendicular 
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to the axis. If we denote the distances CA^ CA^, OA^, by a^, a^ and a^ 
we may substitute in (27) Pc = a^ m^o = a^ n*o = a^ whidi gives 
[««+^— (aiaa-f-aj«8+«3«i)T+8«i«a«8b— K«i+«2+«8)]=0...-(28) 

If one of the constants as a^ =0, the equation reduces to /8* = 0, the 
equation of a pair of circles coincident with fif = 0. The form of the equa- 
tion S* + JfL ss shows that the Oartesian touches the line Z = in the 
two points where this line cuts the circle /8 = 0. Hence Z = is the 
double tangent of the outer branch. 

If we now transform the equation to any otiier rectangular axes it will take 
the form S" + i^L' = in which ^S^ = is the transformed equation of 
8=0 and L' = 0, that of X = 0; therefore the general equation of the 
Cartesian in rectangular coordinates is of the form S* + I^L =0, the centre 
of the circle 8 determining the point C, while the axis is perpendicular to 
the line Z s= 0. Suppose the equation when transformed to the origin C 
and the axis as axis of a?, to be 

(,4 + f — ay + V{x-p) = 0, (29) 

then comparing eq. (28) we see that a^ a, and a^ are the roots of the cubic 
«» _ 22>a» + a*fl — JA" = (30) 

If in (29), <^<.Pi the line a? = j9 actually touches the outer branch which 
has a reentrant portion like Nos. 1, 2 and 3 in the diagram. If a = j> 
which is the case in No. 4, (in which a^ == 1, a, = 4 and aj = 1), a? ssp 
has contact of the third order with the curve. If a <j[), as in No. 5, the 
double tangent does not really touch the curve. 

It is noticeable that with given values of a and p in (29) the Cartesian 
cannot be made to approach as near as we choose to the coincident circles 
/8* = when these are cut by i = 0, for die whole Cartesian is always on 
one side of i = 0; yet i = reduces (29) to i8* = 0. In fiwt in this case, 
since j> < a, the cubic (30) will be found to have but one real root when 
i=0. Nevertheless taking a^ = 0, real values of a^ and a, can be found. 
For comparing (28) and (29) we see we are no longer bound to satisfy the 
condition p = \{a^ + « j + ^s) when i = 0, hence we have only to fulfil 
the condition a^a^ -f a^a^ + a^oLy^ = which reduces to a^a^ =0. 
Thus the foci A^^ and A^ are real and subject only to the condition that a 
the radius shall be a mean proportional between them. 

Since in (29) the expression a? + j^ — a' is tiie constant product of the 
s^ments of a chord or secant to the circle through (a?, y) and x — |) is the 
distance to the line a; = p, eq. (29) expresses that the distance from any 
point of the Cartesian to the straight line X =s is proportional to the 
square of tiie product of the s^ments of a chord or to the fourth power of 
the tangent to the circle 8 :=0. 
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ON SUPPLYING OMISSIONS INLAND SUB VEYING. 




BY P. H. PHILBRICK, PROF. OP CIVIL ENGINEERING, IOWA STATE UNIV. 

In our standard works on Land Surveying we are told that: "Any two 
omissions in a closed survey whether of the length, or of the direction, or of 
both, of one or more of the sides bounding the area surveyed, can always be 
supplied by a suitable application of the principle of Latitudes and Depart- 
ures.'^ 

Let us proceed to examine the truthfulness of the statement. 

Case L When the length of one side and the bearing of another are 
wanting. 

(a). Let the deficient sides adjoin each other. 

Let ABCDEF (Fig. 1) represent the case; in I 
which the length of BC and the bearing of DCare | 
unknown. 

SolvHon, With i) as a center and the known I 
length of DC as a radius describe an arc. This arc 
will in general intersect the indefinite line 5(7 in 
two points (C& (?) either one of which may be' 
taken, consistently with the data, as the missing corner, thus giving the two 
figures ABCDEF and ABCDEF either one of which may be considered 
as the field surveyed. 

(6). Let the deficient sides be separated from each other. 

Suppose the length of -BCand the bearing of JED unknown. 

Solution. Draw DH parallel to BC. With jE as a center and the known 
length of ED as radius describe an arc which arc will generally intersect 
DH in two points D and D' from which we draw DC and D'(7' giving the 
two figures ABCDEF and ABCD'EF, the latter of whidi complies with 
all the data of the problem equally well with the first which by hypothesis 
represents the tract surveyed. 

In case the length of the side whose bearing is unknown is equal to the 
length of the perpendicular upon the side whose length is unknown; then 
whether the deficient sides are separated or not the two solutions unite in 
one. Thus if DC is equal to the perpendicular D(7" upon JBCthe points 
Oand a coincide in C", and the two figures ABCDEF sxid ABCDEF 
become identical being represented by ABCDEF. 

If more than one krunan side intervene between the deficient sides a simi- 
lar construction will nevertheless suffice. 
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Case IL When the lengths of two sides are wanting. 

(a). The deficieat sides adjoin. 

In Fig. 1 let the lengths of £Cand i?Cbe wanting. From £ and i? 
with the given bearings of £0 and DC we must run the lines £(7 and DC 
to their intersection C, thus there is but one solution in this case. 

(6). The deficient sides are separated. 

Let AB and DC (Fig. 2) running fi*om A and D in known directions, be 
the sides whose lengths are unknown, B and C representing the undeterm- 
ined ccnrners* 

From D draw DG with the length and bearing of I 
the side which lies between AB and DC Draw OB \ 
parallel to DC to intarsect AB in B, and JSC parallel 
to GD to intCT^ect DC in C. ABCDEF represents | 
the tract surveyed. 

If howev^ AB and DCure parallel G is on AB or 
its prolongation; f(»* if not, GB and AB, which ac- 
cording to the present hypothesis are parallel, would I 
not intersect and consequently the survey would not close. Since G then, 
lies upon AB, and GB and AB tmparattei they must coincide and Aerefore 
any point upon AB may be taken as their intersection from which a line 
drawn parallel to GD to intersect DC will close the j 
survey. Thus there are an infinite number of solutions I 
in this case as is illustrated in fig. 3. If more than one I 
side lie betwe^i ihe defi<»eiit codes a similar construe- { 
tion will still suffice. 

Case HI. When the bearing of two sides is want- 1 
ing. 

(a). Let the deficient sides adjoin each other.(fig. 4) { 

Let C, D, E, F and A represent the known comers. 
The distances of the comer B fix)m A and (7 being known but not its bear- 
ings. 

SoluUon. With A and Cas centers and radii equal to AB and CB re- 
spectively describe arcs. The*^ arcs will always intersect in two points B 
and J5' giving the two figures ABCDEF and AB'CDEF, either of which 
answers to all ihe conditions of the problem and therefore may be taken to 
represent the tract surveyed. 

The arcs described with the centers A and C must intersect since the sur- 
vey must close, and they must intersect in two points for otherwise AB and 
BC would represent the same line. 
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(6). Let the deficient sides be separated from each other. 

Let Ay Fy E and D (Fig. 5) represent the fixed i 
comers; and let AB and CD represent the lengv h I 
of the sides of which the bearings are wanting, andgj 
JS (7 represent the length and bearing of the inter- 
mediate side. 

Solution. With A and D as centers and radii I 
equal respectively to AJB and DC, describe arcs BB' I 
and CC. Draw DH equal and parallel to Cb\ 
and with ^ as a center and radius equal also U 
DC describe an arc BB' which will in general intersect the former arc BB' 
in two points B and B\ From B and B' draw BCand B'C each paral- 
lel to D-ffand intersecting the arc CC in the points Cand C. Then either 
aBCDEFox AB'CDEF vriW represent the survey. 

1£B and B' coincide there is but i 
one solution. If the different sides 
are separated by more than one 
side a similar construction to the| 
above would suffice. 

Omitting therefore the case in 1 
which the lengths orUy of two adjoin 
ing sides are wanting, since the fact 1 
that there can be but one position [ 
for the missing comer is axiom- 
atic; and, for the same reason, omitting the case in which the deficiencies 
pertain to one side; we find three cases in which there are usually two so- 
lutions though there may be but one; one case in which there is usually but 
one solution though there may be an infinite number of solutions; and an- 
other case in which there are always two solutions. 

Thus we see that the proposition quoted at the head of this article is 
missleading-in fact the tmth is not in it at all-and that surveyor therefore 
who pays any r^ard to it will be led astray and his work vitiated. 

[It freequently occurs that a formula which represents the complete solu- 
tion of a question cannot be definitely interpreted from the data used in the 
formula. The additional information required is however, generally, readily 
obtained. The Surveyor should always, when practicable, close his survey 
by actual measurment, and the ^'principle of Latitudes and Departures" used 
in his calculation will then enable him to discover and eliminate his prin- 
cipal errors. If however it is impracticable to obtain the exact bearing of 
one or two of his lines, their approximate bearing should be noted, which 
will be sufficient generally to obviate the ambiguity discussed above. — ^Ed.] 
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80L UTION OF PROBLEM 67. 



BT Q. W. HILL. 

Aflsome the station as the origin of ooordinates, tlie axis of x being direct- 
ed toward the centre of the base, and that of 2 vertical. Let a be the radius 
of the base, the altitude. The equation of the mountain's surface is then 
a\o — £f = if[jfl — xY + f]. 
The equation in terms of polar coordinates is obtained by putting 
a;=sroo6 0cosi»| y = r COS (?8in a>, 2 = rsin^, 

... ^ ecos^cosoi — a%mO 

andthusis r = 2ax^ execs' g - a'sin'tf ' 

The element of volume of the mountain may be regarded as a rectangular 
solid whose sides are dr^ rdd^ r cos doty and p being its density the element 
of mass is pt* 00s OdrdOdto. Its attraction on the unit of mass at the station 
is pocjsOdrdOdio. From the synmietry of the cone it is plain that the com- 
ponent of the mountain's attraction in the direction of the axis of y is zero; 
and the vertical component which diminishes the intensity of gravity at the 
station may be neglected. The component in the direction of the axis of x is 

X=^p J j I iX)s?0ooBa>drdjOdaf. 

Int^rating with respect to r, the limits are r = 0, and r=the value giv- 
en by the equation of the sur&ce. Thus 

/• /•coos^cosoi — asini? ^ ^ 

Next we int^rate with respect to a>. As r must be always positive the 
limiting values of a» are the two roots of the equation coosa>=atan 6. Hence 
V o r r ^oos* d cos-^ [(a"f-e)tan 6f] sintfooef? "^^^ 

JL = Iacpj ^ ^o^tf—^sin^'d |/(c»cos*tf— a'sin'tfj^^' 

The limits of integration are now from = to (? = the value given by 
the equation atBLud^e. The second term within the brackets is int^ra- 
ble, and between the limits is — a-i-(c^ -i- rF). To simplify the first term 
revert to the variable w^ that is put ataxiO ^ ocosoi. Then 

X^ 2cp^j J^ 8ina,[l + (c»-5-a*)oos»a;]!~?ir?J- 

The expression within the brackets is a function of-, calling it -^(-j we 
have 
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Now />' being the mean density and B the radius of the earth, the force of 

gravity 5^ is • ^ ~ T P'^' 

and 3 the deflection of the plumb-line is given by the equation 

, ^ X 3F(e-^a) o e 
tano = — = 75 ' -S -»• 



The definite im 



•^ 






sina)[l + (c*-J-a*)co8*ai]f' 
it appears, must be computed by mechanical quadratures. Here is an op- 
portunity to illustrate the use of the formula given at p. 9, Vol. II of the 
Analyst, 

Divide the interval between the limits and \k into 9 equal ports; then 
h = 10° = 0.1745241. Compute the value of the function to be integrated 
multiplied by h for the middle of each of these parts, that is foriw = 6®, 16°, 
25°, 115°. The three values beyond 90° are for the sake of the dif- 
ferences. We get 



ta. 


J>. 


o>. 


J>. 


5° 


0.1400956 


66° 


0.2094292 


15 


0.1432880 


75 


0.2327701 


25 


0.1497300 


86 


0.2594408 


36 


0.1595134 


95 


0.2899632 


45 


0.1727216 


105 


0.3268781 


55 


0.1893800 


115 


0.8705285 



As the function int^ated ramains the same when the sign of w is chang- 
ed, all the odd orders of differences vanish for the argument to = 0. Then 
making J"^ ^ for the argument oi ss 0, by summing and differencing we 
get for the argument w = 90° 

4-1 = 1.6563687, Ji = + 0.0305224, 

J8 =+0.0015408, J« = + 0.0007838. 

Thus the value of the definite int^ral by the formula is 

= 1.6563687+^(o.0306224)— g^(o.0016408) +9^o(^-*^^^^) 

= 1.6576363. 

CJonsequently 2^0.4) = 0.7955673, and the demanded deflection 

^=19".21174. 
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SOLUTIONS OF PROBLEMS IN NO 3L 



Solutions of problems in No. 3 haye been received as follows: 
From P. E. Chase, 69, 70, 72 & 73 ; G. M. Day, 70, 71, 72 A 74; Th. 
L. De Land, 72; Cadet E. S. Fanow, 69, 70, 71, 72, 73 & 74; SLGunder,. 
69, 70, 71, 72 & 74; Wm. Hoover, 69, 71 & 72; Phil. Hoglan, 72; Prof. 
W. W. Johnson, 74; Christine Ladd, 73; F. P. Mafat, 72; E. P. Norton, 
69; O. D. Oathont, 70, 72 <& 73; Judge Josiah Scott, 73 ; Prof. J. Sohefier, 
69, 70, 71, 72, 73 «fe 74; E. B. Seitz, 69, 70, 71, 72, 73 A 74. 



69.— "Given a:» + y* = 793, . . . (1) f (asy*) + f{a?y) = 30, ... (2) 
to find a and y by quadratics." 



*» ± 2xy + 3^ = 793 ± 2a!y = Q 
^(a:yXfa' + ^y) = 30 = 6(3 + 2), «y = 216, ar^27, y = 8. 

SOLUTION BY E. P, NORTON, ALLEN, HICHiaAN. 

Cube (2), ayf + 3ajy[^(iry»)-f f^(rr»y)] + a^V = 27000. . (3). Substitu- 
ting in (3), the value of f^{«jf) + f^{^)j and we have xy{x + y + 90) 
=27000. . . . (4). Put a: + y = « and xy =p, then by making the prop- 
er substitutionfl in (2) and (4), we have «* — 2p = 793, (6), and p{8 + 90) 
=27000,(6). Eliminate^ from (6) and (6) and «»+90«*— 793^=126370. (7) 
Let « = « — 30, then by substitution, s? — 34932 = 47680, (8). Multiply 
(8) by z, complete the square by adding 42262* + (366)* to each member of 
the equation, reduce, and we have 2; = 66, « = 35 and p = 216. Whence 
we readily find aj = 27 and y = 8, 



70.— "Given y* + «» = 2500,... (1), x" = 1600[130 — (« + t)Jy . . .(2) 
iry=tl30 — (» + e)], . . (3), f=y^ + («— 40)*, . . .(4), to find a?, y and zJ' 

SOLUTION BY GEO. M. DAY, LOCKPOBT, N. Y. 

Extract square root of (2) and divide by (3), this gives t = 40y (6) 

Eliminate t and y from (4) by means of (1) and (6) and we have a quadratic 
from which we find z = 49.99. The other quantities are readily found by 
substitution. 

[Subsequent to the publication of this question Mr. Matz wrote to us ihat 
he had intended to state eqn. (2) thus; »* = 1600 + [130 — (« + e)]», and 
that he had written to several of our contributors correcting the error. 
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Accordingly we have received several solutions of the question as modified 
by Mr. Matz by substituting in eqn. (2) after 1600 the sign + instead of X - 
We subjoin a solution, of the question thus modified, by E. B, Seitz]. 

Solution, Multiply (2) by ^, square (3), and we have, by subtraction, 
A^—f) = 1600^. . . (5). Multiplying (4) by x^^ subtracting it from (5), 

and extracting the square root, we have x{z — 40) == ±:'40i (6) 

Adding (1) and (4), we have ? = 4100 — 80z. ... (7) 

From (7), (6) and (2) we have, respectively, 

4100 — ^ _ 40^ S200t e—260t + 18600 

^— 80 '^~" -2 — 40 — -900— P^"" 260 — a 

^ _ 260^ + 18600 ^ ^ 3200< 



• • 260 — 2^ ""~900 — f*- 

f — 260^ + 11200^ + 1066000^ — 16650000 = 0; (8) 

or e* — 260? + 24000<» — 698000^ — 16650000 = (9) 

Solving (8) by Descartes' method we find t = 14.16625, or —51.23628. 
. • . 2=48.74146, or 18.43554; a;=40«-^ (2—40) =64.82325, or 95.03838; 
y = 11.14763, or — 46.47723. From (9) we find t = 90, or — 15.87797. 
.-.2 = — 50, or 48.09863; a: = 4W-i- (40— 2) = 40, or 78.42304; y=0, 
or — 13.65731. 



71. — "Given the sides a, 6, c of -a spherical triangle ABC to find the ra- 
dii jR, r, of the circumscribed and inscribed circles." 

[Several of our contributors write that this question is solved in Chauve- 
net's Trig., and all the solutions sent give for answers 

P 2sin ^ sin |6 sin ^e 

~~ |/(8in « sin (« — a) sin {a — 6) sin (« — 0)' 

/ / 8in{8 — a)sin(a — 6)8in(g — c) \ 

nr — ^^ sins /' 

where 8=^{a + b + 0)]. 



72. — "Find the maximum cylinder that can be cut fi:om 9 given oblate 
spheroid whose semi-axes are a and 6." 

SOLUTION BY WM. HOOVER, BELLEFONTAINE, OHIO. 

Let X be the radius and 2y the perpendicular of the cylinder. Then its 
volume is u = iito^y = a max (1) 

From the ellipse ay + b^a? = aV (2) 

Substituting for a? in (1) its value from (2), difierentiating and equating to 
zero we find y = }&|/3. Substitute this value of ^ in (2) aud we get 
Q? = la\ .'. u = ^na^bi/Z. 



Digitized by 



Google 



—123— 
73. — "Find the whole number of sets of three inters having a constant 

SOLUTION BY CHRISTINE ULDD, CHELSEA^ MASS. 

Let n = the constant sum. Writing down the sets which contain 1^ 

(«) (6) W 

1 1 n — 2 

1 2 n — 3 

1 3 n — 4 



it is readily seen that tiiey begin to repeat themselves when (6) := (o) or (6) 
+ 1 = (c) according as n is odd or even. Put n = 2p + y, in whidi p w 
integral and ^ < 2; i. e. q = 1 if n is odd and 9 = if n is even. 

Then (6) = n — 1 — (6) = ^^^ when g== 1, 

tl — 1 — — 1 

ot {b) = n — l — (6) — 1= 2 wheng = 0; 

(b) =^ p + q — ^"1 Jn both cases. 
But the maYimum value of (b) is also the number of sets containing 1. 

Take next the sets which contain 2. 2 + 1+^ — 3 has already occur- 
red so we b^n with 

(a) (6) (c) 

2 2 n — 4 

2 3 n — 7 

2 4 n — 8 



which will continue until 

(6) =: n — 2 — (6) =^^-^ when g = 0, 

or (6) = n — 2 — (6) — 1 = s when g = 1. 

(b):=p — 1 in both cases^ which is one more than the number of sets con- 
taining 2, =p — 1 — 1. 

(«) (i) . (o) 

3 3 n— 6 

3 4 n — 7 

3 5 n — 8 



nntil (6) = ^ (g = l), or (6)= ** | ^ (g = 0). 

(6) =p+g — 2 in both cases, and p + q — 2 — 2 = number of sets con- 
taining 3. 
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Collecting the resolta we are able to deduce the law of foraaation. 



(1) j. + g-l 


(2) p-1-1 


(3) p + 5 — 2 — 2 


(4) p-2-2 


(6) p + q-Z-4: 


(6) p — S — 5 


<7) p + 9-4-6 


(8) p-4-7 


(9) p + q — 5 — S 


(rf) 



CoUectiiig similar terms and adding, 

(^) (B) 

p + q — 1 — 3(0, 1, 2, ) p — 2 — 3(0, 1, 2, ) 

in which it remains to find the limit of the series (0, 1, 2, . . . •)• 

Put n = 3(2Jfc + m) + lin which i, m, f, are integral, Z< 3, m < 2. (d) 
will increase up to 2k -\- m. Of these variations of sets k + m will be in {A) 
and k in (jB). Hence we shall have, 

(^) + (^) = (A + m)(j> + g-l) + *(l>-2)-3[0,l,2,,..(i + m-l)] 

— 3[0, 1, 2,...(i — 1)]. 



74. — ''Find the equation of the locus of the middle point of a chord to 
the hyperbola a^ — y* = 2a*, the chord being of constant length ard equal 
to seven times the transverse axis.'^ 

SOLUTION BY PKOP. W. W. JOHNSON, ANNAPOLIS, MD. 

Combining the equation of the straight line y^mx + b with that of the 
hyperbola we find for the intersections 

bm±x/[2a\l — nf) + b^ 6±m|/[2a^l— m») + ft'] 

«— i_m» andy— j_^, ; 

hence the coordinates of the middle point are 

6m - b 

and the sum of the squares of the radical parts equals the square of half the 
chord equals the square of seven times the transverse semi-axis; that is 

Eliminating 6 & o (1 + m»X2a* + y* — wy) = 98a\l — m% 
but m = ^ hence (l + ^)(2a» + y* - a^) = 98a«(l -^) 

or (y» + a^)(2a* +y — a:«) = QSa^y^ — a?) 

or y« _ aj* + lOOaV — 96ay = 0. 

Note. This is the curve known as ''2a caurbe du dsicbW which is given 
by its equation as an example in all the books on curve-tracing. If we 
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dbange the coefficient of o^^ from 96 to 100 the equation represents the 
straight lines y = ± « and the circle jc* + y*t= 100, to which system of lines 
the carve is therefore closely asymptotic. I conjecture that the curve was 
originated in this way and has not heretofore been known as a geometrical 
locos. Can any of your readers throw any light on the history of this curi- 
ous curve and its startling title? 



Answeb to Pkop. Hall's Query, by Pbop. W. W. Johnson. 

Prof. Cay ley proposed the question '^Find the number of r^ons into which 
infinite space is divided by n planes'' in the Smith Prize Examination Feb. 
3rd, 1874, and published in the Mathematical Messenger for march 1874, 
'^Solutions and remarks" on the paper of that day. He says he intended 
the qnestson for a problem, as the result, though a known, is not a general- 
ly known one. His solution is substantially as follows: Consider the anal- 
ogous problem for lines in a plane. An additional line adds to the number 
of regions one for every part into which it is itself divided by the other lines. 
Hence, 1, 2, 3, 4 &c. lines divide a plane into 2, 2+2(=4), 4+3(=7), 7+ 
4(=11) Ac. regions; the general term being ^{n*+n+2). In like manner 
an additional plane adds to the number of r^ons in space one for every re- 
gion in to which it is itself divided by the other planes. Hence 1, 2, 3, 4, 
&c planes divide space into 2, 2+2(=4), 4+4(=8), 8+7(=15), 15 + H 
(= 26) &c. regions ; the general term being ^n* + 5w + 6)^ 

[Mr. G. W. Hill obtains the same result as answer to Prof. Hall's Query 
and by analogous reasoning, employing however in his investigation the 
Calculus of Finite Differences. 

It will be observed that the question as proposed by Prof. Cayley is not 
identical with that proposed by Prof. Hall ; as Prof. Cayley requests the 
number of regions into which infinite space is divided by n planes, whereas 
Prof. Hall asks, "Into how many parts can n planes divide space." 

That the answer given is not necessarily the answer to Prof. Cayley's 
question follows from the &ct that nothing in Prof. Cayley's announcement 
of the question precludes the possibility (theoretically at least) of some or 
all of the planes being parallel, in which case the answer would obviously 
not be correct: If drawn at random, however, the probability of such a 
contingency is infinitely small. — Ed.] 



Answeb to Pbesident Tappan's Queby, by Pbop. J. Scheffeb. 

It is. The French mathematician Fermat who published quite a number 
of theorems in r^ard to prime numbers, erroneously asserted that all the 
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numbers which have the form a* + 1> in which m is a power of 2, are 'prime 
numbers. He declared himself unable to give a demonstration, but he was 
nevertheless convinced of the truth of his assertion. The latter is correct 
for all numbers not exceeding five figures ; for instance, 2* + 1, 2* + 1, 2* + 1, 
2" +1 ( = 6, 17, 267, 65537). But 2« + 1 =4294967297 is no longer a 
prime, for, as Euler has proved, it is divisible by 641, 

[This Query was also answered in the affirmative by 6. W. Hill, Prof. 
Chase, Judge Scott, E. S. Farrow, O. D. Oathout, E. B. Seitz and Henry 
Gunder.] 

Solution of Mb. Holbrook's Problem, (p. 72) by Prop. H. T. Eddy. 

Suppose the surface to ba generated by the line 

x — x^ _ y — y^ _ z — z^ , 

«a— »1 ^2— yi «a— «i ^ 

Let the surface have a distancfij>f 2r along the axis of x for its edge and the 

x^ y^ 
ellipse ^ + 62 = If « = «. (6) 

for its base, and the axis of z for its conical axis. Then if the }K)int (a?^, y^, 
Zi) is situated on the axis of rr and (a;,, y^^ z^) upon the ellipse the problem 

evidently requires x^ir :: x^ia, . • . ajg = — - (c) 

Also yi =0, «i = 0, z^ = c, and from (6), 

^ . . r{x — x^) ry z ,„ 

Substitute this value otx^ in the last of equations (d) and we get 

which is the equation sought. 

If in (e) a = 6 = r then cy = zi/(r* — x?) which is the equation of Wal- 
lis' cono-cuneus, having a circular base and an edge equal to the diameter 
of the base. If in (e) r ^ then we have 

which is the equation of an elliptic cone. 
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Note on the + and — signb before i/j by Prof, Johnson. — The 
question raised by Prof. Judson is one of conventional notation^ viz. — shall 
we regard |/a qb indicating sometimes the positive and sometimes the neg- 
ative square root of a, or definitely the positive root. The advantage of 
making a distinction is unquestionable^ and naturally the arithmetical root 
is written without sign thus ^^2 = 1.41+, So also there are n nth roots 
of a, but there is an advantage in restricting the symbol y/a to the arithmet- 
ical nth root, to the exclusion of the imaginary ro6t8 which have their own 
appropriate symbols. In like manner sin'^a? is by a useful convention re- 
stricted to that arc whose sine is x which is between — ^n and -H ^tt; since 
the expressions t: — sin~^a;, 2;r — sin-^a; &c., will then express without am- 
biguity the other arcs of which x is the sine. 

If this convention is adopted we cannot of course say that a radical equa- 
tion necessarily has a root. Thus the two equations x + >/(aa?+6) = c and 
X — i/{ax+b)=c give rise to the same quadratic, which quadratic will have 
two roots real or imaginary, and it may be shown of either of these roots 
that it must satisfy one or other of the radical equations, but in some cases 
both roots belong to one of the equations and no root at all to the other. 

Prof, Johnson adds — "As no one has answered my paradox published in 
the March No., I will mention the solution of the falacy. It consists in the 
tacit assumption, that under the definitions, every conic has a pole. For a 
conic which has a pole, the construction in (2) is correct. Moredver every 
straight line has four poles, the intersections of the system of colics whose 
poles lie on the line. But if we pass two conies through two given points, 
it will not generally happen that these conies admit of poles, hence the line 
mentioned in (6) does not generally exist, and the general conclusion in (6) 
is founded on a non-entity." 



PROBLEMS. 



75. By D. Brown, Grafton, III. — A stick of timber of uniform den- 
sity and size from end to end, has a weight of 600 pounds suspended at one 
end by which it is balanced horizontally on a fulcrum 6 feet firom the end 
where the weight is suspended. If the fulcrum be 5 feet from the same end 
the stick will be balanced with a weight of 800 pounds. Required the 
weight and length of the stick. 

76. By Isaac H. Turrell, Cumminsvillb, Ohio. — Within a given 
circle to draw three others tangent to it and touching each other externally, 
the sum of whose diameters shall be equal to that of the given circle. 
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77. By O. H. Merrill, Watertown, N. Y. — ^Within the dicum&r* 
enoe of a given circle, radius r, deBcribe two equal circles, radii |r, which 
shall touch the first circle internally at opposite extremitieB of a diametor. 
Describe a fourth circle D, touching the first circle internally and eadi of 
the two equal circles externally. Describe a fifth circle Ey a sixth circle Fj 
&c., touching the first internally and one of the two equal drcles and the 
circle D, jB, jP, Ac., respectively, externally. Find an expression for the 
radii of the circles J?, jP, &, &c. 

78. By Prop. J. Scheffer, Gambier, Ohio. — From a given point 
without a triangle to draw a line which bisects the area of the triangle. 

79. By Henry Gunder, Greenville, Ohio. — Prove that the form- 
ula 2*"^ (2* — 1) represents a perfect number when 2* — 1 is prime. 

80. By Prof. A. B. Evans, Lockport, N. Y.— The relation 

is true for all positive integral values of n; show that 

Ar ^ 1.1 1 l—iy 

-^ = l-jy + j2--^ . . . . + --^, 

where r is an integer less than n. 

81. By G. W. Hill, Nyack Turnpike, N. Y.-"Prove that, identically, 
1.1.1. .1.1.11. 1„ 



"l'-fi_J_Q + «»_i_.^ + *** + 0« — 1 O+Q A + 



82. By Prof. A. Hall, Naval Obs., Washington, D. C. — If the 
parabolic orbits of two comets intersect the circular orbit of the earth in the 
same two points, then if ti and ^2 be the times in which the comets move 

from one point to the other, {t^ + 1^) + (<i — ^2) = (^) * 7^^ ^" 
ing the unit of time. 



ERRATA. 
On page 88, 1st line, the exponent of the fiwtor (1 — f) should be f. 
" 91, line 13, for 396 read 396aj. 
" 95, " 6 from bottom, for "nn.'' read nn'. 
" 99, " 15 from bottom, for make read mark. 
« 100, « 18, for/, flr, read/, (7',. 
" 103, " 22, for number read numerator. 
" 107, " 18, for />a' read />8*. 
" 109, " 14, after first parenthesis insert pi\ 
" 118, Fig. 5, for "A'' within the figure read H. 
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Onreetim. On p. 157, line 17, for "Put ^, = af = [(« + 1) — 1J= 
{x-\-l)r," read, Because af = [(a; + 1) — lj = {x + 1)', <S«-; and on same 
page, line 19, for "Then" read Thererore. 
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DIVISIBILITY B Y SEVEN. 



BY PBOF. EDWARD BBOOES^ MILLEBSVILLE, PENN. 

The DivmbilUy of Numbersy as presented by diflFerent authors, embraces 
the oonditions of divisibility by the numbers 2, 3, etc. up to 12, with the 
omission of the number 7. This omission leads us to inquire whether there 
is any general law for the divisibility of numbers by seven. A few of our 
text-books present some special truths in r^ard to this subject, among which 
are the following: 

1. A number is divisible by 7 when the unit term is one half or one ninth 
of the part on the left. Thus 2l, 42, 63, 126, and 91, 182, 273, etc. 

2. A number is divisible by 7 when the number expressed by the boo right" 
hand terms is five times the part on the left, or one third of it. Thus, 840, 
526, 1995, and 3612, 903, 602, etc. 

There are, however, some general laws for the divisibility by 7, which 
seem to have been overlooked by most writers on the theory of numbers, and 
which, though of no particular practical importance, are interesting in a sci- 
entific point of view. The first and least simple of these laws is as follows: 

J. A number is divisible by 7 when the &um of onee the first or units term^ 
3 times the second, 2 times the third, 6 tim£S the fourth, 4 times the fifth, 6 times 
the siscth, once the seventh, 3 times the eighth, etc. is divisible by 7. 

It will be seen that the series of multipliers is 1, 3, 2, 6, 4, 6. To illus- 
trate the law, take the number 7936942, and we have for the sum of the 
multiples of the digits, 1X2 + 3X4 + 2x9 + 6X6 + 4X3 + 6X9 + 1X7 
= 126, which is exactly divisible by 7; and if we divide the number itself 
by 7, we find there is also no remainder. 

In this law we see that the second half of the series of multipliers 6, 4, 6, 
equals respectively 7 minus the first half, 1, 3, 2, hence, instead of adding 
the multiples of the second series, 6, 4, 6, we may subtract the respective 
multiples of the terms of the second numerical period by the first series 1, 3, 
2, which will give rise to the following principle: 
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//. A number is divisible by 7 when the nvmber arismg from the mm of 
once the first term^ 3 tim^s the second, 2 tvmes the third, minus the sum of the 
sam^ multiples of the next three termsy plus the sum of the same multiples of the 
next three terms, etc., is divisible by 7. 

] t will be seen that the series of multipliers is 1, 3, 2, the first prodacts 
being additive aud the second products subtractive, etc. ; the multiples of 
the terms of the odd numerical periods being additive and of the ei>€n peri- 
ods subtractive. If we take the number 5439728, we have 1X8 + 3x2 
+ 2X7 — 1X9 — 3X3 — 2X4 + 1X5 = 7, which is divisible by 7; and 
upon trial we fiind the number is also exactly divisible by 7. This second 
principle may be more simply stated thus: 

J/a. A number is divisible by 7 when the sum of the multiples expressed by 
the numbers 1, 3, 2, of the terms of the odd numerical periods, minus the sum 
of the same multiples of the terms of the even numerical periods, is divisible 
by 7. 

. Now, if we add exact multiples of 7 to the multiples of the terms which 
are united in the test of divisibility, it will not change the remainder. Thus, 
taking the number 5439728, if we add 7X2 to 3x2, we have 10X2 or 20, 
and adding 98X7 to 2x7, we have 100x7 or 700; hence we may use, in 
place of 1X8 + 3x2 + 2X7, the sum of 8 + 20 + 700, or 728, the first 
numerical period; and in the same way it may be shown that we may use 
the second period, subtracting in the last, etc. Hence from principle IL we 
may derive the following principle: 

IIL A number is ^livisible by 7 when the sum of the odd numerical peri- 
ods, minus the sum of the even numerical periods, is divisible by 7. 

To illustrate this principle, take the number 5,643,378,762; we have for 
the sum of the odd numerical periods 762 + 643 = 1405; for the sum of 
the even periods 378 + 5 — 383; the diflGerence is 1022, which is exactly 
divisible by 7 ; and if we divide the number itself by 7, we find that there is 
also no remainder. 

Applyingthe same reasoning to Principle I., by which we derived Prin- 
ciple III. from Principle II., we obtain the following Principle: 

IV. A number is divisible by 7 when the sum of tJie double numerical pfi- 
riods is divisible by 7. 

Thus in 5,643,378,762, the sum 378,762 + 5,643, or 384405, is divisible 
by 7, and the number is also divisible by 7. 

These principles may be put in the more general form of determining the 
remainder arising fix)m dividing by 7. Thus the third principle may be 
stated as follows: 
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V. Any number divided by 7 leaves the same remainder as the difference 
of the sums of the odd numerical periods and the even numerical periods divi- 
ded by 7. If the sum of the even periods is the greater we subtract the 
remainder from 7 for the true remainder, as in the similar case of the prin- 
ciple for 11. 

The second, third, and fourth principles, as here presented, are derived 
fix)m the first, though they may be demonstrated independently. The arith- 
metical demonstration of Prin. V. leads to a still more general law of divis- 
ibility, since the factor 1001, which will be seen to be the basis of the demon- 
stration, is the product of 7, Jl, and 13. The principle is thus seen to be 
true for 11 and 13 and the most general form of statement is as follows: 

VL Any numhery divided by 7, 11, or 13, leaves the same remainder as is 
obtained when the sum of the odd numerical periods minus the sum of the even 
nwmerv^ periods is divided by these numbers. 

From this we may immediately derive the law of exact divisibility by 7, 
11, and 13, namely: 

VIL Any number is divisible by T ^ 11 y and 13 when the difference between 
the sums of the odd and even numerical periods is divisible by these numbers. 

Subsequent to the discovery of Prin. II., I learned that Prof. Elliott had 
employed the same property as eafly as 1846 ; whether it was known previ- 
ously to this date has not been ascertained. I have also recently noticed 
that Prin. III. is given by one or two writers, but with whom it originated 
I am not aware. The other two laws, so far as I can learn, have not been 
previously published. 



HISTORICAL SKETCH OF AMERICAN MATHEMATICAL 

PERIODICALS. 



BY DAVID 8. HART M. D., 8TONINGTON, CONN. 

From the settlement of the American Colonies to the commencement of 
the present century, but little attention was paid to Science and especially to 
mathematical Science. Many of the early settlers of the Colonies, and par- 
ticularly the Clergy, were among the most eminent classical scholars in the 
world. Many of them had carried off the palm of Victory at Oxford and 
Cambridge in England. Latin and Greek, and in some instances He- 
brew, were as familiar to them as their native tongue. Some of them had 
even mastered the Chaldee, Syriac and Arabic languages. Theological spec- 
ulation was indulged in to a great extent. In mathematics, on the other hand. 
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little more than the alements of Algebra, Geometry and Astronomy were 
taught in the Colleges, such for instance as Harvard and Yale. The Differ- 
ential and Integral Calculus^ and others of the higher branches of mathe- 
matics were known only to the "chosen few." In these studies America 
was far behind Europe. But, at the b^inning of this century, several gen- 
tlemen in New York and other cities, who had long felt the want of a pe- 
riodical which should do for America what the "Ladies' Diary'* had for a 
century done for England, resolved to form an association for that purpose. 
They established a periodical styled "The Mathematical Correspondent" to 
be published quarterly in numbers containing only one sheet. Several ed- 
itors were appointed, of whom G^rge Baron was Editor in chief. The first 
number was issued in New York, May 1st, 1804. Eight numbers only were 
published, which were bound as Vol. I. In this volume there was a sup- 
plementary number containing two essays, one of which was on the Dio- 
phantine Analysis by Robert Adrain. This was the first attempt to intro- 
duce the study of this refined analysis in America. He intended to continue 
the subject in the next volume; but alas! that volume never appeared. 

The causes of the discontinuance of this periodical are obvious even upon 
a slight examination. In the first place, the Editors permit a contributor 
who calls himself A. Rabbit, to sneer at several works written by American 
authors, as Shepherd, Pike, Walsh and others. They themselves also speak 
in the most contemptuous manner of Col. Jared Mansfield, superintendent 
of the Military Academy at West Point. The writer has a copy of No. 2. 
stitched in a blue cover, on which is an advertisement of a Lecture deliver- 
ed in New York by G. Baron, which contains (as he says) "a complete ref- 
utation of the false and spurious principles, ignorantly imposed on the public, 
in the *New American Practical Navigator,' written by N. Bowditch and 
published by E. M. Blunt" The sub-editors endorsing the above say, ^^e 
agree with the author that he has shown in the most incontrovertible 
mannar, that the principles on which the 'New American Practical Naviga- 
tor' is founded, are universally fidse, and gross impositions on the public." 

It may be remarked here that these Editors, being of Hibernian descent, 
were prejudiced against American authors. The two authors last m^itioned, 
the one by his "Practical Navigator," or "Epitome," and the other by his 
"American Coast Pilot," have done more for the interests of sea-fiuring men 
than all other authors combined. The former in particular, Nathaniel Bow- 
ditch LL. D., for years before his death, stood at the head of American 
Mathematicians. 

Mr. A. Rabbit, on p. 142, says: "The contents of p. 203 of the 'Columbi- 
an Accountant,' simg to the tune of 'The pwrnp of Lake Champlain' will 
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completely exhibit the stupidity of Shepherd's mle mentioned in the qaest.'^ 
And in a foot-note he says; '^The theological properties of this wonderful 
pump have, I understand, been sufficiently investigated by the members of 
a certain church in New York, and I promise to unfold the mathei^tical 
principles of the same in some future number." 

It is difficult at this late day to see the point of all this, but it probably 
is ai covert sneer at Mr. Shepherd and his friends. 

The editor, on p. 154, says; ''A. Babbit will not in any future number, be 
permitted to propose questions concerning the blunders of stupid Shepherds; 
we had rather soar aloft with the eagle, than waddle in mud with a goose.'' 

On p. 174, it is stated by the sub-editors, that ''the health of Mr. Baron, 
our principal editor, was, last summer, entirely destroyed by three of the 
understrappers of the Health Committee. Deprived of his assistance, we 
earnestly solicit our contributors to endeavor to render their solutions as 
perfect as possible." The cause assigned for the retirement of Mr. Baron 
from his position is as enigmatical as the riddle of the Sphynx, or a Delphic 
Oracle. 

At this time many of the subscribers n^lected to pay, and the editors 
threatened to publish their names, but the threat was not carried into exe- 
cution, and the paper soon died out The principal contributors were, be- 
sides Mr. Baron, Bobert Adrain, Rev. T. P. Irving, Wm. Lenhart, John 
Smithis, Thomas Maughan, John D. Craig, John Capp, Diarius Yankee, 
N. Young, Walter Folger Jr., James Temple, Ebenejser R. White, Richard 
Tagart, <&c. 

The next periodical was "The Analyst, or Mathematical Museum." It 
was edited by Robert Adrain A. M., Professor of Mathematics and Natural 
Philosophy in Columbia College, New York. It appears to have been 
published both at Philadelphia and New York. The first number was is- 
sued in 1808. Five numbers were published; how often does not appear. 
The writer has never seen this periodical and the above are all the particu- 
lars he has been able to collect. It appears however that, besides the Editor, 
Nathaniel Bowditch, Alexander M. Fisher, Melatiah Nash, William Brown^ 
(and probably others who had been contributors to the '^Math^l Correspond- 
ent") were among the contributors to "The Analyst." 

In 1818, Mr. William Marrat became editor of "The Scientific Journal," 
which was published at Perth Amboy, N. J., in monthly numbers; nine 
numbers are all that are known to have been issued, seven continuously, in 
1818, from February to August inclusive, and two in 1819, vis., in July 
and October. The above are all the particulars that the writer has been 
able to collect in r^ard to this periodical. 
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The next year, 1820, Melatiah Nash became editor of "The Ladies and 
Grentlemen^s Diary, or United States Almanac, and Repository of Science 
and Amusement/^ It was published in New York, annually of course, 
Besidas the Almanac it contained an Ephemeris of the Sun, Moon and Plan- 
ets, much valuable information in Astronomy and Philosophy, Enigmas, 
Charades, Rebuses, Queries and Mathematical Problems to be answered in 
the succeeding numbers. From a statement on pp. 62, No, I. and 77, No. 
III. it appears that the reason Mr. Marrat discontinued "The Sdentific 
Journal" was, his leaving the United States, for Ijiverpool, England. In 
the same number he unites with Dr. Adrain, and others, in commending 
the enterprise of Mr. Nash to the patronage of the public. Only three nos. 
were issued. Severe and long continued sickness in his family compelled 
Mr. Nash to abandon the enterprise. This result was much regretted by 
the Scholars of thi^t day; for he was an able man, in fact, the right man in 
the right place. The chief contributors to the mathematical department 
were Wm. Marrat of Liverpool, Eng., Dr. Bowditch, Walter Folger, John 
Macauley of Liverpool, J. H. Swale of do. John Capp, John D. Craig, Mr. 
Nash, the Editor, John Gough and Thomas Gaskin of Kendal, Eng. The 
latter was a youth of eleven years and a prodigy in mathematical science, 
considering his ^e. 

In 1825, three years after the discontinuance of Nash's Diary, Robert 
Adrain LL. D., again appears as an Editor of a Mathematical periodical. 
He was then Professor of Mathematics and Natuml Philosophy in Colum- 
bia College, N. Y., as he had been for many ycare. He was Editor of "The 
Mathematical Diary,'* which was, for the first two years, published quar- 
terly, and for the five succeeding years, annually. Thirteen numbers were 
issued ; the last being a double number, so that in fact there were fourteen 
numbers. The first number of "The Diary" was issued Jan., 1826, and the 
last, March, 1832. This number contains an excellent likeness of Joseph 
Louis LaGrange, and an interesting sketch of his life. 

Dr. Adrain continued in the editorship but one year. He had accepted 
the position of Professor in Rutger^s College, New Brunswick, N. J., and 
was therefore obliged to retire from the Diary. His successor was James 
Ryan A. M., the author of several valuable mathematical works. For six 
years he ably conducted The Diary, and he would have continued to do so 
for many years longer, but for an unfortunate quarrel among the mathema- 
ticians. Mr. Samuel Ward 3rd, a recent, graduate of Columbia CoU^, had 
in part the management of the last number. In it he caused to be inserted 
a Dialogue, written by himself, wherein he exhibits in a ridiculous light, 
Dr. Henry J. Anderson, then Mathematical Professor in Columbia Collie. 
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It contains also short notices of recent mathematical works. Both the Ed- 
itor and Dr. Anderson were highly indignant at this performance. The 
parties met at the mathematical book-store of James Ryan^ and high words 
passed between the parties and their friends. The result was the complete 
breaking up of "The Diary," which was probably not intended nor antici- 
pated by Mr. Ward. This gentleman was afterward the editor of "Young's 
Algebra," to which he made many important additions; and he also correct- 
ed several errors which had crept into the London edition. He was a good 
mathematician. He now resides in the City of Washington, and follows a 
line of business which is wholly different from his former pursuits. He is 
known there as the "King of the Lobby;" and as plain Samuel Ward, or 
Uncle Sam (as he is usually called). He gives the best dinners of any man 
in America. Not long since, on being subpoenaed to appear before the Pa- 
cific Mail Investigation Committee, he made an elaborate defense of the 
"Lobby;" and his arguments were most of them good and well sustained, 
but he took care to evade a discussion of the shady side of the subject On 
being questioned about his splendid dinners, and their bad effects, he decla- 
red that, without a good dinner, a man could not say his prayers before re- 
tiring to rest; but, after partaking of such a dinner, he could go to bed and 
sleep like an angel. 

Mr. Ward's &ther and grandfather, bearing the same name, were mem- 
bers of the once fitmous firms of "Prime and Ward," and *T*rime Ward 
and King," the Wall street brokers. 

All the most eminent mathematicians of America were contributors to 
**The Diary." Among them were Dr. Adrain the Editor, Dr. Bowditch, 
Prof. Theodore Strong, of Hamilton College, N. Y., Eugene Nulty, Benjar 
min Peirce, Benjamin Hallowell,(a Quaker, and a man as genial and full of 
humor as Samuel Ward), Marcus Catlin, J. H. Swale of Liverpool, Mathew 
Collins of Limerick, William Lenhart, Mary Bond of Fredricktown, Md., 
the only female contributor, O. Boot, M. O. Shannessy A. M., John Capp, 
Dr. Henry J. Anderson, Charles Avery, and others. 

"The Mathematical Diary" contained, besides solutions of problems, ma- 
ny important and valuable essays on the various branches of abstract science, 
and was the best mathematical serial that had as yet appeared. 

The next periodical was '^he Mathematical Miscellany" Charles Gill, 
Professor of Mathematics in St. Paulas Coll^iate Listitute, Flushing, Long 
Island, was the Editor, and it was published semi-annually at the Institute. 
Eight numbers were published, the first in February, 1836, and the last on 
Nov. 1st., 1839. It had a Junior and a Senior department. The former 
was for young students, and the latter was for proficients in Mathematics. 
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This periodical was ably conducted. The editor himself was one of the beet 
Diophantists in America. His speculations on problems relating to Poly- 
gonal numbers were profound and interesting. Wm. Lenhart, who was also 
a Contributor to "The Mathematical Correspondent" furnished many ori- 
ginal articles on the Diophantine Analysis. Professors Peirce and Strong 
gave integral answers to problems of the form ao? + 6ir + c = D« They 
make use of the principle of Congruous Numbers, discovered by M. Gauss. 
Their solutions are the only examples of his method to be found in any 
American periodical. There are also a great many solutions of problems in 
all branches of mathematics, by the most distinguished scholars in America, 
among whom may be mentioned Proft. Theodore Strong LL. D. and Benj. 
Peirce, Professors Charles Avery and Marcus Catlin of Hamilton Collie, 
Clinton, N. Y., Messrs. George R. Perkins, O. Root, Wm. Lenhart, Ly- 
man Abbot jr., Farrand N. Benedict, (Jerardus B. Docharty, and .others. 

The next mathematical periodical was "The Cambridge Miscellany of 
Mathematics, Physics, and Astronomy," Edited by Prof. Benjamin Peirce 
and Joseph Lovering, Harvard University, and published quarterly. Four 
numbers were issued, the first in July, 1842. The writer has not seen this 
periodical, but it was undoubtedly conducted with the ability to be expect- 
ed from the reputation of the Editors. 

After an interval of fifteen years, J. D. Runkle A. M. of the Nautical 
Almanac office, Boston, proposed to establish a mathematical periodical on 
a new plan, which was approved by all the principal Educators and Math- 
ematicians in the United States. This periodical was named "The Mathe- 
matical Monthly." The first number was issued Oct., 1858, and it was 
continued for three years. It was discontinued after Sept., 1861, by reason 
of the Civil war, which diverted the minds of men, in a great measure, from 
abstract subjects to the more pressing matters relating to the war. 

The chief points of the plan upon which this i>eriodical was conducted 
were : The publication of five problenLs in each number, adapted to the ca- 
pacities of the younger students, to be answered in the third succeeding no. 
The insertion of Notes and Queries, short discussions and artcles of a frag- 
mentary character, too valuable to be lost; and lastly. Essays not exceeding 
8 pages, on various subjects, in all departments of mathematics. Besides, 
there were Notices and Reviews of the mathematical works issued, both old 
and new. Among the most interesting articles are the Account of the Com- 
et of Donati, with elegant descriptive plates, written by the Astronomical 
Profesor of Harvard University, Vol. I. Nos. 2 and 3. A complete cata- 
logue of the writings of Sir John Herschel, Vol. III. No. 7. Articles on 
the Indeterminate Analysis, by Rev. A. D. Wheeler of Brunswick, Maine, 
Vol. II. Nos. 1, 6, 12, and on the Diophantine Analysis, Vol. III. No. 11: 
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Other articles on the Diophantine Analysis, by Mr. Wheeler, would have 
been inserted if the ^^Mathematical Monthly^' had been continued: 'The 
Economy and Symmetiy of the Honey-bees' Cells," by Chaunoey Wright, 
Vol. IL No. 9. Simon Newcomb gives several interesting ''Notes on Prob- 
abilities. In Vol. IL No, 2, there is an article containing a complete list 
of the writings of Nathaniel Bowditch LL. D. accompanied with short 
sketches of the same, which is extremely interesting. Several articles and 
Beviews on the Hindoo Algebra are worthy of notice. There is also an ex- 
ceedingly interesting and valuable article on the "Theorem of Pappus," which 
is proved to be incorrectly called the Theorem of Guldinus, by J. B. Henck. 
There are also many otiier valuable articles. This periodical is embellbhed 
by portraits of Nathaniel Bowditch LL. D., Prof. Benjamin Peiroe and Sir 
John Herschel, which are finely executed. 

Besides the periodicals above mentioned, there have been several minor 
works published j one of these, "The Schoolmaster," by Rev. Timothy Clowes 
D. D., and issued at Hempsted, L. I., in 1832. It continued only a year, 
and was noted chiefly by a controversy between two belligerent mathemati- 
cians, both of them now living, one in New York, and the other in Taunton, 
Mass. It was ''nip and tuck'' for a long time; but at length the "Taunton 
man" proposed a problem which the other could not solve, and thus he bore 
away the palm. They are now old men, and if this notice shouid &11 un- 
der their observation, the contest of 43 years ago will readily be called to 
mind. 

There have also been Almanacs issued in past times as well as at present, 
containing problems and solutions. The oldest of these is "Thomas' Alma- 
nac," published at Worcester, Mass., which has existed for more than 100 
years. For many years it has contained problems to be solved in the year 
aucoeeding. "The Mtune Farmer's Almanac," published at Hallowell Me., 
is of the same character. It was edited at first and for many years by Dan- 
iel Robinson. It was founded in 1818. In tiie same year, "Hutchins' 
Improved Family Almanac" was founded; David Young being Editor. 
After his death. Dr. Samuel H. Wright assumed the duties of Editor, and 
still remains such. He also edited "The Farmers' Almanac," and "The 
Knickerbocker Almanac." The Lodi Manu&cturing Co. also published a 
"Farmers' Almanac" "The Antimasonic Almanac" was commenced by 
Edward Giddins, in 1828, at fiochester, N. Y. How long it continued the 
writer does not know. There are probably many other Almanacs unknown 
to the writer. All of these serials had more or less problems and solutions 
some of them problems only. It ought to have been noticed in its proper 
place, that John D. Williams became editor af the "Math'l Companion" in 
1828, and continued it 4 years. It consisted wholely of prob's & solutions. 
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This periodical was evidently got up as a rival of The Mathematical Diaiy. 
His opponents were numerous^ and the contest was carried on widi some 
bitterness, till finally Mr. Williams issued his 14 &mous "Challenge Prob- 
lems/' directed against all the mathematicians in America, excepting only 
Dr. Bowditch, Prof. Strong and Eugene Nulty. Six of these problems are 
impossible. Some of the others are somewhat difficult, but have all been 
solved by several persons. 

Besides the Analyst, for which this paper is a contribution, and which is 
devoted exclusively to mathematics, there are many periodicals at present in 
America which appropriate a portion of their space to mathematics. 

"The Yates Co. Chronicle," a newspaper published weekly at Penn Yan, 
Yates Co. N. Y., by S. C. and E. Cleveland, has a mathematical department 
edited by Dr. Samuel H. Wright, containing problems and solutions in 
nearly every branch of mathematical science and is undoubtedly the best of 
its kind in the country. "The Eailroad Gazette,'' published weekly at N. 
Y. and Chicago, has mathematical problems relating to the constraction 
of Railroads, Engines, Cars, &c There are also several monthly Educa- 
tional periodicals which have a department devoted to mathematics, '^he 
Schoolday Magazine," published at Philadelphia has a mathematical depart- 
ment which is ably edited by Artemas Martin Esq., of Erie, Pa. It has 
done much good to the class of advanced students for whom it was intend- 
ed. ^The Normal Monthly," edited by Prof. Edward Broaks at Millers- 
ville, Lancaster Co. Pa. has a mathematial department in which Artemas 
Martin has a series of articles on the Diophantine Analysis, which he well 
illustrates and in a style adapted to general comprehension. '^Educational 
Notes and Queries," edited by Hon. W. D. Henkle at Salem, Ohio, has also 
a department for mathematical Notes and Queries which bids fiiir to be in- 
teresting and useful. There are also the "Illinois Schoolmaster," and Mor- 
ton's Monthly, published at Chicago and Louisville respectively, which 
contain many excellent solutions of mathematical problems. 

The above are all the serials, having a mathematical dqmrtment which 
have come under the notice of the writer. 



NOTE ON THE REACTIONS OF CONTINUOUS BEAMS. 



BY MANSFIELD HEBBIKAK, C. £., NEW HAVEN, OONN. 

As a matter of purely mathematical interest I wish to give here, without 
demonstration, the relations between the reacticms of continuous girders of 
equal spans resting on level supports. 
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Let a girder of a equal spans be subjected to any number of concentrated 
loads, and the distance of any load P from the nearest left hand support be 
denoted by kl, I being the length of a span; let P^, P^y Pry etc., denote 
conoentrated loads on the Ist, 2nd, rth, etc, spans, and JJj, R^, Rry etc., the 
reactions at the points of support Then the relation between the reactions 
is given by the equations, 

6R^ + R^^IP^{6 — 6k+Itf) + IP^{l — ky 
4iJ, + iJ, = 2'Pi(6A — 2Jt») + IP,{4 — 6V + 3P) + IP^il — kf 
R^+4R^+R^ = 2-Pjife»+-rP,(l+3i+3ife»— *•)+ JPP8(4— 6ifc«+3P) 

+ IP,{l-ky 

JJ^i + 4i?, + JJh-i = ^Pr-ik + JP^,(1 + 3* + 3t»- *?) 

+ £P^4 _ 6P + 3Jb») + £Pr+i{l — i)» 

JB^, +4U. =^ 2T^j*» + -rP^i(l + 3i + Si*- 3^)+ JP3(4— 6*»+2A») 
i2.+ 6i2H.i = 2'P^iJfc» + -?P. (l+3A + 3ife»— If) 

If the spans be uniformly loaded throughout with loads 101,103, Wrf etc., 
per unit of length, these equations become, 

6i?i + -Ba = ^il + itoj/ 
4JJj + Us = -y^if + V^2^ + i«^8^ 
JB, + 4JB3 + i24 = i wji + Jfw,/ + -V^jZ + ^J 
etc etc etc 

R. + 6R^i = ho^il + ^A 
and Ibr a uniform load of to per linear unit over the whole beam, they are 

4R^ + 7J, = V^ 
JJa + 4123 + 22^ =sr 610I 
etc etc 

From the time of Navier to the discovery by Clapeyrou of the Theorem 
of Three Moments, the method of investigation of continuous girders con- 
sisted in first determining, by long and tedious equations, the reactions at 
the supports, and then from there dedudng the shears and moments for any 
required section. This was undoubtedly the most logical method — to find 
all the exterior forces under which the beam was held in equilibrium and 
then pass to the internal strains. But so long and difficult was the labor of 
finding the reactions that the theory was but slightly advanced until the 
happy discovery of Clapeyron of the relation existing between the moments 
at the points of supp(Mrt. This Theorem with its later extension to concen- 
trated loads and variable moments of inertia ssrves as a starting point fix>m 
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which the whole theory k easily deduced and put in to shape tor practical 
use.* 

Those fiuniliar with the history of this subject before the time of C3apey- 
ron's discovery will at once recognise the simplidty of the above equatioDS 
compared with the complicated method of Navier. 



NOTE ON THE DIVISION OF 8PACE. 



BY PROF. HALL. 

This question occurred to me several years ago in reading an account of 
Bertrand's niethod of treating the doctrine of parallel lines. I have not 
seen Prof. Oayley's solutioui but of course so obvious a question could not 
be new. Lately I have found that this question and several kindred (mes 
are very completely discussed by Steiner in the first Vol. of Crelle's Jour- 
nal^ published in 1826. For the number of parts into which n planes can 
divide space Steiner finds an expression which is eqnivalent to i{n^+6n+6); 
and he shows also that of these parts 

(n-l)(n-2)(n-3) .. . . 

-^ j-^— 2 — 3 • are hnuted, 

and 2 + fi(n — 1) are unlimited. 



CORRECTION OF AN ERROR IN BARLOWS THEORY 

OF NUMBERS. 



BY ABTEMAS HABTIN, EfilEy PA. 

In BarhufB Theory ofhumbera, page 299, it is stated that ''the equation 

>B» — . 6668y« = 1 
has its least values as follows; vl2. 

X = 166100726267977318398207998462201324702014613608, 
y = 698263616416770487167775940222021002391003072." 
I yNiH show that these values are not correct^ and then compute the true 
numbers. 

The units figure of the square of Barlow's value of a; is 9; the units figure 
of the square of his value of y is 4; the units figure of 6658y* is 2, and 9 
— 2=7. If his values were correct the units figure of «* would be 1 greater 

*FoT a fall presentadon of ready methods for finding momente and reaodons the reader 
mAy consult the Journal rf the FraMin InstUuie^ March and Aprils 1875. 
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than the unitp figure of 66689* vnlen the vnitB figure of o^ was 0, in whidi 
case the units figure of 6668^* would be 9* 

liet -4 = 6668, then 1/(6668) « |/-A = r + 1 

«i + 1 



u, + 1 



«, + 4c., 
where r is the greatest int^er contained in ^A. 

The last quotient of eveiy complete period is 2r. Let m be the number 
of quotients in a complete period, and f^ -^ q^ the last convergent in the 
first period; then, wh«i m is even, x =^Pmf y ^^ ^mt snd when m is odd 
* = ?«•> y = 9tm^ 

Let ^<"^} + ^ = ti, + Ac.and ^^"^^ + ^^ ^i^, + Ac beany 
two consecutive complete quotients, then 

Itpn -^ qmf Pm^i "^ J^-i bc auj two consecutive convergents and u^^ the 
quotient corresponding to p^i -h 9»^|, then 

1/(6668) + 



1 

r + 67 


73 

r + 58 


31 
r + 60 


49 
r + 48 


39 • 
r + 69 


39 

r + 38 


49 
r + 66 


31 
r+ 16 


73 
r+76 



- = 76+=r, 


r + 76 
33 


-4+ =«x, 


=» 1 + -= «„ 


r+ 16 

74 


= 1 


+ =«., 


= 4 + = «4, 


r + 66 
42 


»3 


+ =«., 


= 2 + = «„ 


r + 38 
86 


«1 


+ =«T, 


= 3 + = «„ 


r + 69 
23 


= 6 


+ =»•, 


= 3 + = «i„ 


r + 48 
86 


«1 


+ = «11. 


= 2 + = «i„ 


r + 60 
42 


= 3 


+ *»»ia. 


= 4 + = tti4, 


r + 68 
74 


»1 


+ =«!»> 


=r 1 + = «i„ 


r + 67 
33 


b4 


+ '»«17, 


=» 150 + «s «! , = 


2r. 
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As 18^ the number of quotients in a complete period, is even, therefore 
« = i>i«andy = 51,. 

El— 11 £5.-.?21 £8_3Z? P4_^ Ps ^H Pa 9929 

^^ 22942 pg 32871 p^ 121665 y^Q 762201 £ii_ 
57"^ 305' j8~ 437* q^~ 1616' 510"*^ 10133' j^ ~ 

2408158 pi2 _ 3170359 pia 8748876 p^^ _ 29416987 ^lA _ 
32015' jia"" 42148' 913"* 116311' g^^ "^ 391081' Ji* ~ 
126416824 yxg 155833811 ^UL 282260635 pig 1284836351 
1680636 ' jie" 2071716 ' Jit "* 3752361 ' Ju "^ 17081120 * 
a? = 1284836361, y = 17081120, 

I have verified these numbers. 



NOTE ON THE SOL UTION OF MB. HOLBROOK'S Q UE8T10N 



BY THE EDITOR. 

Prof. Eddy (see p. 126) has given the equation of a solid whose surface is 

generated as described in the question proposed by Mr. Holbrook on page 

72; but it appears from a subsequent clause that Mr. Holbrook had a 

different question in view, viz.; he asks for a ''demonstration that no two 

ellipses can be parallel/' 

The sur&oe of a solid with an elliptical base, horizontal sections of 
which shall be bounded by curves parallel to the periphery of the base, 
may be generated by a strai^t line which makes a constant angle with the 
normal to the ellipse while the extremity of the line describes the periphery 
of the ellipse. That no horizontal section, above the base of such a solid, 
can be an ellipse, is what we understand Mr. Holbrook to assert and desire 
to have demonstrated. 

Horizontal sections of the solid of which Prof. Eddy has given the equa- 
tion, are obviously ellipses ; but that no section, above the base, of the solid 
whose surface is generated as above described, can be an ellipse, may be 
demonstrated as follows: > 

Let ABP (see diagram on next page) represent an ellipse whose semi-axes 
are AC= a and BC = 6, and the normal of which, at any point P, is PC 
= N, Let A'B'P' be a parallel curve within the ellipse; then will the por- 
tion PP' of the normal, be of the same length for all points of the ellipse. 
We may therefore put PP' = c, a constant 
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By property 12 of the ellipse, (sec Bridge's Conic Sections), we have 
POXPF = BC^. And, assuming the parallel curve A'B'P' to be an d- 
lipse, we have, by the same I 
property, PO x PF = 
S C*. By substituting for I 
P'O, P'jFand WG their I 
equivalents PO — c, PF\ 
— c, and BC— o, we get I 
PO -f- PF= 2BC, from 
which, by squaring both 
sides we get PO" + 2P0 
XPF + PF^ = 4B(P; 
hui2P0xPF= 2BC^;\ 
, • . by subtraction we get | 
P(y + PjP = 2BC*. 
Because 2jBC* = 2P0 X PF, therefore P(y + PF^ = 2P0xPF. But 
this equation can only be true when PO = PF, and in that case the cur\'e 
ABP is a circle. Hence our assumption that the parallel curve is an ellipse, 
is not true; and, therefore, no cur\'^e that is parallel to an ellipse can be an 
ellipse. 

The equation of the parallel curve may be found as follows: Let rr, y be 
rectangular coordinates to any point P of the ellipse, the origin being at the 
center, and N the normal at the point P. Also, let x', y' be rectangular 
coordinates and N' the normal to the corresponding point P of the parallel 
curve A'B'P ; and let o, 6 be the semi-axes of the ellipse and a', V the 
semi-axes of the parallel curve, then is 

a = a' -f c, 6 = 6' + c, and JVt= iV' -f- c, (1) 

and from similar triangles we find y = — J^V' (^) 

The equation for the length of the normal is readily found to be 

^-W(' + i^) ('' 

Differentiating the equation to the ellipse, we find 

dy* b* — Vf 

Therefore, by subetitation, N = J^Q«'— *V+**J W 

Sabetitoting in (4) fiom (1) and (2) we get, for the required equation, 
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PROOF THAT NO TWO DIFFERENT ELLIPSES CAN BE 

PARALLEL. 



PY PBOF. E. W. HYDE, CIKCINNATI, OHIO. 

The eqiurijon of an ellipse is 

oj + 63 — 1- 
Therefore, if there can be a parallel ellipse its equation must be of the form 

^^ + (5^=15 

i. e. the same quantity o is added to each semi-axis. Now if these carves 
are parallel the distance between a tangent to one and a parallel tangent to 
the other on the same side of the origin must be equal to c. The equations 
of a pair of such parallel tangents are 

(1) y = mo: + i/{chif + 6^ and 

(2) ^ y = tna: + i/[(a + dfm^ + (6 + o)^. 
The distance between the two tangents in thel 

figure is 

For convenience let the tangents be inclined at I 
an angle of 136°, i. e. let w = — 1; then by| 
making y = in (1) and (2) OC^ i/(a« + V) 

and OD = ^/l{a + of + (6 +o)"]. 

CE = >/jX^ V[(a + cY + {b^cf] — i/(a« + 6«) }. 

When 6 = a, CE^== o as it should; but if 6 is different in value from a, 
then CE will be different in value from o, and the two curves cannot be 
parallel. To prove this, place 

/JX^ >/[(a + o)« + (6 + o)T- v/(a» + 6*) ^ = c 
Transposing, squaring and cancelling we obtain finally a = b, showing 
that this condition is neoesBory in order that the equation may be true. 

[We have also received a paper from Prof. Hyde supplimentary to his 
solution of Mr. Church's problem, (p. 76), in which he effects a solution of 
the last part of that problem, or rather of the ''secondary^' problem to which 
he has reduced that problem by projection, in a more simple and elegant 
manner. We have also received solutions of the same problem from Prof. 
Johnson and Dr. Eggers which we hope, at some future time, to present to 
our readers. — ^Ed.] 
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THE POTENTIAL FUNCTION. 



BY PROP. DAVID TROWBRIDGE, WATERBUBGH, N. Y. 

1. On p. 100, Vol. I. of The Analyst, Eq. (11), I have given the 
following value of the Potential Function : 

CCC fjr" sin e'dr'dO'dco' 

''^ — JJJ ^ ,.» 4- r''^ — 2rr'[costf COS d' + Bind sinO'co^a}—a>')'] y'»5^^^ 

the integrations extending over the entire attracting mass. Now let 

r' ^ or, and p =^ cob aie d' + sin ^ sin (?' cos («» — to'), .... (2) 

and R = (l+<^ — 2op)-«, • (3) 

then V=fff^pRr'* Bin 0'dr'dd'dw' (4) 

Let It be developed in to the following series: 

B = l + oP^ + (?P^ + c»Pj + . . . + c*P< + . . . lO) 

Pi is a function of p inde[)endent of c. If we take the partial differentiiii 
coefficients of (3) with respect to j> we shall have 

D,R=<^1 + c»_ 2cp)-| = ci?, D^R ^ 3cRW,R = 3c»i?, D^R 

= 3.6c'iP, i)*i? = 3.5.7c«i?,...i^i2 = 3.5.7...(2n— l)c"/e2"+i.^6) 

Now let iJ2«+i ^ 1 _^ cP<i"> + (^P<^^ + . . . + c*P<"" + . . . (7) 

If we take the partial differential coefficients of (5) with respect to p, mul- 
tiply (7) by 3 . 6 . 7 ... (271 — l)c", equate the coefficients of like powers of c, 

we shall find i^P, = 1.3.5.7.. .(2n — 1)P|1>, (8) 

From this equation we can find P^{\ P!,"', &c. when Pj, Pj, &c. are 
known in terms of p. 

2. From (3) we find, by taking partial differentials, 

A-R = — (c — p)i?, D.{(?DJt) = — A(o' — <fp)R?=—{^ — 2g))iiP 
— 3(c« — <?p)Ii?DJt = — (3c' — 2cp)I!? + 3<5*(c —pfR^ 
D^R^eR?, D,{p'D,R) = eD,(p^R?) = 2cpIP + 3cyP», D^R = Sc'RK 
From these equations we find, since iP(l + <? — 2cp) = 1, 
I)l<?DM) + D^R — I),{p'D,R) = — c(3c — 2p) (1 + c' — 2cp)7i» 

+ Se^ic-jifR' + Sc'iP- 2cp(l +(?* — 2cp)i? — 3c=>p'-K» = 0. 
I),{<^IJM) + A.[(l —p')DpR] -= (9) 
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] f we substitute the value of jR given by (6) in this equation, and equate 
the coefficients of like powers of c, we shall find for the general value 

Hi + 1)P, + D,1{1 -f)D,P;\ = (10) 

By means of this equation we are to calculate the value of P^. From 
(3) and (5) we have 

^«-R = - (l +T-2cp)i = ^> + 2P,c + . . . + iP.-c*-^ + . . 

{jp — e){\ + P^o + PjC + . . . + Pi^^c^^ + . . .) = (1 + 0*— 2c?>) 

X(P, + 2PjC + . . . tP/j'-i + . . )• 
From this equation we have 

iP, == (2i — l)pP^, -(z - 1)P,_, (11) 

If i = 2, since Pj = 1, and Pj =p, 2Pj = 3j9» — 1; and for » = 3, 
3P, == 5pP, - 2Pi = K5p» - 3p). 
From these equations we readily see that P< will have this form 

Pi = B^p' + B^f-^ + ^ai)*-* 4- . . . + 5.1)*-»' + . . . (12) 

If we substitute the value of P{ given by (12) in (10) and equate the co- 
efficients of like powers oip, we shall have 
t(t -I- 1)5. + (i — 2« + 2) (t — 2« + l;5^i — (t — 2«) (i — 2» + 1)5. = 0. 

_ (f-2« + 2)(i-28 + l) 
^' — — 2«(2t — 2«-|-l) ""-1 ^^'^> 

Now make « = 1, 2, 3, &c. in succession, and 

R _ ^ItLllR R _ (i-2)(i- 3) _ i(i-l)(i-2)(t-3) 
-»i — — 2(2i— 1)-°<>'"°2 4(2t— 3) -"i- 2.4(2t— l)(2t— S)-"* 

&c. . . . . (14) 
We can in this way find all the coefficients in terms of B^. We see that 
B^ is the coefficient of c'/)* in the development of R. We have 

ie=.(i+^,-.(i_^)-i = a+^-.[, + a; . '-^ . . . 

3.5...(2»- -l)2«/y -] e 

"'' 2.4.6. ..2i "^ • •J* '^"l+c* 

From this we see that the coefficient of (fp* is \ no ' — = -Bo* • (1^) 

HenceP- 1-3-6. . .2»-l F ._ jCj^l) .-, , i(z-l)(i-2)(i-3) 
nencex-.— i,2.3...i L^ 2(2t— 1)^ + 2.4(2i— l)(2t— 3) ^ 

— . . . n (16) 
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If we put aPi for P< in (10) the equation will still be satisfied; so that 
so long as a function of p differs from P only by having a constant multi- 
plier, greater or less than unity, it will' satisfy (10). The quantity Pi I 
shall call the p — coeflScient of the ith order; and any other quantity as JFJ, 
that will satisfy (10), I shall call the p — function of the ith order, i being 
any int^er which denotes the highest power ofp that enters in to the coef- 
ficient or the fimction. 

If we should substitute for p its value given by (2), equation (10) would 
then be known as Laplace's Equation ; and P< would be called Laplace's 
Coefficient of the ith order; and Fi would be called Laplace's Function. 

3. Let Pi and Qi be any two jp— finictions. Equation (10) gives 

i{i+ l)fPiQJp = -fQ^DJi{l-p^D,P,:]dp (17) 

n{n + l)fPiQJp = -fpj)^l{l -p')D,Q^-]dp (18) 

i{i + i)fPiQ.dp = - [;^ j Qn[(i-p')i)^j] +fp^^m -p')i^pQn}dp 

= \jp -p^D,Q.']]-fPiI>l{l-p'^^^^ 

by (18). Therefore[i(i + 1) — n(n -r iy]fPiQndp == 0. 

So long as i differs from n, i{i + 1) — n(n + 1) is not zero and therefore 

f^iQndp = (19) 

This is a very important result. If t = n it is indeterminate. For the 
case where t = n we shall proceed as follows: 

If we make X=l—p', then D,[(l — p»)i),PO = D^{XD^P,). If this 
be differentiated m times we shall have' 

]y;(XD^,) = D^XD^, + mDr^XD^Pi + . . + "^^^^^D^XD^T^Pi 

+ mD;SJ);Pi + XD;+^Pi =—m{m — l)D;r^Pt—'im/pD;Pi 

+ (1 —f)D;+^Pi, since X=l —f. 
If we apply this to (10), we shall have, since »(i + 1) — "K™ — 1) 
= {i — m+l)(t+m), by multiplying the resulting equation by (1 — p*)"-i 
I>,i(l —pT^Pil + {i-m + l){i + to)(1 —pT-''Dr'Pi = 0. . .(20) 
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Now multiply (20) by D^^P,, and intt^nite the first tenn by parts, and 

- f(\—frD;P,D;p,dp 

= — JTi — 2)*)"*i)?p,x>p"p,rfp 

= -(i-m Jr \){i-^m)f{\-p'r-^Dr^P,D;'^^PJp; 

<»r ftj—p^-D^P^Bj^P^dp 

= {i-m + l){i + m)f{j-i,r-^D;^-PtD;-^P,dp. . .(21) 
If we now make in successiou m = 1, 2, 3, &e., we shall have 

= {i-l) (t + 2) JYl -p')D,P,D,P^dp = i{i- l){i-^l){i+2)f%PJp ; 

and finally fl^—p^)'^D^PiD^P^dp 

== {i—m+ l){i — m + 2) . . .i(t ^- 1) . . . (f + m)fPiP^dp. . .(22) 

Now make n = i and m = i, and we have 

C{l—pJI)lP,iy^P4p = 1 . 2 . 3 . 4 . . . 2i fp?dp (23) 

If we differentiate the value of P< given by (16), i times, we shall have 

I)l,Pi = 1 . 3 . 6 . . . 2? — 1 (24) 

This value in (23) gives 

11 .3 . 5 .. .2i—ljf{l —p^dp = 1 . 2.3.4.. .2iJ'i^?dp, 



1.3.6 ...2t — 1.2.4.6...2t 2 
~ 2.4.6...2i . 1.3.5...2i: — l-2i + l * 

r?l<'P=W:^i (25) 

In this equation i is any integer. We c^n easily verify it for i = 2, since 
Pg = f (2>* — J), and also for i t= 3, <&c. The result expressed by (25) is 
also a very important one. 
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4. It is possible (granting that all differential equations of one variable 
are int^rable) to arrange all algebraic functions of jp, that do not become 
infinite between the limits of integration, into a series of jp— functions, as 
will thus be seen. Let X be any algebraic function of p. In ordex that 
we may select from X what will make a p- function of the order i, say Fi, 
it is only necessary to find the coefficient which corrasponds to what we 
have represented by JBq, (16), in the coefficients; for the law of the terms 
of the function is fixed, being the same as in (16). Let us call the required 
coefficient A^^^y then it will be evident by (25) that 

B.fwp =|fi; (26) 

BojPiXdp = 2-^; (27) 

since by (19) all the terms of Xnot required to form Fi, will disappear. 
If Jl be developed according to the positive powers of p, then we may make 

^-^))[_P 2(2t— 1)^ +..J-1-^o |_P 2(2i— 3) P 

+ ...]) + ... 
and compare the coefficients of like powers of p. Let 

Then A%^^ = \, A^^^^h ^V> = I, ^^ = t- 

By (27) f(j?+f+P + m> = 2^<o«> = 2(J + 1), ^'oO) = 4, 

jTji* + y + ;>* + P)dp = U%^' = 2(i + i), A'' - h 

|/(/)*-J)(P*+i>*+i)+l)dp = M<o*'=l(i+i-i-i), A^^ = l;&^.; 

since Po = 1, Pi=P, -Pj = UP* — i),Ps = Hp* - 1/>), &«• 

Since the quantity within the brackets in (16) must be the same for all 
these functions, it is evident that if X is a surd, as |/(1 + p'), the number 
of functions is infinite. Now let X= -4^ + A^p^j and we shall find two 
functions of the order and 2, as follows ; 

Ao + A,p* = {A, + iA,) + Mp*-it). (28) 

6. Let us now make an application of the principles which we have de- 
monstrated, to find the potential of an oblate spheroid for an external point 
situated in the prolongation of the axis of revolution, the density being ho- 
mogeneous. 
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From (2), (4), and (5) we have 

^= ryfy^^'^p^ \} + ^^^ + ^/^ + • • • + ^^^ + ] 

by making sin O^dO' = — dp {as it evidently is), and changing the sign of 
F. Since w' is independent of r' and p, and the first term evidently the 
mass of the spheroid divided by r (equal to m-i-r,) 

m r+^ r r'* r'* 1 r''"'-^ "1 , . 

V=y + 27rpjdp^lP,^ + IP.-iJ + -+i+s^i^J^+ . . J. • (29) 

Let r' = ^pi o/.. ,2\- \ > and let —5+3 be developed in to a series of p- 

functions, so that 

r«+« = o;+»[i^o + F,+F^ + ... + F, + ...]. . ; .(30) 
If this be substituted in (29) we see by (19) that every term, when integra- 
ted, except the one containing P^ will disappear. If we expand the value 
of r'*"*"*, retaining only 6^, we shall find 

[i-ii-V]=«-[(i-'4-'-)-4-'«'('''-»)] 

From this we see that i = and t = 2 are the only values to be used; and 
since there is no Pq in (29), we have 

^ = T-\^^P-? = T-~W (^^) 

The preceding discussion will help the student to understand the nature 
and uses of Laplace's Coefficients and Functions in their more general form 
as given in works on the figure of the earth and elsewhere. Some mathe- 
matical expressions contain curious properties. 



r.'»+8 — /7.H-3 



RECENT MATHEMATICAL PUBLICATIONS. 



CJOMMUNICATED BY G. W. HILL. 

Gauss, C. F. Werke. Band VI. Herausgegeben von der koniglichen 
Gresellschaft der Wissenschaften zu Gottingen. Gt)ttingen. 1874. 4to. 
664 pp. 25 M. 

Beuschle, G. G. Tafeln oomplexer Primzahlen, welche aus Wurzoln dcr 
Einheit gebildet sind. Auf dem Grunde der Kummerschen Theorie der 
oomplexen Zahlen berechnet. Berlin. 1875. 4to. VII. 671 pp. 24M. 
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Konigsberger, Dr. Leo. Verlesungen uber die Theorie der elHptischen 
Functionen, nebst einer Einleitung in die allgemeine Functionenlehre. 
2 Theilen. Leipzig. 1874. 8vo. 432, 219 pp. 



INVENTION OF A NEW NUMERICAL SYSTEM. 



BY FERDINAND EISSFELDT, BOSTON, MASS. 

In our common decimal system, distinct characters are given to the num- 
bers from one to ten ; and it is very well known that instead of ten, any 
other number, for instance eight, or twelve or sixteen, or even two, may be 
selected for a base. Such systems have actually been calculated, but they 
have not come into use: the advantage not being sufficient to counterbalance 
the inconvenience of changing one system into another. 

The subject may be treated, however, in quite a different manner yet. 
There is no necessity for taking any base at all, and the numbers may be 
made to progress in their own natural succession ; or, to express it in other 
words, every number, even one, may be made to serve as a base for a certain 
time. This can be accomplished as follows. 

Instead of dividing the original units by ten and ten, as in our common 
decimal system, we divide them in the natural succession of the numbers 
themselves, first one, then two, then three and so forth, and for each division 
we make a new mark in the second column. If in the first column a rest 
should remain, such rest can never be greater than the number of marks in 
the second column, because, if the rest was greater by one, a new mark 
would be made in the second column. The whole theory is based upon 
the fact that the rest in any column can never be greater than the number 
of marks in the next column. If the marks in the second third and all 
following columns, and if all the rests, are divided in the same way, that is, 
in the natural succession of the numbers 1, 2, 3; the numbers will appear 
in a very simple form, each consisting of a base aud a rest or correcting 
part, this rest or correcting part, however^ is sometimes naught; thus: 

One corrected by naught equals one, one corrected by itself equals two; 

Two corrected by naught equals three, two corrected by one equals four, 
two corrected by itself equals five; 

Three corrected by naught equals six, three corrected by one equals 
seven, three corrected by two equals eight, three corrected by itself equals 
nine; 

Four corrected by naught equals ten, four corrected by one equals eleven, 
four corrected by two equals twelve, four corrected by three equals thirteen, 
four corrected by itself equals fourteen ; 
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Five corrected by naught equals fifteen, five corrected by one equals six- 
teen, five corrected by two equals seventeen, five corrected by three equals 
eighteen, five corrected by four equals nineteen, fiive corrected by itself 
equals twenty. 

The first twenty numbers are represented by the first twenty letters of the 
alphabet, excluding the letter j, so that a stands for 1, 6 stands for 2, &c., 
and u stands for 20. One of the last letters, for instance ar, may stand for 
(naught). After twenty, take the sixth letter,/, and say 
6 corrected by equals 21, equals /a?, 



6 


(( 


" 1 « 


22, 




fa, 


6 


(( 


" 2 " 


23, 




Jb, 


6 


(( 


" 3 " 


24, 




/c, 


6 


« 


tt ^ tt 


26, 




fd, 


6 


« 


« 5 " 


26, 




/«, 


6 


tt 


"itself" 


27, 




/, 



When the second part equals the first part, a stop is to be made and the first 
part is to be increased by one, hence we have: 

7 corrected by equals 28, equals gx, 

7 " "1 " 29, " ga, 

and so forth until we arrive at 20 corrected by itself equals 230, equals uu. 

Now the first part w, is to be increased by one, which is/r, and w^e have: 

21 corrected by equals 231, equals /arrc, 

21 " " 1 " 232, equals /a:a. 

In this way, all the numbers may be expressed, as the following table shows. 




g= 16 
r=17 

8=1% 



u = 20 



/re = 21 

/a = 22 

/& = 23 

/c = 24 

fd = 25 99=^^ 

fe =26 

/=2 7 



gb = ZO 
5rc= 31 
^d=32 
5re=33 
9/= 34 



gx=2% 
5ra= 29 



wi4=230 



fxx = 231 



uu uu = 26795 



uuiiu uuuu 

= 359026205. 



The general rule is : The second part is to be increased until it equals 
the first part, and then the first part is to be increased by one. 

Every body may convince himself of the correctness 
of the proceeding by making six short horizontal dashes 
one over the other, and dividing the same according to 

the numbers 1, 2, 3, thus 

then drawing 21 short horizontal dashes one over the 

other and dividing them according to the numbers 1, 2, 3, 4, 5, 6 and then 

interpolating the numbeas from 7 to 21, 
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SOL VTI0N8 OF PROBLEMS IN NUMBER FO UR, 



Solutions of problems in No. 4, have been received as follows: 
From Geo, L, Dake, 76 & 76; Prof. A. B. Evans, 75, 76, 77, 78, 79, 
80, 81 &. 82; E. S. Farrow, 75, 76 & 79; H. Heaton, 75, 76, 77, 78, 79, 
80, 81 & 82; G. W. Hill, 81; Artemas Martin, 79 & 81; A. B. Nelson, 
76, 79 & 81; L, R^an, 78; E. B. Seitz, 76, 77, 79 & 82; Walter Siverly, 
75, 76, 77, 78, 79 & 82; Prof. C. M. Woodward, 76 A 77. 



75. ^^A 0tiek of timber of uniform density and size from end to end, has 
a weight of 600 poands suspended at one end, by which it is balanced hor- 
izontally on a fulcrum 6 feet from the end where the weight is suspended. 
If die fnlcrum be 5 feet from the same end the stick will be balanced with 
a weight of 800 pounds. Required the weight and length of the stick.'' 

SOLUTION BY CADET E. 8. FARROW, WEST POINT, N. Y. 

Since the stick is uniform, its centre of gravity is at its middle point. 
Let I equal its length, and w its weight {A and B representing the two ends^ 
O its o^tre and (7 and Ciiie positions of the 1st and 2nd named fulcrums 
respectively). Taking moments ^bont Caiid (7 we have 

wXCG + OXCA = 600XGB, 
also wx(7O-{-0XCA = S00XCB', 

or wX{^l—6) = 3600, and . «?X(J/— 5) = 4000; 

whence I = 30, and to = 400. 



76. '^Within a given circle to draw three others taneent to it and touch- 
ing each other externally, the sum of whose diameters shall be equal to that 
of the given circle." 

77. "Within the circumference of a given circle, radius r, describe two 
equal circles, radii )r, which shall touch the first circle internally at oppo- 
site extremities of the diameter. Describe a fourth circle 2), touching the 
first circle internally and each of the two equal circles externfidly. Describe 
a fifth circle E, a sixth circlei^, <&c., touching the first internally and one of 
the two equal circles and the circle D, Ej Fj &c., respectively, externally. 
Find an expression for the radii of the circles jB, F, G^ &c." 

SOLUTION BY PROP. C. M. WOODWARD, ST. LOUIS, MO. 

I^eUminary Remarks. The properties of tangent circles used in the fol- 
lowing solution are proved in an admirable article in the Mathematical 
Monthly, Vol. I. pp. 268 et seq.^ by Matthew Ck)llins of Dublin. One of 
these properties may be stated thus: 
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Ij a variable drde is tangent to two fixed circles, the distance of its centre 
from the radical axis of the fixed circles bears a constant ratio to its radius. 
Another, a property of the "Arbeloe/^ is older if not better known: 
If 0" and 0'" (Fig. 1.) are any two circles tanyeni to ^ach other and to 
and 0', and if the ratio 

-QFTf = w, ttien Jyf'f' ~ ** + 2. 

In the solution of problem 76, let the radius of the given circle = 1, and 
let the radii of the required circles, 0', 0", 0'", be r', r^, rg, and let fig. 1 
be a general represen- 
tation of the four cir- 
cles. 

iSy examining ihe 
special case of the dot- 
ted circle C, we see that 

CP^ _ MP_ Mp\ 
Qp, - 0"T— r\' 

_ NP _ 1 +r' 

- r, - 1 - r'» 

PB being the radical axis of and 0'; and, that if 0"M=i nr^ we have 
0'"N= (n -f 2)r3. For brevity let 

Hence (1 _rj)*= nV -^ (1 — ^^a)'. (1) 

(l-^8)* = (^ +2)^3' +(1 -tT3)^ (2) 

1 = r' + rj -f r3. (3) 

Equations (1) and (2) give 

2(t> — 1) ,.s , 2(t> - 1) ,^, 

^a = n^ + ^ — l> • • • (4) and r, =^ (n + 2)»+t^— r ' • W 

2 
Since 1 — r' = ., , the substitution of (4) and (6) in (3) gives 

n« -h t^ — 1 "^ (n + 2)« + t^ — 1 "" i?^=^ W 

Solving forn we get n = ± r — 1, 

N^ative values of n indicate either that the ordinate of the centre of r, is 
n^ative, (i. e. 0'' is in the other horn of the Arbelos), or that r, is itself 
negative, 0'' being external to 0. Hence, omitting the n^ative value of 
V, we have from (4) and (6) 
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, t; — 1 1 l — r' v — 1 1 _ , 

Moreover we have 0M= 1 — rrj = 0, 

OiV^ = 1 — vr, = 1 — r' = 00', 

O'^Jf = nr^ = ^^ = (n + 2)r3 = O'^JV. 

Theee results show, when taken in connection with the remark as to the 
n^ati ve value o(v; — 

1®. That r' may be taken equal to any number, integral or fractional, 

positive or n^ative; as Orr-b, 

2®. That r^ is given by a fraction whose numerator equals the denomi- 
nator of r' minua its numerator; and whose denominator is the sum of the 
dienominator and num^titor of r'; as (6 — a)-^-(6 + a). 

3°. That rg is the product of r' and r, ; as 

a b — a 
6 • 6 + a 

4®. That thefmr centres are always at the v ertices of a redangle. 

Sets of values of r', r^y and rg, can I 
readily be given ad mfinitum. Fig. 2 1 
shows the circles in their correct po- 
sition. The geometrical construction I 
of any required set is indicated, AH 
being equal to (yP. Since 00' = 
Oz/Q/// _ ^^ ^ r 3 it is obvious that | 

r' + r, + r3 = 1. 
Cor. I, If r' = f we have a I 
ready solution of problem 77. In I 
this case r = 6, n = 4 and, Fig. 3, [ 
rj = radius of D = J 

rg = radius of JE = ■^, 




, . . , 2(t>-l) _2 

aad obviously r,= f„ ^ 2(m-2)]« + r-1 = ii?+l' ^^^ 

hence ro = i, ri=?, r^=h r,=^, r^ = ^, rs=^, r, = ^T&c. 
Cor. II. Since t> = (1 + r')-i-{i — r^ and » = 2r'-»-(l — rO, (7) gives 
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which gives in terms of r' (which may be any number) the radios of any 
circle in a series, the 
centre of r^ being on 
the radius OA L to 

Cor. III. If n = 
2r'-^(l— 1^) = !?— 1 
is an even number, 
repeated subtractions ' 
of 2 must reduce it to I 
zero, so that the larg- 
est circle of the series \_ 

has its centre on PP*^ and the series may be called symmdrioal. This is 
the case when t? is an odd int^er, as in Fig. 3. 




78. "From a given point without a triangle to draw a line which bisects 
the area of the triangle.^ 

SOLUTION BY PBOF. A. B. EVANS, LOCKPOBT, N. Y. 

Let NAM be the given triangle and P the given point. Draw PE par- 
allel to AM and construct the parallelogram AFED equal to one half the 
area of the triangle NAM. Drew DQ perpendicular to AM and equal to 
PFj and OB equal to PE. 

From the similar triangles PHEA 
PCFy BDH, since PE^ — PF^ = DE'\ 
PHE—PCF=BDH, 
.'. ACB = AFED = \NAM. 

Note. In Chauveaet's Geome^, ex- 
ercise 249, p. 388, we find the following | 
question which is more general than No. 
78, and which may be solved by making I 
the parallelogram .^i<!£D equal to the I 
part to be cut off from the angle -NLAJf | 
by a line through P: 

'^Through a given point, draw a straight line which shall form with two 
given intersecting straight lines a triangle of a given area.'' 




79. "Prove that the formula 2*"*^ (2* — 1) represenis a perfect number 
when 2* — 1 is prime." 
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SOLUTION BY E. B. SEITZ^ OBKENYILZJS^ OHIO. 

A number which is equal to the sum of all its divisors 1 inclusive, is 
called a perfect number. 

When 2* — 1 is prime the sum of all the divisors of 2*"^ (2" — 1) inclu- 
ding the number itself 

= (1 + 2 + 2« + . . . . + 2'^i)(l + 2* — 1) = 2*(2*— 1), 
which is twice the number. Therefore 2*~^(2* — 1) is a perfect number 
when 2* — 1 is prime. 



80. "The relation 

I 1 , ^ w I .1 w(W' — 1) I A K^ — 1)(^ — 2) , , >i|n 
|n_=l + ^|^+ ^2-^[2~ ^"^^ [3 ^^+--+^> 

IS true for all positive integral values of n; show that 

^-1-1 + 1-1 + (-1X 

where r is an int^r less than n.'' 

[There was a slight misprint in the announcement of this question. ^^Af^^ 
should have been A^ •] 

SOLUTION BY H. HEATON, DEB MOINBB, lOWA. 

Put^,=af = [(a? + 1) — lT = (a: + l). 
Then Ar = (^, + ' ^^ + ^^^^^^, • • +l)-^(^^i + ^ 

x^^, .. +i) + !l!:j=il)(^^. +L:jz2^,4... + i) ... .(_i): 

But from the conditions of the problem it is easily seen that the quantity in 
the first parenthesis = [r, that in the second = |r-*-l that in the third 
= \r — 2 &c. Hence 

_(-)v 



A =lr -^ + ^-!-^ . . . + ?H^' 



^-1-1+1-1 + (-ir 



81. «Prove tbst, tden<»oa%, 

1 + i:,+_-4^...+"' =1-1-+ >-'+.. -J." 



n+l*n + 2''n + 3 '2w 2'3 4 
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BOVCTIOS BT ABXEICAB KASTIK, EBIE, PA. 

and « = l + l + l + l + ...+ I. (2) 

Bysabtraction, P-« = l-l + 5-5 + • • • " i* ^^) 

Byaddition, P+e = l+| + 1 + i+...+ ^. .(4) 

Subtracting twice (2) fix>m (4), 



82. "If the parabolic orbits of two comets intersect the circular orbit of 
the earth in the same two points, then if t^ and t, be tiie times in which the 
comets move from one point to the other, {t^ + ij)" + {t^ — fj)" 

= m'- 

a year being the unit of time.'' 

SOLUTION BY WALTER BIVERLY, OIL CITY, PA. 

Let c represent the length of the chord of the earth's orbit joining the 
two points. It is shown in works on Central Forces that, 

''-mi' *')*-{'-')'■ 

Adding and sabtracting, 

e,+<,=^(2 + o)f, ^-«, = ^(2-c)t. 
Whence 

(.. + ^)i = (. + .)(4)i 

(,_ <.)! = (, _,)(4){. 

EUminating e^ 

('x+'.)»+(<.-^)l=^l 
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Paradox, By G. Shaw^ Eehble, Ont., Canada. — Suppose 0=6. 
Multiply both sides of this equality by b, and we have ah = 6^ Subtract 
a^ from each side of this equation and we have ab — a^ = b* — a*. . . (1) 
By fiu^ring (1) we have (6 — a)a = (6 — a) (6 + a). Divide this eqn. 
by 6 — a and we have a = 6 + a or, because 6 = 0, 

a = a + a= 2a. 
Dividing by a we have 1 = 2. 

[The fallacy in the above obviously a)nsist8 in considering a and b as /ij^e 
and unlike at the same time. For, in the first member of (1) because a=6^ 
we have a eero factor, 6 — a = 0, and in the second member we have the 
same zero factor, b — a. Now when a and 5 are unlike the only two fac- 
tors of 5* — a* are a — 5 and a + 5, neither of which can be zero, but when 
b = a then 5* — a* =: a^ — a*, the only two fiictors of which are a — a 
and a; the first of these two figujtors, a — a, being zero, the other factor a, 
may be repeated as often as we please without changing the value of the 
product. — Ed] 



PROBLEMS. 



83. By Geo. L. Dake, Cleveland, Ohio. — ^A point is given within 
two lines which form a given angle with one another. Required the short- 
est line which can be drawn through this point, terminated by the given 
lines. 

84. By Phillip HoaLAN, Nbwoombrstown, Ohio.— The centres of 
two spheres whose radii are 12 ft. and 5 ft., respectively, are at opposite ex- 
tremities of the diameter of a circle of 13 ft. radius. Find a point in the 
cirumference of this circle from which the greatest portion of spherical sur- 
face is visible. 

85. By Prof. James 6. Clark, Liberty, Mo. — In a quadrilateral 
there are given, the length and position of the lower base, the lengths of the 
two sides, the length of the upper base and the position of a point through 
which it passes : required to construct the quadrilateral. 

86. By Prop. J. S. Hayes, Hodgenville, Ky. — Prove that the at- 
traction of a sphere of uniform density upon an external point is the same 
as if all the matter of the sphere were concentrated at its centre. 

87. By G. M. Day, Lockport, N. Y. — There are n tickets in a bag 
numbered 1, 2, 3 ... n. A man draws three tickets together at random 
and is to reodve a number of shillings equal to the product of the numbers he 
draws. Find the value of his expectation. 
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88. By Prop. H. T. J. Lxtdwick, Sai^isbvry^ N. C. — An ellipse re- 
volves about its latus rectum ; show that the volumes of the solids gena»- 
ted by the larger and smaller s^ments are respectively equal to 

^(-«-)[4-"-(i:^--(fe)*]- 

89. By Abt£MA8 Mabtik, Erie^ Pa. — ^A sphere^ radius r^ njXU down 
the sur&oe of another sphere of the same material^ radius 12, placed on a 
horizontal plane. The surfaces of both spheres and plane are rough enough 
to secure perfect rolling. Determine the motion of the spheres^ the point of 
separation and the equation of the curve described by the center of the up- 
per sphere. 

90. By R. J. Adcx)CK, Monmouth, III. — Let an oblate ellipsoid of 
revolution of homogeneous density rotate about one of its greatest diameters. 
What must be the ratio of its axes, that a column of liquid along the great- 
est diameter at right angles to the axis of rotation may just balance one 
along the shortest diameter? df-^Vk^ being the same as in the case of the 
earth, where a = angular velocity of rotation, k^ = attraction of a spherical 
unit of mass for another at the distance unity between centres, d = mean 



91. By Prop. W. W. Johnson, Annapolis, ^d. — Let a sphere, rota- 
ting with the angular velocity tOy be provided with pivots at the extremities 
of a diameter inclined to the axis at the angle a. If these pivots be sud- 
denly caught in fixed sockets, the sphere will rotate about the new axis with 
the rate tr cos a. If the pivots be caught by a ring which is itself free to 
rotate about an axis perpendicular to the new axis of the sphere and pass- 
ing through its centre, the rate of rotation about this axis will be w sin a. 
The original rotation and these component rotations represent kinetic ener- 
gies which are proportional to tc^, tc^oo^a and u^sin^a: hence there is 
no loss of energy and no shock. That is, every particle will, when the 
pivots are caught, undergo no sudden change in velocity or direction. 
Prove the truth of this by spherical trigonometry. 



Note. If solutions of the problems proposed in any No. are received by 
the 10th of the next succeeding month, they will in general be either pub- 
lished in the first succeeding No., or noticed at the head of ^^Sobtiions of 
PrchUmff^l but if received after the 10th of such month, and if a solution of 
the problem, or problems, is published in the next No., no notice in general 
is given of such solution. — ^Ed. 
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THE RANDALL CABINET 

MINERALS AND FOSSILS 

The undersigned will sell, for oash, either the whole or part of his 
extensive collection of 

Minerals, Fossils, and ArchaBological Specimens; 

COMPRISING ABOUT 2,500 PIECES. 

CoUeetod Cliiefly in Colorado and low Oezieo. 

Among the very large and fine specimens, weighing from twenty-five to 
seventy-five pounds each, are : 



Fossil Palm Leaves. 


Agalized Wood, 


Petrified Cedar, 


Fossil Amonites, 


Osteocolla, 


Aragonite, 


Fossil Sigillaria, 


Chalcedony, 


Rose Quartz. 


Fossil Lepidodendron, 


Wood Opal, 


Feld Spar, 


Beryl, 


Fortification Agate, 


Cairngorm, 


Obsidian, 


Tourmaline. 


Oriental Alabaster. 


And Gold and Silver Ores from various 


mines. 


Among the very fine 


specimens, averaging six or eight pounds, ai 


Amonites, 


Peart Spar. 


Silver Glance, 


Baculites, 


Chalcedony, 


Ruby Silver. 


Fish, 


Cairngorm, 


Iridosmine, 


Petrified Cedar, 


Onyx, 


Pelzite. 


Garnets, 


Sardonyx, 


Bismuth Silver, 


Siaurolits, 


Heliotrope, 


Horn Silver, 


Alston Moor Spar, 


Tourmaline, 


Antimonial Silver, 


Dog Tooth Spar, 


Epidote, 


Galena. 


Calc Spar, 


Lapis Lazuli, 


Zinc Blende, 


Iceland Spar, 


Iron Pyrites, 


Geyserite, 


Native Alum, 


Alabaster, 


Chalcedonyx, 


Gypsum, 


Heavy Spar, 


Amathystine Quartz, 


Satin Spar, 


Specular Iron, 


Agatized Wood, 


Wood Opal, 


Fluor Spar, 


Rose Quartz, 


Landscape Rock, 


Gray Copper, 


Fortification Agate. 



The specimens will fill about three hundred feet of shelving. 

Persons desiring further information of the character of the specimens, should inspect 
them personally, or correspond with the undersigned, or may refer to W. H. Cushman, Prest. 
First National Bank; T. W. Phelps, Miners' National Bank, Georgetown, Colorado; J. L. 
Brownell, of Brownell Bros., Bankers, New York City ; or to the editor of the Analyst, at 
Des Moines, Iowa. 

JESSE S. RANDALL, 

Georgetown, Colorado. 
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ON THE DEVELOPMENT OF THE PERTURBATIVE 
FUNCTION IN PERIODIC SERIES. 



BY Q. W. HILL, NYACK TURNPIKE, N. Y. 

1. There are two modes of developing this function. In one, the 
numeridil values of the elements involved are employed from the outset, and 
the results obtained belong only to the special case treated. This mode ha& 
been, almost exclusively, followed by Hansen, and is, perhaps, to be recom-^ 
mended when numerical results are chiefly desired. In the other, all the 
elements are left indeterminate, and thus is obtained a literal development 
possessing as much generality as possible. Certain investigations, arising 
from Jacobi's treatment of dynamical equations and Delaunay's method in 
the lunar theory, have invested the latter mode of development with addi- 
tional interest, and with it we shall be exclusively engaged in this article. 

In Liouville's Journal for 1860, M. Puiseux has given us two memoirs 
on this subject, in which appears the general term of this function, but his 
formulae seem susceptible of modifications which would render them much 
simpler. More recently, in the volume of the same journal for 1873, M. 
Bourget has presented the development in a more concise form by employ- 
ing the Besselian fiinctions, but as he discards the use of the functions 6f*^, his 
formulffi, on this a(xx)unt are more complex. It is hoped, that, even if the 
expressions, giv^en hereafter, are deemed too cumbrous for practical use, they 
may still possess some interest from a theoretical point of view. 

2. It is known that if we have a function S of a variable ^, which is 
never infinite, and such that the relation 

function (^ -f- 2i7t) ~ function (^) 
is satisfied for all int^ral values of i both positive and negative, it can be 
developed in a series of the form 

1\ . {Kl'^ cos iC + Kr> sin <), 
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in which i denotes a positive integer; and that, in the cases where this series 
is infinite, it is convergent. 

In general the handling of periodic series is easier if we introduce imag- 
inary exponentials in the place of the circular functions. Thus, c denoting 

the base of natural logarithms, we shall put 2 = e , whence 

2 cos C = 2 + 2''^ 2 cos < ^ 2^ -I- «-• , 

2i '(—1) sin C = 2 — 2-S 2|/(— 1) sin 0^ = 2^ — z~* , 

2 = coS(^ + l/( — l)sin^, 2^ = cx)8tf + \/{ — l)s\ni^. 

The above theorem then comes to the same thing as to say that 8 is de- 
velopable in a series of the form 

where the summation is extended to negative as well as positive values oft. 
The coefficients K are given in terms of the coefficients C by the equations 
iiTW = Q+ C_„ 
Ki-> = (Q - (7_0^'-l, 
except the case where i = 0, when K^q^ = Cq. It will be seen that when 
8 is real, Q is a complex number a + by/ — 1, and CL^, its conjugate a — 
6|/ — 1, which renders the coefficients JSTreal, as they should be. 
The integral 

§z'dC = J(costC + l/(— 1) sin x^^dC, 

taken betwten the limits and 2?:, vanishes in all cases except when i = 0, 
when its value is 2it, Hence any function, cai)able of expansion in a series 
of positive and negative integral powers of 2, integrated with respect to ^ 
between these limits, gives, as the result, 2;r times the coefficient of 2® in its 
expansion. And as the coefficient of 2® in the function 8z~^ is evidently 
CJ, we have 

This equation holds for all values of i, negative as well as positive, zero 
included. 

3. Let us now suppose that ^ denotes the mean anomaly of a planet, 
and let u be the eccentric anomaly, connected with the former by the equa- 
tion, e being the eccentricity, 

u — csinw = ^. 
In like manner as Q)r ^, we will introduce tlie imaginary exponential 

tf = e , thus, as the last equation can be written 
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(tt — e sin u) i/ — 1 W — 1 



by the introduction of the variables % and z^ this becomes 

which is the transcendental equation connecting « and z. We have 

rfC = (1 — eco8u)dw = fl — 1(« + ^\\du. 

Substituting these values in the equation giving the value of Q, and no- 
ticing that, as ^ and u both take the values and 27r together, the limits of 
integration, when u is the independent variable, are the same as for C> we get 

«=ifr«'-"'"'^-T'-i(-i)]* 

But, from what precedes, we conclude that the coefficient of ^ in the expan- 
sion of any function TT, according to positive and n^ative powers of «, is 

Thus, from the foregoing expression for Q, we derive the following proposi- 
tion : — 

i bdng a positive or negative integer cr zero, the co^icient of s}, in the de- 
velopment oj S, according to the powers of z^is equal to that of s^ in the de- 
velopment of 

a^ccording to the powers of s. 

As most of the functions 8, which are presented by astronomy for develop- 
ment in powers of 2, are quite readily expanded in powers of s, this theorem 
is of much use. Another form can be given to it. For we have, int^ra- 
ting by parts 

fSz-'dC = —y/i—^fSz-^'-^^^dz 

^v^8z-^-^^i;±C^z^d.. 



1 /•dS 



i i J dz 

Taking the int^rals between the limits C = (^ '^^ C =^ ^> ^^ g^ 

dS 



2m J ds 
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Whence we conclude this proposition : — 

The coefficierU of z' in the development of S according to the powers of zis 
eqaal to thai of s'~* in the development of 

i ' ds 
according to the powers of s. 

This theorem however is not applicable when t = 0. 

4. We shall often have o(xiasion for the expansion of the function 

in powers of «; let us, for simplicity, put / = if, and 



r« «< 



«•. 



We have 



L J ^ OT" 1.2.3 a» +••*• J' 



X 
whence we conclude that 



X 



»= ^' fi _ _Z_ + ^! _.. 1. 

L 1 . 2 . . . / L l.(i+l) 1.2(i+l)(i+2) -J 



This series is not applicable when i is negative; but if, in the function 
. £~7, we substitute - 
mains unchanged, hence 



e . £~7, we substitute - for », and change the sign of /, the function re- 



and consequently 



/. A 



j'-''' = J!:l = (-iyj<;>, 



by which the values of these functions for negative values of i can be de- 
rived from those in which i is positive. These functions are known as the 
Jtfesselian, By putting 

)? /^ 

^' " "^ "" iT^Ti) ^ r.2(i+T)(i+2~) ~ •• • 

one will have no diflSculty in deducing the equation 

•n .__ rp '* rp 

5. We come now to the more wmplex function 8 of two variables ^ 
and ^' ; it is known that when this is never infinite and is such that 
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function (C + 2Mr, f ' + 2t'ff) = ftinction (C, C') 
it can be developed in a series of the form 

1\ „ lKi% 006 (tC + t'C) + Kl:l, sin (iC + i':')l 
where to one of the quantities i and f, we need assign only positive int^ral 
values, but to the other both positive and n^ative values. If we adopt 

another imaginary exponential z' = e , this is the same as saying that 

where the summation is extended to all integral values positive and nega- 
tive for i and t'. Since we have 

z*2'«' = (ca«tC + v'(— l)8iniC)(co8i'C' + i/(— l)8ini'C') 
= cos (iC + i'CO + v^C— 1) sin (»C + »'C'); 
the relations, M'hich connect the coefficients K with the coefficients C, are 

unless i and i' are both zero, when 

A course of reasoning, similar to that in the case of one variable, establishes 
that 

which holds for all integral values of i and i\ positive, negative and zero. 

6. Supposing that ^' denotes the mean anomaly of a second planet, 
whose ec'centrieity and eccentric anomaly are respectively e' and u'y we have 

m' — e' sin u' = i^', 

and by the adoption of the imaginary exponential «' = e , this is 

transformed into 



«'e ^^* -'^ = z\ 



It is not difficult to see that we have the following theorem: — 

The coefficient of z^z^^' in the development of S, according to the powers of 
z and z', is equal to that o/s's'*' in the developmefixi of 

axscording to the powers of s and s'. 

7. After these preliminaries relative to the general development of 
functions in periodic series, we come to the matter more immediately enga- 
ging our attention. The perturbative function for the action of a planet, 
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whose mass is m', on another, whose mass is m, is usually written 

p _ ^/ Pl r cos ^~1 
^ = ™ \_J- -p^J' 

and that for the action of m on m' 

^1-^ L3 — P^J^ 

where J denotes their mutual distance, <ff their angular distance as seen from 
the sun, and r and r' their radii vectores. The problem proposed is then 
to develop these two functions in series whose general term is of the form 
Ci^ifZ^z"'. To this end it seems better to discuss the two portions of the 

general perturbative function, -. and — jj^ , separately, and not, ls 

u r 

most investigators, attempt, by a particular notation, to combine, in a whole, 
these two parts. Thus, in developing -^, we shall have the term common 

to both ifiinctions, and may suppose that r' denotes the radius vector which 
belongs to the planet more distant from the sun. But, in treating the sec- 
ond part, we shall suppose that r' belongs to the disturbing planet. The 
following equations are well known, 
J2 == r'2 — 2rr' cos ^ + r^, 
COR ^ == cos (v + 77) cos {v' + IJ') -f cos i sin (v + U) sin {v' -h //') 
= coa{v — v' + 77— 770— 2sin» J/sin(v + /7)sin(v' + 77^, 
where v and v' are the true anomalies, and 77 and 77' are the angular dis- 
tances of the perihelia from either point of intersection of the planes of the 
orbits, and / is their mutual inclination. 

8. Attending then, in the first place, to the development of j, we have 

to notice what are the conditions under which this quantity can be developed 
in powers of z and 2'. In the case of two elliptic orbits, the only one we 

shall consider here, it is plain that ^ is always finite and continuous provi- 
ded the orbits have no point in common. Here we must make two cases 
according as the value of sin / is not or is zero. In the first case it is evi- 
dent that the orbits can meet only on the line of intersection of their planes. 
Hence, p and p' denoting their semi-parameters, there will be two, one or 
no points in common, according as two, one or none of the equations, 
p'{l +e'cm 77')-! = jo (1 + e cos 77)-i, 
p'(\ — e' 008 n')-^ =p(l — eco6 77)-i, 
are satisfied. In the second case, where the orbits lie in the same plane, 
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there will be two intersections or none, according as the equation 
p'll + c' cos (/ — a>')]-i = jp[l + e cos (;i — ft>)]"S 
k being the unknown quantity and lo and o)' the longitudes of the perihelia, 
admits real or imaginary roots. If we put 

pe' COS (o' — p'e cos co = j1 cos a, 
pe' sin 10^ — p^e sino) = A sin a, 
this equation takes the form 

-4 cos (^ — a) = p' — p. 
The roots of this are imaginary when 

(^p^ _ pf > pV' — 2pp'ee' cos {co — o)') + p'V. 
9. If we put 

P = r'^ — 2rr'ooQ{v — v' + /7— //') + r«, 
Q = 4:sin^^I.r8iniv + /7) . r'sin(t?' + n% 



we have 



^ = P -r «, 
1 = [P + QT^ 



J 



= p-i_ip-fQ + l.|p-f^ 



a series we shall denote thus 

J ~ »='o ^ ^ 2.4... 2A ^ '^- 

10. In order that this development of - in a series of ascending |)ow- 

ers of Qy or, if one likes, of sin' J/, may be l^itimate, it is necessary that 

the elements of the orbits should be such that the numerical value of -^ 

should be always less than unity. P is the square of the distance of the two 
planets after the plane of the orbit of one has been brought into coincidence 
with the plane of the other by revolving it about the line of intersection of 
the two planes. Taking then a system of rectangular axes passing through 
the centre of the sun, and directing the axis of x along the line of intersec- 
tion, it is plain the equations of the orbits may be written 

a, /9, a', /9' being constants. And the variables x, y, a?', y' satisfying these 
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equations, the question depends on the finding of the values of them which 
render the expression 

D = yyL 

{x — x^f i- [y — y'f 

a maximum or a minimum. According to the known theory of maxima 
and minima, the equations, which, in combmation with the equations of the 
orbits, give these values, are 

!,'-2i)(y-rt + ,[-^^+^] =0, 

j, + 2J)(j,-/) + ^' [_^-^ + ^] _ 0, 

where fx and fi^ are the multipliers of the partial derivatives of the two equa- 
tions of condition. A complete investigation of this question would be 
conducted in the following manner. Eliminate from the seven equations 
last given the six quantities a;, y, a?', y', //, /£' ; the result will be an algebra- 
ical equation determining the unknown D Having derived the Sturmian 
functions of this, one will ascertain by the substitution of the values D = 

=:, X) = -f CO, and again of D = — . ^ , Z> = — <no, whether 



4 sin« ^r ^ ■ ' ^"^ "^^'" ^' ^ 4sinV' 

any roots lie between these limits; if none, - can be expanded in a series of 

ascending powers of sin* J/, in the contrary case not. In this way we shall 
arrive at the condition or conditions necessary and sufficient for the legiti- 
macy of this expansion. 

11. This procedure would doubtless lead to very complicated formu- 
lae, hence we are obliged to pass over it. However equations can be read- 
ily got, which, by a tentative process, afford the maxima and minima values 
of D. Multiply the four equations last given respectively by Xy x\ y, y' 
and add the resulting equations, having regard to the equations of the orbits 
and the value of D, we thus arrive at the simple relation 

pfx -f p^fJt' = 0. 
Putting, for simplicity, a; = r cos ^, x^ = r' cos 0\ the addition of the first 
and second of the same group of four equations gives 

/i(oos(? + a) + //'(cos!?' + a') = 0. 
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By combining this with the preening is obtained 

cos ^'' -fa' cos ff 4 a 

Again the addition of the same ecjuations, multiplied severally by ar, 
— j', y, — y\ j^ives the equation 

2/; (r'« — r») == jj'fi' — pfi. 
Dividing the left member of this by 2D(x' — a-), and the terms of the right 
member by its equivalents derived from the first and second cxjuations, we get 

.r' — J* roiid' 4 a' cos ^ + «' 

or ,.,- - ., = --TT-^--' This 

/• - — /•* 2/> 

, ., .. cos//' -(- a' cos^ + a 
and the etjuation . .' _. -._ \ — 

P P 

determine the values of the variables H and ^' M'hich render D a maximum 
or minimum. When the orbits are nejirly circular these values arc in the 
neighborhood of Jtt or I". When both orbits are cinlcs the solution is 
very simple, and we find that in order the development may be K'gitimate, 
we must have 

. I . a' — a 

'"' 2 < v(^o' 

a and a' being the mean distances of the planets from the sun. 

12. Assuming that this development is legitimate, we have to develop 

P 2 ^ in terms of 8 and «'. We have 

r cos V = a (cos u — e) =^ -Is -\- - — 2^ j, 

r si.i V — a\ (1 — r)sintt=— --— |/(1 — c^)(s — -J, 
whence 

reost? -f- ramv.y — 1 =r6 

and by putting 






= W, 



we get r£ = ar/a r 1 — - 1 
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And the value of rt~* is evidently obtained by substituting in this - 



V-i 1 ,, 

= a,-(l. 



• 108 f, 



for «, henoe re 

From these two equations may be derived 



t?/— 1 g — 



O) 



1 W8 



_ aH-i 

2 



Writing y for IJ— H', we have 

{r'-^Pf"^ =. [l-2fcofi(t;-.'+r) + ^] 
The right member of this is developable in a series of integral powers of the 
exponential t ''""*' ^^^""^ when -^ is always less than unity. This 



con- 



dition is fulfilled when we have a(l + c) < a'(l — «')• Writing g for 



« , let 









j» 



(i) 



— a = a^ 



2frfi is the same function of -^ that Li^lace's igiy^ is of -^ = a. The 
approximate value of -^ being a, any function of -^ can be expanded in a 
series of ascending powers of -^ — a by Taylor's Theorem. A nd as we have 

,'(i-<.v)(i-5:)"'" 

\(i-^0(i— 7) ^ 

,/(l_a,V)(l-:j') 

n being an int^er, and n! denoting the product of all integers up to n in- 
clusive, it being understood that ! = 1. Expanding the last factor of this 
expression by the binomial theorem, and employing the notation [t,y] for 
the coefficient of a?^' in the expansion of (1 -h x)% we have, j> being an integer, 



consequently 










9 


= 


I 

■=0 


1 

n! 


da!' 
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U) 
2*+ 






=0 r=9 



rsin 



and putting 
we find 



13. In the next place the developmant of Q in terms of « and «' must 
be formed. We have 

, , „, 1 r (v+n )y'-i -(V + n )v'-i-| 

,.,,,„,, 1 r , (r'+n')v/-l , _(r'+n'),/-l-| 

'8m(i''-f /7')=^-^;— jl^r'e —re J, 

// + fl' = d, h = t^'~'^, 

-[•'(>-f)'*-7(>--1V ]. 

Raising this expression to the A*^ power, and multiplying by 

-(2H-1) p / ,^/v-l-(2*+l) 

r' = |^aY(l — ^'^ « )(1 — ^j J 

we find that the part of r'-<2*^i> Q* which has A*"' as a factor is 

i-,a*^*^'-<»+i > sin »* ± 2' (—If" [_k, n'] [A, /fc — i'" — n'] 

/ /.I \ 2 »"'-!■ 2 »' 

X ^2.'"-^f2«' (1 _ ai«)2«^2<'"-2«'H _i!i j 

14. We are now in the possession of all the developments necesBary 
for exhibiting the function -^ in terms of % and 8\ In order to obtain the 

part of this function which has g^^'h*'" for a factor, we must put, in the for- 
mulee of § 12, 

j^i" — i''' + k — 2n\ 

and the chief operation here is the addition of the exponents of tha quan- 
tities «, 1 — 0)8, I — — , and the similar functions of «' which are found 

_2*+i (;) 
in the three formulae for {r'-^P) 2 , B^^^^ and r'-(2*+i) Q*, For 

2 
brevity we will write 

_ 1 . 3 .,.{2k — 1 ) 



W 



2.4 2k 
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Then the part of ,which has g*"h''" for a llictor, is 

2a' A-=»'" nf=o "=o p=o w ! 

X«*+"^j— 2 sin 2*^^ 

aa" 2 

/ ,., k+p+itf+ittt 

X//+^«*"+''"(l — «j«)'^+''-'"-*'" (l — --) 

Xr/-'-''-^ «'-'"+^"' (1 — ,^V)-*^''-i+'"-*"'( 1 — ^) /'A*'". 

We observe that in this expression the summation with respeet to n' af- 
fects only the integral coefficients [/:, n'], \_k, k — /'" — ?i'] and the upper 
index of the quantity 6, hence if a new function of « is aasumed, which is a 
linear function of the 6's, and such that 

{ift.i'tf) ntz=k-int iin-itrt^k-2n') 

Bu^x. = ^ l^, '^'] ih A - i'" - «'] f>^ X 

2 »'=0 

it will take the following simpler form 

If* T T (-1 )*"*""■""' MKp] 

2a' fc=ivff n=o i>=o w ! 

Xa*+"--— 2 sin2* ;_ 
oa* 2 



2 



. JM-p-H"+«"' 






15. In order to get the coefficient of 2* «'•' in the expansion of -, ac- 
cording to the foregoing investigation we must multiply the preceding ex- 

pressiou by e ^ v w " 2^ v .^z 

a a' 

Hence, if for brevity, we adopt the functional notation 

& f { ) = ^'V^(l-a>V)W^l -^j e ^ ^ "^, 
the coefficient of ^ z^* g^" A*'" in -^ will be equal to the coefficient of «* «'*' in 
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1_ ^ J* ^=P• ._^.^nr+n-p M_[^, /^]_ 
2a' Jfcnfff n=0 J^O ^* • 









If then the coefBcient of «* in the expansion of S is denoted by £ follow- 
ed by the same indices, and the coefficient of «'•' in the expansion of S' by 
£' in like manner, ^ will be a function of e only, and p a function of c' 
only; and, it being understood that each argument is taken but once, that 
is the negative of the argument is not considered, the coefficient of 

cos ( I'C + i'C ■+ ^' V + *'"^ ) 
in the expansion of - is expressed thus 

LT T T (_i)»-""+-i'MC"'/'] 

a' k=if'i 11=0 p=o ^! 

Xa*+" - - ±^fl sin^*^ . £l t'^-ht'^^ J . £' [ -(i''-^''^0 ] . 

As in this formula k ought to be a positive integer, it will prevent em- 
barrassment, if the arguments are so taken that i'^' may not be negative. 
In the ca«e where i, t', i" and i'" are all zero, the expression must be divi- 
ded by 2. 

16. Thus we have arrived at an expression for the general coefficient 
involving only three signs of summation; and it may be remarked that all 
the coefficients are exhibited in precisely similar forms. Thus, to pass from 
one argument to an other, we have only to make the suitable changes in the 
two lower indices of the functions £ and £^ and in the upper indices of ff, 
and commence the summation with reference to k with the new value oft'" 
instead of the old. Hence, from this expression, we can write out a scheme 
or blank form, which, when the indices proper to the argument are filled 

in, will be the coefficient of the cosine of it in the expansion of --., Such a 

blank form is written below; the indices i" and t'" are omitted from ff, 
and the two lower indices from £ and ^', and the upper indices of these 
quantities, for the sake of facility in writing, are placed to the right and at 

the foot. The factor —j, common to the whole expreeson, is also omitted, so 

that the formula gives the coefficient in the expansion of —p. In making use 

of it, one must commence at the portion which has sin 2»'" J/ for a factor, all 
the preceding parts being supposed to be suppressed. As to the double sign 
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before these factors, the upper or lower is taken according as t'" if even or 
odd. It is hoped that a sufficient number of terms have been written to 
render the law evident, so that they may be continued as far as desired. 



+ 



'^BJ E' 

2 1-2 



1 . , 7f 

2 "■' 2i 

+ } 

1.2 da^ L 2 -8 8-4 4 -6 J 

-^dM\\E F -^E E' +^EF -EE' 1 

1.2.3 da»^L 2 -8 8-4 4-6 6 -6 J 

+ } 

i{ 



hi 

"2.4 



SID* 



1.3.5 . J 
2.4.6 



sin' 



18-4 



1 7te^ 



"££' -£^1 

_ 8 -4 4 -6 -J 



1.2 a«r L 8-4 4 -e 6 -e_l 
LcP^irfP —S££' +3££' —£F 1 

1.2.3 da»*L 8'^-4 4'-6 6*" -6 « -7 J 

+ } 
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For illustration, let it be desired to obtain the coefficient of 

co8(2C — 5C' + 2r), 
from which arises the larger part of the great inequality of Jupiter and Sa- 
turn, we have only to imagine that the lower indices [ 2 ] are every where 



(ij) ^ ^' 



applied to Ey and the indices f —2 J to E\ the indices (2, 0) to ^; 

and as we have i'" = 0, we suppress nothing and take the upper of the 
double signs. 

17. The quantities B *re very simply expressed in terms of the 6's, 
the following are all that are needed when terms of the eighth order with 
respect to the inclination of the orbits are neglected. 

i,0) (0 

(«', 0) (•+1) (i-1) 

B^ =\ + *l , 

B\ — ^y 

B^ =S +^^ + H ' 

(i, 1) (•*+!) (i-1) 

B^ =26^ +26^ , 

«, 2) (0 

aO) ('+8) (t+1) (•-!) (i-8) 

(i, 1) (i+2) (••) (i-2) 

(i, 2) (<+l) (•-1) 

ff^ = 36 , + 367 , 

ITT 

(i, 8) (0 

18. In computing the factors of the preceding formula which depend 
on £ and £\ the following abbreviation can be used. M^ denoting the fac- 
tor which multiplies h \ a^'^'^'^-^^-^p^, 

nl ad!* ^ 

and J being the svmbol of finite differences with respect to n, it is plain that 

j-3f, = (-i)"/r;^,r-(*+,,+i). 

Hence if the products fj^^ ^'-(A+n+D are computed for the various values 
of n, and are taken alternately with the positive and negative sign, and are 
written as if they were the successive differences of a function, we shall get 
the values of the factors Jtf„ by filling out the scheme of differences. This 



Digitized by 



Google 



-176— 



abbreviation is applicable equally whether wc are making a numerical com- 
putation of the coefficient or a literal one. In the latter ca.se the abbrevia- 
tion can be applied separately to each term of the form Ce*e'^^ in the pro- 
ducts £t£'-(*+i)- 

19. We proceed now to discuss the functions £. From their defini- 



tion we have [-) ^ =2' E\ J ] ^j 

^a^ k=i-» \ jt / 

whence ( - ) cos n' = J 2' 

1-1 sm> = i Z 



Arrr+oo 



A=-(-» 



^(l)--(-l) 
^(i)-(-i) 



cos/r 



*») 



sin A-^. 

From which we gather thnt the functions E ^^^ be computed by definite 

integrals thus ^ I ./ 1 = — I (-] cosijv — K)^C 
\ k J ' 71 */ Q^ a' 

Let us now suppose that the coefficient of ^, in the expansion of 

rjV{i — ,08)'-'' (\ ——y^' 

in powers of «, is denoted by JE f j J, then evidently 

By writing in the expression 1 h- « for « and changing the sign of j, it re- 
mains unaltered ; hence the relation 

By developing the factors of the expression 
by the binomial theorem, we easily get 

^(l)= (-iM^ -J> * -j] i '^ 

This equation, as written, is correct only when k — j is not n^ative, but by 
h e relation given above we can reduce the case of k — j n^ative to that 
where it is positive. The factor in the brackets is a case of the series 
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treated by Gauss in a nu'inoir eiititk^il ^^IMsquisitio'nes generates circa Herieni 
infinitam <t-c." (8ee (xauss' Werke, Vol. III. p. 123, and especially the 
*'Nachlass." p.207). Acv^rding to Gauss' notation 

d\) = (-1 )* ' u -J' * -f\ 'j'''«'*--'^'(- i -J, k - i, k -j + 1, w'). 

Whenever, o( i +j and / — j, one is not negative, this series terminates af- 
ter a certain number of terms, thus affording a finite expression for the func- 
tion. But when tiiese integers are both negative, the series is infinite. 
However it can be easily transformed into another which like the former is 
finite. From Gauss' investigation of these series, (See the volume just 
quoted, p. 209, Equation [82]), we have 

F{a, /9, r, ^) = (1 — ^/ ^ ' F(r — a, r — A h ^). 
Applying this to our expression, we get 



.(])=>- 



-1 )*-^I/ -J^ i- -nv^o'^-'i^ - wy^^^ 



KF{i + k+\, i—j + 1, k—j 4- 1, <o^. 
This expression is evidently finite when / — J and / +j are negative. 

20. The developments of the functions £ in powers of <? as far as e^ 
have been tabulated by Prof. Cayley in the Memoirs of the Royal Astro- 
nomical Society, Vol. XXVII. It would conduce to the ready employ- 



ment of the preceding forraulae if we had the function ^ I ./ J explicitly 



(i) 



expanded in ascending powers of e, but the attempts I have made to write 
such a series lead to extremely complex forms of the coefficients. Hence 
I shall give here only the coefficient of the lowest power of e in this func- 
tion, which suffic^es for obtaining all the terms of the lowest order in any 
coefficient of the expansion of 1-^J. We have whenj — k is positive, 

and when k — j is positive. 
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21. Thus in the example alluded to above of tiie coefficit'iit of cos (2^ 

— 5^' + 2f), we find that the terms of the lowest order in £ and ^', (omit- 
ting here, as in the scheme, the two lower indices), are 

to^^^Cl = r 2 = LZ ^^^ ^9 

f =-[[-2,3]-[-2,2j5+[-2, l]j'*V-[-2,0]j^J(|,')'=. i'||,'. 

Bringing into use our method of abbreviation, we multiply each of the 
preceding numerical coefficients by 48 in order to avoid fractions, and then 
write them alternately with the positive and negative signs in a diagonal 
line, and from these, as su«!cesive orders of diflerences, derive the uumbei> 
standing in the vertical columns, thus, 

+ 389 

— 690 

— 201 + 845 

+ 256 — 1160 

+ 64 —315 

— 60 4 381 

— 6 +66 

+ 6 — 72 

— 6 

+6 




and dividing the numbers of the first column respectively by 1, — 1,1.2, 

— 1.2.3, we get the following as the terms of the lowest order in the coeflS- 
cient of cos (2^ — 5^' -f 2;-) in a'-i-J, 

which agrees with that found in the books. The following additional terms 
of the same coefficient can be wTitten from the second, third, &c,, columns, 
viz, those which are multiplied by e'^ and the various powers of sin'JJ, 

lip (2,0) /7/?<2.0) (PJ?(^^0) fP/?(2,0)"l ., , J 

13 1 r .12.0) rf/?^2,0) rf2/p(3,0) d»/?<2,0)"l ,. . ] 

— &c 
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22. When we wish U) obtain only the terms independent of ^ and ^', 
that is those on which the secular perturbations depend, i~0 and i^=0, and 
the Besselian function /disappears from the expressions giving the values of 

£ and £', and the coefficiont of (h>s (i'Y + /"'^) in the expansion of - can 
be written 









23. In leaving the subject of the development of 1-5- J, it may be well 
to note that two other forms can be given to the expression of the general 
coefficient, by employing, instead of the expression given above, either of the 
following 



e 

r ~2 

, — a - a 



: a 






But as they do not possess as much symmetry and brevity as the form giv- 
€»n above, we will pass over them. 

24. The sc<x)nd part of the Perturbative Function ,omitting the factor 
?»', is 

— p2 ^^^' =—- ^r<^s^9^<^s(r — v' + 7-) -h sin* cos (v + »' + ^j I 

^-2r^^'2L^^' ^^ ' J 

-2r^»''"2L'^ +A e J. 

/' — 1 
According to the first theorem of § 3, the (coefficient of «** in - • is 

a 

equal to that of iP in 

ryVl — ws) (l— y)"; 

or it is equal to — Sj^^I -f a>*) = — |e. 

And according to the second theorem, the coefficient of z* in the same func- 
tion is equal to that of «* in 
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Hence we have 



r t'v — 1 
- e 
a 



.=-« «L 1? ir -J 

And by simply writing \-^z for 2, 

The well known differential oijuations of elliptic motion 



1? + "^^ = ". 



r 



supposing the axis of x to be directed towards the perihelion, give us the 
equation 



a3 ^y'-' ^\a' ) 






a 2 v}/—\ *=+• 

^2 — v/— 1 i=+OD 

— -e = 1 i7j 



and consequently these two 

By substituting these values in the expression given above for — -^ cos/', 
it is not difficult to see that, in it, the coefficient of 

cos « + i'c' + r) 

and the coefficient of 

COS (iC -h i'C' + ^) 

is - 1, sin« ^ • f [•'V ~ "^'^'i J • '''' L'^'f ■" \ J ' 
In the special cafie of i = the middle factors of these expressions take the 
indeterminate form 0-5-0, but then, in accordance with what has been shown 
above, we should read — |e. Thus, by means of the Besselian functions. 



these coefficients take finite forms. 
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REMINISCENCES OF WILLIAM LENHART ESQ. 



BY PROFESSOR DANIEL KIRKWOOD. 

Dr. Hart's interesting "Historical Sketch of American Mathematical 
Perio<licals" in the last No. of the Analyst, makes honorable mention of 
my quondam friend, Mr. William Lenhart, the eminent mathematician. 
This reference has revived some of the most pleasant recollections of my 
youth. In 1838, when a tutor in the York County Academy, at York, 
Pennsylvania, I became acquainted with Mr. Lenhart, who was then, and 
had been for many years, an invalid, spending his summers in York, and 
his winters in Frederick, Maryland. He was a great enthusiast in his 
mathematical researches and having been without the sympathy of kin- 
dred minds, in York at least, he seemed gratified to find any one who was 
interested in his favorite studies. Mr. L., who was then over 50 years of 
age, related with much frankness the chief incidents of his eventful life, 
some of which may l)e found in the Princeton Review for July, 1841. 

The mathematical talents of William Lenhart were first developed under 
the instruction of Mr. (afterward Dr.) Robert Adrain. About the year 1800 
Mr. A., then a young man but little known, was chosen Principal of the 
York County Academy. William Lenhart, at the age of 13, became his 
pupil. The teacher at once noticed the splendid abilities of the student, 
and gave him more than ordinary attention and encouragement. William's 
father, however, had but little appreciation of mathematical learning, and 
withdrew him from school after an attendance of only 18 months. His 
subsequent attainments were entirely the result of his own unaided efforts 

Dr. Hart in his list of writers for the MathemcUiccU Diary names "Mary 
Bond, of Fredericktown, Md., the only female contributor." The solu- 
tions under that name, as well as one or two under that of Dvophaidus^ were 
all by Mr. Lenhart. Of this fact I was informed by Mr. L. himself. He 
sometimes obtained quite different solutions of the same question, and in or- 
der to have both published sent one under an assumed signature. 

Mr. Lenhart's library was very small. He showed me his books and 
manuscripts with great interest. Barlow's Theory of Numbers, The Ladies' 
Diary, from its commencement in 1704, The Mathematical Journals pub- 
lished in our own country, Euler's Algebra, and a few other mathematical 
works, are all now remembered. His manuscripts were the neatest I have 
ever seen, and some of them were handsomely bound in Morocco and gilt. 
He read to me a number of letters from Professor C. Gill, (Editor of the 
Mathematical Miscellany,) by whom the Diophantine speculations of Mr. 
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L. were published. In one of these letters it was affirmed that Mr. Lenhart 
had done more for the Diophantine Analysis than any other man that had ever 
lived. In another, Professor G., after expressing a desire to publish Len- 
hart's tables relating to squares and cubes, remarked that the printing 
would be attended with no inconsiderable expense. Mr. L., who was an 
inveterate smoker, at once, as he informed me, gave up his cigars, and aj)- 
propriated the money thus saved to meet the expense of publication. 

Of the distressing accident by which Mr. Lenhart, when a young man, 
was maimed for life, of the consequent blighting of his temporal prospects, 
and the intensity of his physical sufferings during a period of 28 years, it i« 
unnecessary to speak, as the circ^umstances are detailed at some length in the 
article to M^hich I have already referred. He died at Frederick, Md., on 
the 10th. of July, 1840. 



ON SUPPLYING OMISSIONS IN A CLOSED SURVEY. 



BY CLEVELAND ABBE, WASHINGTON, D. C. 

The problem of supplying any omissions in a closed survey which is 
treated by Prof. Philbrick in the Analyst, p. 116, is one that I had occa- 
sion to explain more fully than is done in Gillespie's Treatise, while teach- 
ing the engineering students, in 1859, at Ann Arbor. A portion of my 
analytical solution of the problem was published, in 1861 , in the Journal of 
the Franklin Institute, by Prof. DeVolson Wood with valuable additions 
by himself; and as it may be interesting to surveyors to look at the subject 
from this as well as the geometrical point of view, I will add the following 
to what Professors Wood and Philbrick have written. 

Let the ordinary bearings (a?) of the sides be converted into azimuthal 
angles by the following rules: 

N x° E, becomes azimuth x^; S. x^ E, becomes azimuth 180^ — x°; 

Nx^'W. " " 360°— a;^; S. a:^ W". " " 180°+a?°; 

the converse of which need not be repeated here. 

Let the knoW'n sides be o^, Og, Ac; the known azimuths, 6^, 63, &c.; 
" unknown" " a?i, ajj, &c.; " unknown " yi> Ja^ ^• 

The sides being always considered as positive numbers, the general equations 
of condition in a perfect survey are 

2* Dep. = ttj sin b^ -f a^ sin 63 + ^a ^^^ ^8 ^' ^^ ^> 

2* Lat. = a^ cosfej + a^ co&h^ -f- ag cosfcg &c. = 0. 

From which any two quantities, if unknown, may be found by elimination. 
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The following are the six possible cases of omissions. 

I. One distance is omitted. We find the required side from 

D L 

sinfej 008 6| 

where D and L indicate respectively the sums of tlie known Departures or 
I^atitudes. 

II. One bearing is omitted. The required azimuth is found from 

smvj = — orcosyi = — , ortanyi=-|;-. 

In both these cases we have two equations for determining one unknown 
and it is best to compute them both. If the two resulting values are iden- 
tical the numerical processes are correct. 

III. The length and bearing of one side are omitted. The general 
equations give 

;r, sin y,=D\ ^^^^^ Uiny,=^ and x, = J^ = — ^. 
XiCOsyj = i, J L smyi cosy^ 

IV. The length of one side and bearing of another are omitted. The 
general equations become 

x^ sin &! + a^ sin y^ = Z), 
a?i cosAj + a^ cos y^ = i. 

Whence ^^^is^ — ^i) = — (Dcosfci — isinfci ). 

This equation gives two values of yj — ^i ^- ®- ^ and'180° — (?, (whence 
result two values of y^, i- e. tf + fcj and 180° + b^ — d, and therefore two 
values of iCi), so long as we have 

Dcosii — Xoos6j < Oj. 
There will be but one solution when this inequality disappears, and there 
will be no possibility of closing the survey (indicating some error in the 
work of the surveyor or computer) i{ D cos Jb^ — Lco&b^ > c^j. 

V. The lengths of any two sides are omitted. We have in this case 

a?! sin ij + a;, sin b^ = D, 

0^1 cos 6] +a:2COs63=i; 
whence we find Xi and a^g without ambiguity. One or the other of these 
lines may however result negative, and therefore the corresponding side of 
the survey will be imaginary. 

VI. The bearings'of any two sides are omitted. The general equations 
become 

a^ sinyi + a^ sin yg = D, 
a^ cosy^ + o, oos y"| = i. 
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Introducing the auxilliary quantities m and ff such that 
D ^= mco^0 and L — m sin ff 

we have 

• //I I . "»* (««' «!*) 



whence are found two values for y^ and y^ respectively: these values of 
course become imaginary when the sine of tf -}- y^ or y^ exceeds unity. 



SOL UTJON OF PROBLEM ON PA GE 40, A UMBER 2. 



BY PROF. WILLIAM WOOIJBEY JOHNSON, ANNAPOLIS, MD. 

Two parabolas may be passed through four given points. The directions 
of their axes may be found by the following method given in Newton's Uni- 
versal Arithmetic. Call the points A, B, Cand D, join AB^ BC, and CD; 
through A draw a parallel to CD, and through D a parallel UyBC meeting 
the last parallel in if, and meeting AB in N. Construct a mean propor- 
tional to DM and DN, and lay it off in both directions from D on the line 
DM, the lines joining A with the points so found will be parallel to the 
axes of the two parabolas which may be passed through A, B, C, and D. 
[These directions may also be found by producing AB and CD to meet in 
O, laying off from O on OA a mean proportional to ^ and OB, and on 
OD in both directions a mean proportional to OD and OC, the lines joining 
the points so found will have the required directions.] 

Having selected the direction of the axis, the solution may be completed 
as follows; produce BC to meet the diameter already drawn through A, 
produce AB to meet a diameter through D ; join these points of intersection, 
and produce CD to meet the joining line, the line joining this last intersec- 
tion with A will be a tangent to the required parabola. [This is an appli- 
cation of PascaPs Theorem, the hexagon being reduced to three chords, two 
diameters, or chords meeting the curve at infinity, and a tangent.] A tan- 
gent at one of the other points, say D, may now be drawn by bisecting the 
chord AD with a diameter, since the tangents at D and A will meet this 
diameter in the same point. Having now the tangents at A and D, lines 
making at A and D the same angles with these tangents which the latter make 
with the diameters, will meet in the focus. Hence the axis may be found ; 
and, bisecting a subtangent, the vertex. 
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ON THE FIRST PRINCIPLES OF THE CALCUL US. 



BY HIRAM COOK, C. E., NORWICH, CONN. 

1. The (liiTerential of a variable or function of a variable, is the rate at 
which such variable or function increases or decreases ; that is, its raie of varia- 
tion: and the object of the Differential Calculus is to determine the differential 
of a given function, in terms of the variable which enters such function, and 
the differential or rate of variation of that variable. 

2. To illustrate the differential of a variable, that is, its rate of variation, 
we will suppose a particle P to be impelled from A toward 2>, along the 
line ADy and lot the space described by P, at any instant, be represented by 
z; then the rate at which P is being impelled at the instant it coincides 




with any point in the line AD, as (7, will represent the rate that z is increas- 
ing at the same instant, or dz the differential of z. 

It will be observed that a« P is being impelled from A toward Z>, it re- 
cedes from the line AB; therefore, if y represents the distance of P from 
the line AB at right angles thereto, the rate at which P is receding from 
AB at any instant, as when it coincides with the point C, will represent the 
rate that y is increasing at the same instant, or dy the differential of y^ 
Also, if X represents the distance of P from the line AE, a perpendicular 
to AB, the rate at which P is receding from AE at any instant, as when it 
coincides with the point () will represent the rate at which x is incaeasing 
at that instant, or dx the differential of x. 

Now if P is left to itself at any point as C, that is, if the force or forces 
which impell it from A along the line AD, are ^vthdrawn at C, it is ob- 
vious that P will thereafter proceed uniformly at the rate it is being impel- 
led at Cy and, in fig. 1, still in the direction of Z>, but in fig. 2, in the di- 
rection of F, along the line CF, tangent to the ciir\^e at C, Therefore, if 
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P, under the supposition that it is left to itself at (7, describes the space CH 
during the first instant of time after leaving the point C, CH will represent 
the value of cfe, CL or NHj of rfy, and CN or LHy of da?; for it is evident 
that if P proceeds uniformly from C toward i), fig. 1, or from C toward F^ 
fig. 2, at the rate it was being impelled at C, it will also recede uniformly 
from the line AB at the same rate it was receding at Cy and likewise from 
the line AE, Consequently if P describes CH during the first instant of 
its motion from C, it will recede ivom" AB the distance CL or NH^ and 
from AE the distance CN or LH in the same time. Hence, since 

CH^^CN* + NHP, 
we have the following important equation; viz., 

(h* = dx^ + df. 
3. Ijet the equation oi the line CQ be 

y = oa? + 6 (1) 

in which x represents any abscissa, as -4i), y the corresponding ordinate DP, 
and 6 the distance AC. Then, drawing CE \ 
parallel to AD^ we have 

DE=AC=b, 
EP = DP — DE=zy — b, 
and CE= AD = x. 

Therefore, if we represent dx by PN and dy 
by NHy Art. 1, we shall have 

X '.y — b :: dx : dy] 
-whence xdy = ydx — 'bdx^ 

w dy = y^-J^. 

X 

Substituting for y, in the second member of the last equation, its value from 
(1), we have 

dv = q^cb? + bdx — bdx 
^ X ' 

or dy = adxy 

the differential of the primitve function, y = aa? + 6. 

It will be seen that if 6 = 0, the differential will be the same. 
Hence i-A constant qmntiiy has no differential; that is, a constant term, conneo- 
ted with a variable by the sign plus or minus, tmll disappear in differentiating. 
Also, the differential of a variable multiplied by a constant quantity, is equal 
to the constant into the differential of the variable. 
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4. If any ordinate of the line il C, 
as EPy is represented by u, and ER, | 
that portion of EP which is the ordi- 
nate of the lina ADy by y; then, as I 
has been shown, Art, 1, du may be| 
represented by NH, and dy by ST. 

Now if PF is drawn parallel to I 
RT, NF will be equal to ST, and 
consequently Nil, the representation I 
of the rate of increase of EP, will I 
exceed ST, the representation of thej 
rate of increase of ER, by FH: hence FH will represent the rate of in- 
crease of RP; that is, if RP is represented by z, dz will be represented by 
FH. Therefore, since 

EP^u = ER + RP=^y + z, 
and NH= du = NF + FH= 8T+ FH=dy + dz, 

we have du = dy + dz (2) 

for the differential of u^=y -^- z. 

If we transpose (2), we have dyssdu — cfe, which is the differential of 

y — u — z, 
as will be seen in the figure. 

Hence: — The differential of the eum or difference of two variables, is equal to 
the corresponding sum or difference of their differentials. 

6. Let AC {see Fig. on next pi^) be at right angles to AB, and sup- 
pose a point P to advance from A toward D, along the line AD, carrying 
with it the lines PR and PS, PR perpendicular to ^J? and PS perpendic- 
ular to ^C; and suppose these lines so to increase in length, that Rf the 
extremity of one, shall always be in the line AB, and ^S, the extremity of 
the other, shall always be in the line AC. Then, at any instant, as when 
R and S simultaneously arrive at the points E and F in the lines AB and 
AC, the line PR will have described the area APR, and the line PS the 
aresiAPS. 

Now it is evident that a right line, advancing in a direction at right an- 
gles to itself, will, at any instant, be describing an area equal to the length 
of the line at that instant, multiplied by the rate at which it is then advan- 
cing. Thus, if a line at the instant it is ten inches long, is advancing at 
the rate of two inches per second, it will then be describing an area at the 
rate of two times ten, or twenty square inches per second. 

Hence, if RM or PAP represents the rate at which PR is advancing at 
the instant R arrives at E, the rectangle RPiTM will represent the rate at 
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which PR IS then describing area, or the rate at which the area APR is 
then increasing. So also, if 8N or PN' represents the rate at which PS is 
advancing at the instant 8 arrives at F, the rectangle SNN'P will represent 
the rate at which the area APS is increasing at the same instant, viz., at 
the instant S arrives at F, 

But if X represents the distance of iJ'^from A at any instant, and y the 
distance of S from A at the same instant; then. Art, 1, RM will be repre- 
sented by dx and SP by dy. Therefere, since RP is equal to y and SP to 
Xf ydx represents the rectangle RPl 
JtTM, and xdy the rectangle SNN'P; 
and consequently xdy + ydx repre- 1 
sents the rate at which the area of I 
both APS and APR, or the area of I 
the rectangle ASPRj is increasing at [ 
the instant R and S simultaneously 
arrive at the points E and jP. 

If we reprsent the area of the rec- I 
tangle AJSPR by u, then, since the sides of the rectangle are represented by 
X and y, we have 

u = xy (3) 

But, since u represents the area, du the differential of u, must represent the 
rate of increase of the area, which has been shown to be xdy + ydx; there- 
fore du = xdy -(- ydx (4) 

Hence: — The differential of the product of two variables is equal to the first 
into the differential of the second, plus the second into the differential of the 
first, 

6. If in (3) we make y equal tox,u will be equal to a^; also dy will be 
equrl to dxy for if y and x are always equal their rates of increase must ne- 
cessarily be equal. Therefore, by substituting x for y and dx for dy in (4), 
we find the differential of 

u = a^ 
to be du = xdx -1- xdx = 2xdx; 

that is, du = 2a^-^dx. 

If we make y = a^, then will dy = 2xdx and u = a?. Therefore, by 
substituting a? for y and 2xdx for dy in (3), we find the differential of 

U^=Qf 

to be dw = 2oi?dx + a?dx = Za^dx; 

or du = Sa^^dx. ' 

Again, if we make y = a:^, then will dy = Sx^dx and w = a?*. Therefore, 
by substituting in (3) a? for y, and Sa^dx for dy, we find the differential of 
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« = a^ 
to "be dn ■= 3a?c£c + a^dx = 4a?da?; 

or du =: 4aJ*"*diP, 

Proceeding in this manner, we shall find the differentials of 
« = aj* to be <m = 5afi~^dxy 
» = a* ** « da = 6a*-'<fe, 

ftom which it is evident that the^diflerential of 

H = a;*, in which n is any positive whole 
number, is du = naf^dx. 

Therefore the differential of t* = oaf (by Art. 3) is 

du = anx'^'^dx, 
Henoe: — The differential o^ any positive integral power of a variable multi^ 
plied by a <XfMAaxd qaaMUy^ is equal to the constant into the product of the 
exponent denoting the power and the variable with its exponent diminished by 
unity J multiplied by the differential of the variable. 

Proceeding in like manner, the differentials of all algebraic functions 
may readily be determined. 

7. Let us now consider tlie exponential function 

u = a'. 
Assuming a = 1 -f- c we have le = (1 + c)*, or, developing (1 -i- c)* by 
the binomial theorem, 

Differentiating this equation we obtain 

Dividing each member of this equation by the corresponding member of (6), 

we have — z=: [c ^ -^ -k 1- + Aclctr. 

tt \ 2 3 4 / 

Substituting for u its value a*, and for c, its value a — 1, and multiplying 
by a% we find 

but the series within the parenthesis, in this equation, is the Napierian loga-- 
rithm of a, (see Brande, Art. Logarithm), therefore we have 

du = a'dx log. a. 
Hence : — The differential of an exponential function^ is equal to the Napierian 
logarithm of the constant of which the variable is the exponent^ muliiplied by 
the function itself into the differential of the exponent. 
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8. Resuming the given ftmction le = a' of the preceding article and ta- 
king the logarithm of both members, we have 

log u = X log a, whence 

:r=[^« , (6) 

log a 

Now, Art. 7, the difierential of « = a*' is du = a'dx log a, whence 

do^= — — , or, sabstitutincr u for a*, dx = — = (7) 

a* log a' ^ ' ulog a 

Therefore, (7) is the diflfer«itial of the logarithnric ftmction (6). 

If a is the base of a system of logarithms, then x is the' logarithm of w in 

that system and 1 -f- log o is the modulus of the system. Therefore, if we 

represent 1 — log a, in (6), by Jf, we have 

dx = M^ (») 

u 

Hence : — The differential of (he logarithm of a variable is equal to the modu- 
his of the system into the differential of the variable^ ditnded by the variable. 

9. The modulus of the Napierian system is unity ; therefore, if the logar- 

rithms are taken in that system (8) becomes 

du 
iix = — : 
u 

that is, the differential of the Napierian logarithm of a variable, is the difier- 
ential of the variable divide by the variable. 

By the preceding method, all exponential and logarithmic fimctioiiB may 
be differentiated. 

10. We will now consider the trigonometrical function « = sin a:, in 
which X is the arc and u its inne. 

Let i4 J5 = ar, BD = u, and CB^ R; then, Art. 2, we have BF repre- 
sented by dx and EF by du. Therefore, since the angle i 
EBF is equal to the angle CBD and CD = cos a?, we have | 
i2 ; cosa; :: dx : du^ 

^ , ^ cosxdx 

or cw« = ^ . 

Hence: — The differential of the sine of an are is eqtud to ihel 

cosine of the are, into the differential of the are, divided by the radius. 

In a similar manner we may find the following functions to have the re- 
spective difierentials, viz. ; 

1 sin X dx . V sin x dx 

u = coBx, du = — -^^-) tt=:ver.8inx, du= -^^ — ; 

1 B?dx X , B?dx 

11 = tana;, du=i — ,— ; « = cota?, cm = ^-s—y 

cos" X sm X 

tA = seca;, an= : u = co6eca;, du^=2. ; 

cosa? sma; 
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11. To determine the-diflFerential of the logarithmic sine of an are, or of 
the function w = log sin x. 

Differentiating, Arts. 9 and 10, we find 

, cos X dx . cos X 1 J., _ dx 



Seinar' ' iisina: tanar tana; 

In a similar manner we shall find the differentials of v = log cos or, and 
ti = log tan «, to be, respectively, 

du = , and du = — r-s 

cot X sur X 

12. Finally we will take the function « = sin~^a:, (8) 

in which z is the arc of which x is the sine. Hence, the equivalent relation 

^ill be « = sin z; the differential of which^ Art. 10, is 

dx = ^'^; whence we have dz = ^^. 

But since sin z = a;, and consequently cos z = i/{IP — «*), we have 

, _ Rdx 

which is the differential of (8) ; i. e., the differential of the arc in functions of 
its sine. Similarly we shall find the differentials of z = cos'^^a;, z = tan~^x 
&c., to be, respectively, 

, Rdx t B^dx j» 

Upon these principles the whole structure of the Differential Calculus 
may be erected so as to be readily compr^ended by the ordinary student. 



SOLUTIONS OF PROBLEMS IN NUMBER FIVE. 



Solutions of problems in No. five have been received as follows: 
From Marcus Jbaker, 83, 84 & 85; E. S. Farrow, 84, 86, 86, 87 & 88; 
J. M. Greenwood and W. H. Baker, 83, 84, 86, 87 & 88 ; Henry Gunder, 
84 & 86; Prof. W, W. Johnson, 86 & 91; Prof. H. T. J. Ludwick, 84, 
& 86; F. P. MatB, 86; Dr. A. B. Nelson, 84, 86, 87 & 88; O.'D. Oat- 
hout, 84; Walter Siverly, 83, 84, 86, 87, 88, 89, 90 & 91; E. B. Seitz, 83 
84 & 88; Prof. J. Scheffer, 83, 84, 85, 87 & 88; Prof. D. Trowbridge, 86; 
R. J. Adcock, 89. 



83. ^'A point is giyen within two lines which form a given angle with 
one another. Reouired the shortest line which can be drawn through this 
point, terminated by the given lines.'' 
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SOLtmOJr BY M. BAKER, U, 8. COAST SURVEY'. 

From the Fig. FN = b sin a coeec 6 and PM = a sin a cosee {a -f ffj^ 
PM-]- PN= MN=Binalbc^^Becd 

+ a cosec {a + 0)]> \ 
a minimum. 

Differentiating we have frcot d cosec 6 

-h acot(a + l?)co8ec(a + ^) = 0;| 
whence 

J. / . ii\ , sin (« -h 0) 

^ ' tan (/ sin ^ 

1 — tan a tan ^ .sin a cos/? + cos a sin ^ , sin a -f co e g tan ff 

tan a + tan # "" tantfsin^/ tsin^d ' 

atSLD^O — atan atan^d = — ii^inatancr — 26sinatan d — icosatan-tf^ 

and finally 

4. 3 A a + b cos a. 2a 26 sin a . a 6 . ^ 

tan^^ tan^^ — tan^ sina = 0, 

a tan a a tan a a 

from which d may be determined. When a = 90° tanO = f^{b -^ a). 




84. "The centres of two splieres whose radii are 12ft. and 6 ft., respect- 
ively, are at opposite extremities of the diameter of a circle of 13ft. radius. 
Find a point in the circumference of this circle from which the greatest por- 
tion of spherical surface is visible. 

SOLUTION BY PROF. H. T. J. LUDWICK, SALISBURY, NORTH CAROLINA. 

Let X = the distanc of the point from the centre of the larger sphere. 
Put a = 12, 6 = 5, and d = 13. 

Of the two segments seen, the height of the lager is found == a — a^-^x, 
and the height ot the smaller = b — b^-^ Vi"^^ — ^)" 

Surface of segment of larger sphere = 2;ra( a — — j, 

and " '« " "smaller " = 2r.blb — ——^ ^). 

\ i/(4cr — ;ir)/ 

Hence their sura S = 2na [a — — ) -f 'Inb lb ttj-ts ^ | . 

dS _a^ bH_ ^ ^ 

dx~ x^ '^ yl{^d^—:x?f] 

- 2ad _ J^.J2^.13_ _ 24 

and 26* — 24* = 10*. Thereforer the point is 10 feet from the centre of 
the smaller sphere. 
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86. "In a quadrilateral there are given^ the length and position of the 
lower base, the lengths of the two sides^ the length of the upper base and 
the position of a point through which it passes : required to construct the 
quadrilateral." 

[No eondruotion of this prob. has been received. — Prof. J. Scheffer writes: 

'^If we describe a circle about one of the extrmities of the lower base of 
the quadrilateral as a centre, with a radius equal to one of the sides, and an- 
oUier circle about the other extremity of the lower base as a centre, with a 
radius equal the other side, we reduce the problem to the following: 

If two drdes are given as to magnitude cmd position^ to lay a line of given 
length between the two eweumferenoes, which pasaea throngh a gioen point. 

The line of given length is of course the upper base. As the line may be 
laid between the outer circumferences, or one outer and one inner circumfer- 
ence, or two inner circumferences, Uie problem admits in general of four 
solutions. 

This problem belongs to those which cannot be solved by means of the 
straight line and circle only, and, therefore, exceeds the power of Plane G(»- 
ometry." 

Marcus Baker says that in the solution of ^5 the Kjuation is ii.volvitl .o 
the 8th degree.] 



86. '^Prove that the attraction of a sphere of uniform density upon an 
external point is the same as if all the matter of the sphere were (concentra- 
ted at its centre." 

SOLUTION BY A. B. NELSON M. D., DANVILLE, KY. 

Let A be the point, and suppose the sphere to be generated by the revolu- 
tion of a semicircle about its diameter EF. 
Take the origin of coordinates at the cen- 
tre C, and let CD and PD be the coordi- 1 
nates of any point P of the semicircle. I 
Then the elemental ring of matter genera- 1 
ted by the particle P, = 2nydydx. 

Denote CF by 1, and AC by a. The 
limits of a? are -f 1 and — 1 ; and of y, and |/(1 —af). The attraction 
of an elemental ring upon Ay measured along CA is 

2ffyd ycb? ^ AD 2itydydx{a -j- a?) 

AF^ ^ AP~ l{a + xf^+Y]i 
Henoe the sum of the attractions of all the particles of the sphere is 
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which 18 equal to the attmction of the sphere at the distance a, if all its 
particles were coDcentrated at the centre. . 

[For solution of this problem Mr, Siverly refers to the following works: 
Simpson's Fluxions p. 460, Emerson's Fluxions p. 370, Vince's Fluxions 
p. 116, Dealtiy's Fluxions p. 146, Poisson's Mechanics Art. 100, Mecan- 
ique Celeste Book II, Chap. 2, and EamshaVs Dynamics p. 333. To 
which may be added, Newton's Principia Book I, Prop. LXXI.] 



87. '^There are n tickets in a bag numbered 1, 2, 3, ... n. A man 
draws three tickets together at random and is to receive a number of shil- 
lings equal to the product of the numbers he draws. Find the value of his 
expectation.'^ 

SOLUTION BY J. M. GKEENWOOD AND W. H, BAKER, KANSAS CITY, MO. 

Let s be the sum of the products taken three in a set, p the number of 
products, and v the value of the chance. 

Then t>=*and«="<"-^]>-^) (1) 

p o 

To find 8, (see Todhunter's Algebra, Art. 227), we have 

(1 + 2 + 3 + . . . »)» = P + 2» + 3» + . . . n» + 3. 1»(2 + 3 + . . . n) 

+3. 2* (1-1- 3+4+ ...n)t 3.«»(l+2+3+ . . . n— 1)+6«...(2) 

But 1+2 + 3 + 4+.. .«= 5(?L+J) , (3) 

1» + 2» + 3» +'?+... n» = ">+ 1)* , (4) 

3. l*(2+3+...n)+3.2*(l+3+4+... «)+... 3. n»(l+2+3+. ..»—!) 
= 31*('^)_l) + 3.2«('^^-2) + ...3««(5&Hd)-n) 

= 3 . '!f^!±^ . (l»+2»+3»+ . . . n«) — 3(l»+2»+8» +...if) 

3w*(n+l) n(n+l)(2n+l) _ 3n>+l) » ,^. 

2 • 6 4 ^ ' 

Snbstitiitinjf in (2) 

/n(n+l)\» _ !^«+m2n+l) _ n\n+iy _^ ^ ^^^ 

Whence . = "^iM^-DiL^D; . • . r = i = ?^. 
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88. ^^An ellipse revolves aboat its latus rectum ; show that the volumes 
of the solids geDerated by the larger and smaller s^ments are respective^ 
equal to" &c 

SOLUTION BY E. B. SETTZ, OREENYILLEy OHIO. 

The equation to the ellipse referred to the latus rectum and major axis, is 
Hence the volume of the solid generated by the larger segment is 



[id generated 



Se 



tan 



"(S)*]' 



2 ' (!—«»)« 
and the volume of the solid generated by the smaller s^ment is 



89. ^^A sphere, radius r, rolls down the surface of anodier sphere of the 
same material, radius 12, placed on a horizontal plane. The surfiic^ of both 
spheres and plane are rough enough to secure perfect rolling. Determine 
the motion of the spheres, the point ci reparation and the equation of the 
curve described by the center of the upper sphere." 

SOLUTION BY WALTER SIVERLY, OIL CITY, PA. 

It is evident from the prindple o* I 
l;he motion of the center of gravity that [ 
the spheres will roll in opposite direc- 
tions. 

Let A and J? be the centers of the 
spheres at any time t after the begin- 
ning of the motion, O being the ini- 
tial position of A; D the point of 
contact of the spheres; (7, C the 
points that were in contact at the be- 
ginning of the motion; m, m\ the 
masses of Jl and JB respectively ; O 
the origin of horizontal and vertical 
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ooordinateB; ( — Xj 0)^ (Xy y) the ooordinatee of A and jB; ^ the friction b|^- 
tween the spheres, F the friction between the lower sphere and the plane ; 
tfy 0' the angles Uirough which the spheres have respectively revolved, f the 
inclination of AB to the vertical, /9 being the initial value off. 
Since F is the only force -acting on the system horisontally, 

-"S--^'^ ■••••"> 

The rotation of the spheres gives 

\mR^^^P-F, (2) 

6* '^ ^ "^ •*^ ^^^ 

Since there is perfect rolling, 

J?(y,+ tf_^ = r(tf'-v 4-^), (4) 

a/ « JW. (6) 

Alao, « + a/ = (fi + r) sinf, (6) 

y = (iJ + r)ooef (7) 

B7 the principle of via vinay 

= 2TO'5r(il + r)(ooe^ — ooBf) (8) 

Eliminating; F, F' from (1), (2), (3) and intq^nlang onoe, 

2 odJB ^2 , M' ^x da/ ,a\ 

Eliminating ^, ^, ^, ^, ^ firom (8), (9), by (4), (6), (6), (7), 

(49m + 46m'— 26m'oo8»f + 20m'oo8f )^s= -J^(m+m') (ooe^S— ooBf ] 

. . . (10) 
At die point of separation eadi sphere moves uniformly horinmtally, heocc 

d'x.dWf, 

dt^-*--Sfi^ ^- 

Differentiating (6) once, 

Sal-tituting^ fn>m (10), diffi^mtiating aBd patting ^ + g - 0. ^ 

obtein Ste'co^f — 40m'coe^— [8(49m+46mO— 20m'ooB/S]ooBf 

= — 8 008 /9 (49m + 4Sm')/ 
iriiioh detemunes Um point of aepantkm. 
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Differentiating (6), (7) onoe and sobstitating for ^ its value from (5), 

dx + Rdd = {R + r)coefdp, (11) 

dy s= —{R + r)8in fdp (12) 

Eliminating 0*j x^ from (9) by (4)^ (6), and cancelling <Uf 

{7m + 2m^Ri0 + 2m'{R + r)df:= 6m'dx (13) 

Eliminating dd by (11), then df by (12) and substituting for sin {P, cos f, 

Integrating and obBenring that initially a; ss (i2-f-r) sin fi,y=^ (-K+r) ooe fi, 

X^ooe-i|>-.-{U+r)]_)9j., 
the equation to the required path. 

Mr. Adcock finds for the equation of the curvCy (in which assSiverly's fil)^ 



X 



.^^|-^-,(aH^^)_.-|^[-^,^^_^]» 



90. ''Liet an oblate ellipsoid of revolution of homogeneous density rotate 
about, one of its greatest diameters. '^ &c. (See page 160). 

SOLUTION BY WALTER 8IVERLY. 

The attraction of the ellipsoid at any point in the shorter diameter at a 
distance p from the center^ as shown in works on attraction, is 

47t^^k^p ri — — ^^^=^ sin-icl = Fp, 

and the centrifugal force = pcf. Also the attraction at any point <« the 
longer diameter is 



27tdk 



„^<dl=^^-u-h^-%.. 



and the centrifrigal force = pa?. Let u = the pressure at the point distant 
p from the center tm the shorter diameter then 

du = — (F — €?)pdp. u == C— ^p\P—(^. 
At the sur&oe the pressure = 0. 

.-. C=^b\P—(r), u = J(6«— p»)(P — a«), = J6«(P — a«) at the 
center where p = 0. Similarly the pressure at the center on the longer di- 
ameter = Ja*(Q — a*). Hence for equilibrium, 

b\P—cP)=^ a\Q — a»), or (1 — €^(P— a«) = Q—a?. 
Substituting values of P andQ and reducing, 



Digitized by 



Google 



—198— 

When c?-i~dki is known the solution of this transcendental equation gives 
the required ratio oi the axes. 

[It is well known that there are two ellipsoids of revolution that may be 
in equilibrium, viz., one of great, and one of small ellipticity. But this 
question assumes, and the solution is based on the assumption, that an ellip- 
soid of revolution may have its three priincipal axes unequal. If this is true 
then there must be an infinite number of ellipsoids of revolution in equilib- 
rium. We have always understood an elli|)Soid of revolution, however, to 
be a spheroid, having all its equatoral diameters equal. — Ekl.] 



91. '^Let a sphere, rotating with the angular velocity w/* &c. See p. 88. 

SOIiUTION BY PBOF. W. W. JOHNSON, ANNAPOLIS, MD. 

Ijeit A be any particle (the figure being drawn upon the spherical sheU i& 
which A is situated) Cthe original axis, Bi the new axis, and B^ the ] 
of the ring; then CB^ = a, and B^B^ — 90°. Denote I 
the distances of A from these points as in the fig., and I 
the linear velocities of A, due to the original rotation [ 
and the component rotations about jS| and J?), by V\ 
»i and r, respectively then 

F = w sin ^, 

Vi = w cos a sin ;', 

v^ = iDsinasin^. 

If the linear velocity V is the resultant otv^ and v^, I 
there will be no sudden change in the velocity or direc- 1 
tion of A. To show that this is the case, it is necessary to prove that the 
velocities are proportional to the sines of the angles taken respectively each 
between the directions of the other two. These directions are at right angles 
toiy ^ and fj and therefore make the same angles which these arcs make 
with one another. Now denoting the whole angle B^ABi by -4, and the 
part CABi by A^^ we have by spher. trigonometry, since sin -Bi-B, = 1, 

8inil=?^, and ?^ = ?iBjBl. 
smJ sma sin^ ' 

hence ^^ » .«^°^ , = Z, 

sm A I sin a sin a v^ 

In like manner we may prov^ sin -4 : sin ^^ :: V: «.. 
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Note BY THE EDITOR. — As it has been objected that, in the equation we 
gave, on page 143, (No. 5) of the parallel curve to an ellipee, our result was 
not satis&ctory because the equation involved explicitly only one of the co- 
ordinates; we therefore add, as a supplement to that note, the following: 
By similar triangles (see fig. on p. 143) we have 

y — y'ix — x' liyiON"' (1') 

Also, from the differential triangle, 

{<h^ + d/y^:dy:: N: Oir (2') 

From (1') and (2') we get 

Writing 5 for iV -h (IP -h 0), we get by reduction, 

, _ N{l — g)bx 

^ - ^ - ^[a4_(a«_6*)a:*]- 

Substituting for y, in the equation of the ellipse, its value from (2), (p. 143) 

we have x = t\| (** — ^V J^ *°^ putting this value of x for a?, in the 

last equation above, and for iV', as involved in q, and JV, their values in 
functions of y' from the equation given on page 143, we obtain an equation 
involving only as variables the coordinates a/ and y'. 



PROBLEMS. 



92. By a. W. Mason, Cedar FAUii, Iowa. — ^A balloon is ascending 
vertically with a given velocity v, and a body is let fall from it, which 
touches the ground in t seconds; find the height of the balloon at the mo- 
ment the body is let fiall fron it. 

93. By Prof. J. Schepfer. — To construct a triangle if the three radii 
of the circles, which touch the three sides externally^ be given. 

94. By Prof. W. W. Johnson. — One side of a quadrilateral, whose 
four sides are given in length, is fixed : find the equation of the locus of the 
middle point of* the opposite side, in rectangular coordinates. 

96. By Dr. A. B. Nelson, Danville, Ky. — Prove, otherwise than 
by the Integral Calculus that 
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96. By Chas. P. Saxe, Gold Hill, Nevada. — A plays m games 
with B whose skill is equal to his own. Required the probability that one 
of them will win n consecutive games. 

97. By Henry Gundeb, North Manchester, Ind. — Find the av- 
erage distance of all the points of a sphere, radius r, from a point whose 
distance from the center is a. 



Query. By G. W. HiLL. — In De Haan^s Tables of Definite Integrals, 
Edition of 1867, p. 317, there is found this equation 

'^^ X sin X T sin""*j9 

o(l_|>>8in«a?)l "" p(l —fy 
how prove this? 



^ 



Editorial Announcement. — As this number completes Vol. II, we 
take this opportunity to announce that we have made definite arrangements 
for the continuation of the Analyst at least another year, and we hope, for 
several years. 

It is not our purpose to boast of the charat ter of our publication, as we 
are fully aware 4>f its many defects, but we are pleased to know that many of 
the best mathematicians in the country give us their active support, both by 
way of contributions for publication, and pecuniary aid : As, for instance, Mr. 
Hill, who has enriched our pages with many valuable articles and solutions, 
has contributed to this No. a very interesting, and some what extended, ar- 
ticle; and, as it occupies more space than is in general allowed to any one 
contributor in the same No., he has generously allowed us to add 8 pages 
to the No. at his expense; thus enabling us to present to our readers a No. 
of 40 pages, without increase of .cost to them or expense to us. 

We have thought several times during the past two years that an apology 
was due for the quality of the paper used in «ome of the numbers. We 
dislike apologies, however, and will only state that we 'paid for good paper. 
We take pleasure in saying, in this connection, that, by the kindness of the 
Secretary of State, we have been permitted to include our purchase of paper 
for yd. Ill, with the purchase made for the state^ whereby we have ob- 
.tained, at a reduced price, a superior article of paper; as will appear by in- 
spection of tlie last two sheets of this No. 

We desire to retain oR our present subscribers, and would be pleased if 
each of them would procure for us an additioncU one or more, but, in case 
any of our present subscribers intend to discontinue their subscriptions at 
the end of VoL 11, we ask as a &vor, as well as an act of justice to us, that 
they notify us before ihs first of Deeember, 1875. 
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